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Abstract. Theoretical concepts of graphs are highly utilizdy computer
scientists.Especially in research areas of compstéence such as data mining,
image segmentation, clustering image capturing aratworking. The vague
graphs are more flexible and compatible than fugesphs due to the fact that
they allowed the degree of membership of a vertexah edge to be represented
by interval valued in [0,1] rather than the crisgalr values between 0 and 1. In
this paper, some interesting properties of an edggilar vague graph are given.
Also, new concepts such as strongly regular, edggular, and biregular vague
graphs are defined.
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1.Introduction
In 1965, Zadeh [24] first proposed the theory @zfusets. Gau and Buehrer [5] proposed
the concept of vague set 1993, by replacing theevaf an element in a set with a

subinterval of[0,1]. Namely, a true-membership functidp(x) and false membership

function f (X) are used to describe the bounderies of the mestepategree. The first

definition of fuzzy graphs was proposed by Kafmd@hin 1993, from Zadeh's fuzzy
relations [24], [25], and [26]. But Rosenfeld [i6{roduced another elaborated definition
including fuzzy vertex and fuzzy edges and sevératy analogs of graph theoretic
concepts such as paths, cycles, connectednesst@riaenakrishna [8] introduced the
concept of vague graphs and studied some of thefirgpties. Akram et al. [1] defined the
vague hypergraphs. Borzooei and Rashmanlou [2, iByvdstigated domination in vague
graphs, degree of vertices in vague graphs andsting in product intuitionistic fuzzy
graphs. Rashmanlou et al. [9]-[15] introduced nemcepts of bipolar fuzzy graphs,
complete interval-valued fuzzy graphs, antipod&rval-valued fuzzy graphs, balanced
interval-valued fuzzy graphs and some propertidsgifly irregular interval-valued fuzzy
graphs. Samanta and Pal [17, 18, 19, 20] definezlyftolerance graph, fuzzy threshold
graph, fuzzyk —competition graph ando — competition fuzzy graph and new concepts

of fuzzy planar graph. Karunambigai et al. [7] @@tuced edge regular intuitionistic fuzzy
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graph. In this paper, some properties of an edpdaevague graph are given. Particularly,
strongly regular, edge regular and biregular vagnaphs are defined and the necessary
and sufficient condition for a vague graph to bersyly regular is studied. Also, we have
introduced a partially edge regular vague graphfatig edge regular vague graph with
suitable illustrations.

2. Preliminaries
A graph is an ordered pal = (V,E), whereV is the set of vertices o6& and E is

the set of edges of5. A subgraph of a grapks = (V,E) is a graphH = (W, F),
where WOV and FOE . A fuzzy graph G=(o,u) is a pair of functions
o:V - [0,1] and p:VxV - [0,1] with g(u,v)<o(u)Co(v), for all u,vOV,
where V is a finite non-empty set and denote minimum.

A vague setA in an ordinary finite non-empty seX , is a pair (t,, f,), where
t,: X -[0,1], f,: X -[0,1] are true and false membership functions, respaytiv
such thatO<t,(X)+ f,(x) <1, for all XX . Note thatt,(X) is considered as the

lower bound for degree of membership »fin A and f,(X) is the lower bound for
negative of membership ok in A. So, the degree of membership »fin the vague set
A, is characterized by the intervfil, (x),1— f,(X)] .

Hence, a vague set is a special case of intenyakgiaets studied by many mathematicians
and applied in many branches of mathematics.

Let X andY be two ordinary finite non-empty sets. We callagwe relation to be a
vague subset oiX XY, that is an expressioRR defined by

R={{(x ).tz (x y), fr(x, )) I xO X, yOY}
where t;:XxY - [0,1] , f,:XXxY -[0,1] , which satisfies the condition
0<to (X y)+ fr(x y) <1, forall (x,y)OXxY. (See [8]).

Definition 2.1. [8] A vague graphisdefinedtobeapair G = (A, B), where
A=(t,, f,) isavagueseton V and B=(t;, f;) isavagueseton EJV xV such

that t;(Xy) < min(t,(X),t,(y)) and fg(xy) =max f,(x), f,o(y)), for each edge
xyOE.

The underlying crisp graph of a vague gra@=(A,B) , is the graph
G=(V,E) , where  V ={v:it,(v)>0 and f.(v) >0} and
E={{uVv}:tz({u,v}) >0,f;({u,\}) >0}. V s called the vertex set anfl is called
the edge setA vague graph maybe also denoted@s (V,E) .

