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Abstract. In this paper, we introduce what we called weakveogence of filters and
show that, in Uryson spaces, weak limits are uniddereover, we show that, in a
regular space X, witlE [0 X, xOEif andonlyif there is a filterd on X which
converges weakly tacand F n E # ¢[JF [JJ .We also prove that closure continuous

maps preserve weak convergence of filters. As a megiult, we prove that, in regular
spaces, weak convergence of filters is equivatenbhvergence of filters.
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1. Introduction

The concept of weak convergence of sequences asavas studied long time ago [1,2].

In this paper, we study weak convergence of filamg obtain some useful results. In
particular, and among other results, we prove hb, in regular spaces, convergence
and weak convergence of filters are equivalent.

Afilter U is said to be finer than the filtéx if
forall FOO,[F' OO'suchthat F' O F. This is writen 00 [ or, [ > [.

Let U, be the neighborhood system of x in a topologicatspX on which a filtefis
given. Of coursel  is a filter on X. We say that the filtéd converges to X,
andwewrite 0 - x if 02U, .

If B is a filter base on X, then the family={F : F [ B for someB S} is the filter
generated bys . If is a filter on a topological space X then,ﬁy we mean the filter
generated by the filter baﬁ:{E: FO D}, whereF stands for the closure of F. It is
clear thatO< 0.
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A function f: X - Y is said to be closure continuous =at[1X if for every

neighborhood Vof f (X) thereis a neighborhoodU of x. with f(U)OV. If this

condition is satisfied at each point &f then fis called closure continuous on X [1].
It is not hard to show that continuous functione alosure continuous, for ¥ is a
neighborhood of f(x) take a neighborhoodJ of x such f(U)OV, and

so f(U)OV. Now, by continuity of f, f(U)O f(U)OV.

The converse, however is untrue.

For example, takeX ={a,b,c}, 7, ={@ X {a}.{a.b}}, 7, ={@ X .{0}.{b.c}}.

Then take the identity function :(X,Tl) - (X,TZ) which is discontinuous, because
i*({b,c}) ={b,c} which is not open irr,. In the meantimé is closure continuous. To

see this, for an))(D X and any neighborhoo\é of f(x) \/_,2 = X, and so, for any

neighborhoodJ of x we have:f (U)D X :V_,Z.
Finally, a space X is called a Uryson spghwéheneverx, Z X,in X, there are open

sets U and V in X containing, and X, respectively, such that unv = @[3l

We close this introduction by noting that topokiginowadays prefer to insert
their applications in generalized, or enlargedirsg$t This might help escaping tight
limits and specifications. For this we refer intdesl readers to compare with [6,7]. In
specific One can consult [8] for the general sgttihRough Set Theory.

2. Weak convergence of filtres
Definition 2.1. If [is a filter on a topological space X axdl X , then ] is said to
converge weakly tox (written OV - x ) if Ois finer than U_X.That is,

02U, whereU, isthe filter generated by the collection {U:U DUX} .

Remark 2.2. It is easy check to see thHt[] — x then O} - x but not conversely.
The following example shows this.

Example 2.2. Let X ={a,b,c} with the topologyr ={g, X ,{a}.{0},{a,b}} .
Consider the filterf ] = {X ,{a, C}} :

Now, OTY - a since the neighborhood systéuh :{{a},{a, b},{a, c}, X}, and
U_El :{{a, c}, X}, from which it clear that1> U_,,J1 .

However, J does not converge ta since Llis not finer tharlJ
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Theorem 2.3. Let f:X - Y be a function, and lexOX . Then f is closure
continuous atxif and only if, whenevelis any filter in X with O[T - x in X, we
have : f ()M f(X) inY.
Proof: Supposef is closure continuous at, and supposé&l [TV’ - Xx.
LetU, ,, be the neighborhood system &{x) .
We claim thatf (0) 2 U () .