A vague graphG is said to be strong ify(vv;) = min{t,(v),t,(v,)} and
fB(vivj) =maX f,(v), fA(vj )}, for every edgev,v; JE . A vague graphG is said to
be complete iftg(vv;) =min{t,(v),to(v;)} and fy(vv;)=max f,(v), f.(v,)} .
for all v;,v;JV . The complement of a vague gra@h= (A B) is a vague graph
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G =(AB), where A= A= (ty, fy) and B= (g,f_B) is defined by:
tg(xy) = min(t,(x), ta(Y)) ~ta (xy), Tz = fo(xy) —max(f,(x), fA(y)).

Definition 2.2. [4] Let G =(V,E) beavague graph.
(i) The neighborhood degree of a vertexis defined asd, (v) = (dNt (v),dNf (v)),

where

dy (V= D ta(w) and dy (V)= > fa(w).

WON (V) WON (V)

(if) The degree of a vertey, is defined byd;(v;) = (d,(v),d; (v)) = (k;,k,) , where
k, =d,(v)= Zviivth(vivj) and k, =d, (v) = zvi¢vj fa(vv,).

Definition 2.3. [4] Avaguegraph G =(V,E) issaidtobe
(i) (k. k,)—regular if d;(v.) = (k,,k,), for all v OV and alsoG is said to be a
regular vague graph of degrék,,K,) .
(ii) bipartite if the vertex se¥ can be partitioned into two non-empty s¥éts
and V, such that
(@) tg(vv;) =0 and fy(vv;)=0,if (v,v;)0V, or (v,v;)0V,
(b) tg(vv;) =0, fg(vv;)>0,if vV, or v, 0V,
(c) tB(vivj) >0, fB(vivj) =0,if vOV, or v; 0V,, for somei and j.

Definition 2.4.[16] Let G"=(V,E) beacrispgraphandlet e= Vv, beanedgein
G". Then, the degree of an edge e = vv; JE isdefined as
dGD(ViVj) = dGD(Vi) + dGD(Vj) -2.

3. Some properties of regularity in vague graphs
Definition 3.1. Let G =(V,E) beavague graph.

() The degree of an edge; LJE is defined as

d () = d,(v) +d,(v;) ~ 25 (vv,

or dl (Q] ) = ZVinDE tB (\/IVk) + kavj OE tB (Vkvj )
K# | k#i

d, (eij) =d;(v)+d, (Vj) _ZfB(ViVj
or d, (Qj) = ZVinDE fg(Vivi) +kaijE fB(Vij)

k| ki

(i) The minimum edge degree & is O (G) = (5,(G), 9, (G)),

73



H.Rashmanlou, S.Firouzian and M. Nouri Jouybari
where ¢,(G) = [{d,(e;)| e L E} and J,(G)=1{d(g;)|e; UE}.
(ili) The maximum edge degree & is A (G) = (A,(G),A; (G)),
where A (G) = {d,(g;)|g; UE} and A((G)=1{d,(g;)|g LE}.
(iv) The total edge degree of an edgel] E is defined as
td, (e;) = ZVinDE tg(Vivi) + ZVijDE tg(Viv;) +t5(8;)

j k#i

k#j

td, (g;) = ZVinDE fa(ViVi) +kaijE fa(vev;) + fo(e;) -
K#j k#i

(v) The edge degree d& is defined byd(g;) = (d,(g;).d;(g;)) and the total edge
degree ofG is defined bytd (e;) = (td, (¢;),td, (g;)) -

Examples 3.2. Consider avaguegraph G =(V,E) suchthat V ={u,u,,u,,u,} and
E ={uu,,uu,,u,us, u,u,,uu,} .

Here, d,(e,) = 0.5, d,(e,) =1.9, d.(e,) =(0.5,1.9) td,(e,) =0.5+0.2=0.7,
td, (e,) =1.9+0.5=2.4. Hence, td;(e,) = (0.7,2.4)

Definition 3.3. Let G =(V,E) be avague graph.

(i) If each edge inG has the same degrdé, |,) , then G is said to be an edge regular
vague graph.

(ii) If each edge inG has the same total degrég,t,), then G is said to be a totally
edge regular vague graph.

Theorem 3.4. Let G = (V,E) beavaguegraphonacycle G”=(V,E). Then
ZVi DVdG (V') = Zviv]-DEdG (Vivj ) )

Proof. Let G = (V,E) be a vague graph an@" be a cyclev,v,Vv,---v.v,. Then
Y Aa (Vi) = O di (VV), D (VM.,)) - Now we have

zdt (VVis) = A (MV,) +d, (V,V5) +--- +d (V) where v, = v,

=

=d, (V) +di (v,) = 2t (1V,) +d (v,) +d,(v;)

=25 (VpVg) -+ d (V) +d (V) — 2t (V)

=2d,(v,) +2d, (V) +-+- +2d, (V) = 2(t5 (V) +t5(V,V,) +--- +15 (VW)

= 2370 ) = 2Dt (Vi) = 2 (4) + 23 e (W) = 2D to (VY.
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= Zdt (%)
Slmllarly, Z d.(vv,)= Z d.(v).
Hence, 3" do (Vi) = (vad W) 2,8 () = 2, de (V)

Remark 3.5. Let G=(V,E) beavaguegraphonacrispgraph G". Then,
D de(vv)) = (2 d_o(vvts(vy,), D d o(vv)) fe(vv))),

VIVJDE VV UE VV OE

where dGD( V)= dGD(vi)+dGD(vj) 2, forall vv, UE.

Theorem 3.6.Let G = (V,E) beavaguegraphona k—regular crispgraph G”. Then,
Y ds(vv) = ((k- 1)Zd (V). (k= 1)Zd (v)).

vleDE | |

Proof: By Remark 3.5 we have

Zd (viv;) =( Z d D(\/ivj)t (wv)), Zd 1(vv;) fg(vv)))

vlv]EIE vleDE vv 0O

:( Z (dGD(Vi)+dGD(Vj)_2)tB(ViVJ) Z (dGD(Vi)+dGD(Vj)_2)fB(ViVj))'

Since G" is a regular crisp graph;iGD(vi) =k, forall vV and we have

Zd (ViVJ-)=((k+k—2)Zt (ViVj),(k+k—2)Z fa(viv))),

3 do(yy) = @2K-1) 3t (4y,).26-1) 3 o))
> d(vv)) = (k=D X, (v). (k=1)Xd, (v).

iV

Theorem 3.7. Let G =(V,E) beavaguegraph onacrispgraph G". Then,

zth(ViVj)_(zd (v e (vv;) + ZIB(VV) Zd ouv)) g (V) + Zf (Wv;)-

Proof: By definition of total edge degree €, we have

2 e (vv)) =( 3 W, (wv)), 3 td, (vv,))

=( 2, (d(vv)) +tg(vv))), Z (d; (uv,) + f(vv))))

!
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=( z dt(ViVj)+ Z tB(ViVj)’ Z df(ViVj)+ z fB(ViVj))'
vv;0E vv;0E v, TE v, TE

By Remark 3.5, we get
Z th(ViVj) =( z dGD(ViVj )tB(ViVj)+ Z tB(ViVj)’

viviLE viviLE viv; OB
2. Ay fa(wv) + 3 fauv))).
v,v; OE viv; OE

J J

Theorem 3.8. Let G =(V,E) beavaguegraph. Then (t;, f;) isaconstant function if
and only if the following are equivalent.
(i) G is a edge regular vague graph.
(i) G is totally edge regular vague graph.
Proof: Assume that (tz, fg) is a constant function. Thertg(vv,)=c, and
fa(vv,) =c,, foreveryvyv, OE, where ¢, and c, are constants. LeG be a(l,,l,)
-edge regular vague graph. Thegh, (v,v;) = (I,1,) , forall vv; JE.

tds (Vivj) =(d, (Vivj) +tB(ViVj ),d; (Vivj) + fB(ViVj ) =(;+c,l, +¢,),
for all viv; JE which implies G is totally edge regular.

Let G be (t,,t,) —totally edge regular vague graph. Thieh, (vv;) = (t,,t,),
for all viv, JE. So, we have
tds (Vivj) =(d, (Vivj ) +tB(ViVj)’df (Vivj) + fB(ViVj ) = (4, t,).