For this, leV [JU 1 be arbitrary.
Now, Vis a neighborhood of f(X), and sincef is closure continuous at, there is a

neighborhoodJ of x such that f (U) OV . Thus,f(U) O f(0). Hencef (0) =U 10,
which means thaf () [TV - f(x).

Conversely, suppose that whene&lTY — x,we have: f (x) [(II'- f(X).
Let V be a neighborhood of f(x) . SinceU, 2U , U, [T¥ - x. By hypothesis, we
have: f (U_X) [I¥- f(x) . Thus f(U)=Ux . Therefore, there is a neighborhood
U of x suchthat f (U) OV, and hencef is closure continuous at.

Theorem 2.4. Let X be a Uryson's space, aftbe a filter onX.
IfOOY - xand O - y, then x=y.
Proof: Suppose thakand y are distinct elements iX . Since X is a Uryson's space,

choose neighborhoodsd and V of xand y respectively with UNv = Q.
Now, since LY - x we have:0=U, andU O0.
Also, sinceJ[1IY - y we have:[]= U_y andV O 0.

Thus, = U ﬂ\7 U Owhich contradicts the fact thaf is a filter on X .

Thereforex and y could not have been distinct. We close this seatiith the following
Remark.

Remark 2.5.If Oand O are filters onX with 0’ > Dand if

O - x, then O [T - x as well.

Proof: Since (1[I x, thend=U . But sincel] = 0 we have thatl >U
Thus, 0 [T - x.

X °

3. Main results
We begin with the following definition.
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Definition 3.1. Let X be a topological space , and el X and E 0 X . Thenx is
called a weak-closure point dE if for all neighborhooddJ of x,UNE # Q.

The set of all weak closure-points Bfis denoted, here, bf£" . It needs only a quick
observation to see that the following Lemma isua statement.

Lemma 3.2. Let E be a subset of a topological spa¥e Then EO ﬁ
The converse of this lemma is false and here sxample.
Let X ={a,b,c,d} with topology 7 ={@, X ,{a}.{a,b}.{c}.{a,c}.{a,b,c}}.

Let E ={b}. ThenE ={b,d},but E* ={a,b,d}.

Theorem 3.3. Let E be a subset of a topological spa¥eand letx[1 X . Then
xOE"if and only if thereisa filter J on X such that

O~ xand FNE# ¢ for all FOO.

Proof: SupposexDa. So, for all neighborhoods of X, Uﬂ EZo.
Consider[] :U_X. It is clear thaU_X [T¥' — x. Moreover, we have:

forall UOU, ,UNE%# .

Conversely, letdbe a filter onX with O xand FNE# ¢ for all FOO.

We must show thax 1E" .
Let U be a neighborhood af. ThenO0>U, because O - x.

But then by hypothesis, N E # ¢. Thereforex 1E" .
For our next result, we need to recall the follogvilefinition from [4].

Definition 3.4. A spaceX is said to be regular if] - x whenever 0 - X.

Lemma 3.5. Let X be a regular space, and [6te a filter onX and x[ X .
If OO x then O - X.
Proof: Suppose [T - X . Then,DzU_x.

ButU, — xand X regular, soU_X - X.Therefore,J - X.
Combining Remark (2.5) and lemma (3.5), One get$dtowing :

Theorem 3.6. Let X be a regular space, and be a filter onX .
Then, O - xif and only if OY- x.
We close this paper with the following theorem

Theorem 3.7. Let X be a regular space arkel[] X . Thena =E.
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Proof: By lemma (3.2)_2 Dﬁ.
For the other inclusion, let] E" be arbitrary. Then by theorem (3.3),

thereis a filter O on X such thatOI1' - xand FNE # ¢ for all FOO.
But since X is regular, by lemma (3.9)] - xand FNE # ¢ for all FO0O.

Hence,xJ E [3, Theorem 12.6].
Thus, E" O E . Thus equality is achieved.
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