Now,

(d, (Vivj)ldf (Vivj )= _tB(ViVj)!tZ - fB(ViVj )

=t -ct,—c).
Hence,G is (t,—c,t,—C,) edge regular vague graph.
Conversely, assume th#t) and (ii) are equivalent. We have to prove th{#g, f;) is
a constant function. Suppose thdt;, f;) is not a constant function. Then
ta(vv;) #2t(v, V) and fg(vv,) # fz(v,v,) for at least one pair ofv;,v,v,JE. Let
G bean(l,l,) edge regular vague graph. Thet, (Vv;) = dg (v, V) = (I;,1,) -

tds (viv;) = (d, (vv;) +tg(vv;), d; (vv;) + fg(vv)))

=(, +tB(ViVj)!|2 + fB(ViVj )
forall viv, JE and

tds (v, v,) = (d, (v, v,) +t5 (v, v,), d; (v,v) + T5 (v, V)

= (I, +t5 (v, Vo), 1, + o (Vi)
forall vv,UE.
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Since, tg(vv;) Ztz(v,v,) and fg(vv,) # fg(v,v,) we havetdg(vv;) #tds(v,V,) .
Hence, G is not a totally edge regular that is contradittio our assumption. Therefore,

(tg, fg) is a constant function. Similarly we can show ti{g, f;) is a constant
function whenG s a totally edge regular vague graph.

Theorem 3.9. Let G = (V,E) beavaguegraphona k—regular crispgraph G". Then,
(tg, fg) isaconstantif and onlyif G isboth regular and edge regular vague graph.

Proof. Let G=(V,E) be a vague graph oG" and let G” be a k—regular crisp
graph. Assume thatt; and f, are constant functions, ietg(vv;)=c and
fg(viv;) =t, for all vv, JE, wherec,t are constants. By definition of degree of a
vertex we have

do (%) = (d (), d (v)) =( 2 ta(uyy), D fevv)) =( D ¢ X 0),

for all v, OV . Hence,d; (v,) = (kc,kt) . Therefore,G is regular vague graph. Now,
tdg (viv;) = (td, (vv;),td; (vv;)) , where
tdt(vivj) :ZtB(Vin)+ZtB(Vij)+tB(Vivj) = Z c+ Z c+c

vikaE Vkvj 0O
k# k#i

=c(k-1)+c(k-1)+c =c(2k-1).
Similarly, td,(vv;) =t(2k-1), for all vv; JE . Hence, G is also totally edge

regular vague graph.
Conversely, assume th& is both regular and edge regular vague graph. kesghat
(tg, fg) is a constant function. Sinc@ is regular,ds(v;) = (c,,C,), for all v, OV .

Also, G is totally edge regular sdd; (v,v;) = (t,,t,), for all vv, OE.

By definition of totally edge degree we hate (v,v;) = (td, (vv,),td (vv;)), where
tds(viv,) =d,(v) +d,(v,) =tz (vv;) , for all vv,0E, t =c +c,—tz(vv,) . So,
ts(vv;) =2c, —t,. Similarly we have f;(vv,) =2c, -t,, for all viv, JE . Hence,

(tg, fg) is a constant function.

Definition 3.10. A vague graph G = (V,E), where V ={v,,Vv,,---,Vv,} is said to be
strongly regular, if it satisfies the following axioms:

(i) G is k=(k,k,) —regular vague graph

(i) The sum of membership values and non-membershipesaof the common
neighborhood vertices of any pair of adjacent gegtiand non-adjacent verticegv; of

G has the same weight and is denotedb¥ (4,,4,), d=(9,,0,), respectively.
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Note 1. Any strongly vague graph G isdenoted by G =(n,k,A,0).

Examples 3.11. Consider avaguegraph G =(V,E) where V ={u,,u,,u,,u,} and

E ={uu,,u,u,,uu,,u,u,, u,us, u,u,} .

Here, n=4, k=(k,k,)=(0.3,1.5) A=(4,,4,)=(0.3,0.8) 0=(3,,9,) =(0,0).
So, G is strongly regular vague graph.

Theorem 3.12. If G =(V,E) isacompletevaguegraphwith (t,, f,) and (t;, fg) as
constant functions, then G isa strongly regular vague graph.

Proof: Let G=(V,E) be a complete vague graph whé&fe={v,,v,,---,v.} . Since

t,, fo,tg and f, are constant functions. That i$,(v.)=r, f,(v)=s, for all

v, OV and tg(vv;)=c and fg(vv;)=t, for all vv,OE where r,s,c,t are
constants. To prove thdb is a strongly regular vague graph, we have to shawG is

k = (k,,k,) — regular vague graph and the adjacent vertices tawesame common
neighborhood A =(A,,4,) and non-adjacent vertices have the same common
neighborhoodd = (4,,9,) . Now,

ds (W) = (d,(v),d; (v)) =( ZtB(ViVj)’ z fB(ViVj))

ViijE viVJ-DE
=((n-1)c,(n-1)t) (SnceGiscomplete).

Hence, G is an ((n—1)c,(n—21)t) — regular vague graph. The sum of membership
values and non-membership values of common neigjolodr vertices of any pair of
adjacent verticesd = ((n—2)r,(n—2)s) are the same and the sum of membership
values and non-membership values of common neigjolodr vertices of any pair of
non-adjacent vertice® =0, since G is complete vague graph. So we have the proof.

Remark 3.13. If G isastrongly regular disconnected vague graph then, 0 =0.

Definition 3.14. Avague graph G = (V,E) issaidto be a biregular vague graph if it
satisfies the following axioms:

(i) G is k=(k,k,) —regular vague graph.

(i) V=V,0V, be the bipartition ofV and every vertex inV; has the same
neighborhood degred! = (M,,M,) and every vertex i/, has the same neighborhood
degreeN =(N,,N,), where M and N are constants.

Theorem 3.15. If G =(V,E) isastrongly regular vague graph which is strong then, G
is (k;,k,)—regular.
Proof: Let G=(V,E) be a strongly regular vague graph. Then by dé&imitG is
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(k;,k,) —regular. SinceG is strong, we have
- _ for all vv, OE
2(4v;) = min(t,(%),ta(v,)) for all vy, DE

- _ for all v, UE
s(VV;) = max(f,(v), fo(v;)) forall vy, DE.

Now the degree of a vertex in G is ds (v) =(d:(v),d; (v)), where

de(v) = > T (vv)) = D ta(v) Ot (v;) =k,

forall v,V and
di (v) = z fB(ViVj) = Z fa(v) O fa(vy) =k,,

v; ¢vj v; :tvj

for all v, IV . (Since G is strong)
Hence, d (v) = (k. k,) , forall v. OV . So, G is a (k,,k,)-regular vague graph.

Theorem 3.16. Let G =(V,E) beastrong vague graph. Then G isastrongly regular

if and only if G isastrongly regular.

Proof: Assume thatG = (V, E) is a strongly regular vague graph. Then by dedinjtwe
have G is (k;,k,) —regular and the adjacent vertices and the non-audjaertices have
the same common neighborhodb= (4,,4,) and 0 =(4,,9,), respectively. We have

to prove thatG is a strongly regular vague graph.@ is strongly regular vague graph
which is strong therG isa (k,, k,) —regular vague graph by Theorem 3.17. Next,3et
and S, be the sets of all adjacent vertices and non-adjaeertices ofG . That is,

S ={vv, |vv,0E} , where v, and v, have same common neighborhood
A=(A,A,) and S, ={vyv,|vv, JE} , where v, and v, have same common
neighborhoodd = (&,,3,) . Then, § ={vyv, [vyv, DE}, wherev, and v, have same
common neighborhoodd = (9,,0,) and QZ{WVJ A% DE} , where v, and v

have same common neighborhodd= (4;,4,) . Which impliesé is a strongly regular.
Similarly we can prove the converse.

Theorem 3.17. A strongly regular vague graph G is a biregular vague graph if the
adjacent vertices have the same common neighborhood A =(A;,4,)#0 and the

non-adjacent vertices have the same common neighborhood 0 =(4;,9,) # 0.
Proof: Let G=(V,E) be a strongly regular vague graph. Then we have

79



H.Rashmanlou, S.Firouzian and M. Nouri Jouybari

d(v;) = (k;,k,), forall v, OV . Assume that the adjacent vertices have the samenon
neighborhoodd =(4;,5,) Z0. Let S be the sets of all non-adjacent vertices. That is
S={vyv, | v is not adjacent tov,,i # j,v,,v; OV} . Now the vertex partition oz is
Vi={v [vOS} andV, ={v, |v,0S}.ThenV, andV, have the same neighborhood
degree, sinces is a strongly regular. Hencés; is a biregular vague graph.

4. Conclusion

Graph theory is an extremely useful tool in solvihg combinatorial problemsin different
areas including geometry, algebra, number theoopolbgy, operations research,
optimization, and computer science. The concepigiie sets is due toGau and Buehrer
who studied the concept with the aim of interpigtine real lifeproblems in better way
than the existing mechanisms such as Fuzzy séféslpaper,novel properties of an edge
regular vague graph are given. Likewise, new caotscepch as strongly regular, edge
regular, and biregular vague graphs are defined.
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