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Abstract. By Y. Rav, an ideal of a latticeL is called a semi prime ideal if for all
x,y¥,zOL, xCyOJdand x[CzOJ imply xC(yCz)OJ. In this paper, for a

subset A of L, we defineA’ :{XD L:x0Oa=J for someal] A}. Here we prove that

for a meet sub semi lattice A of a lattice A} is an ideal, in fact a semi prime ideal if
and only ifJ is semi prime. Then we include several chara@gdas of semi prime

idealsJ by using A’ where A is a filter oL. At the end we include a prime separation
Theorem.
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1. Introduction

Varlet [9] introduced the concept of O-distributilettices to generalize the notion of
pseudo complemented lattices. Then many authohsding [2, 3, 6, 7, 10] have studied
them explicitly for lattices and meet semilatticeé lattice L with O is called a O-
distributive lattice if for alla,b,c0L, aCb=0=alc imply aC(bCc)=0. Of

course every distributive lattice with 0 is O-distitive. Also every pseudo complemented
lattice is O-distributive. It is well known thateinon-distributive pentagonal lattice

R, ={0,a,b,cla<b, alc=b0c=0, allc=blc=1} is O-distributive; while the
diamond lattice M, ={0,a,b,c; allb=b0Oc=c0a=0, allb=alc=b0c=1}

is not O-distributive. Again [8] has extended tlomaept of O-distributivity by introducing
the notion ofsemi primeidealsin a lattice. In a lattick, an ideall is called a semi prime
ideal if for all x,y,zOL, xCyOJ, xCzOJ imply xC(yCz)OJ. Of course,
a lattice itself is always a semi prime ideal. Istiibutive lattices, every ideal is semi
prime. Moreover, every prime ideal is semi primésérve that inR;, (0], (b], (c] and

R, itself are all semi prime bufa] is not. Again inM,, only semi prime ideal is
M itself. Recently [1,4] have given several charaz&ions of these ideals for lattices
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including some prime separation theorems. On therdtand [5] have studied them for
meet semilattices directed above and extended aidste results of [4]. Lefl be an
ideal of a latticd.. For a subset A df, we define

A’ :{XD L:xOa=J for someall A} . In this paper we give several characterizations

of semi prime ideals in term oA’ .
A non-empty subsdtof a latticeL is called a down set if fox[J] and y < X

(yOL)imply yOI . Down set is called an ideal if for x,yO 1, xCyOlI .
A non-empty subsktof L is called an upset ifXx(OF and y=>x (y[IL)
imply yOF . An upsetF of L is called a filter if for all x, ylOF, xCyOF. An

ideal (down setP is called a prime ideal (down set) iaCbOP implies either
aldP or bOP. A filter Q of L is called prime ifaCbQ implies eitheral1Q or
bOQ.

A filter F of L is called a maximal filter i #L and it is not contained by any

other proper filter of.. A prime down seP is called a minimal prime down set if it does
not contain any other prime down setof

We include the following Lemmas which are veryiaily

2. Main results
Lemmal. For a non-empty subset A of a lattice L, A islgefiif and only if L-A is a
prime down setl]

Lemma 2. For a non-empty proper subset of a lattice L, A @ime ideal if and only if
L-A is a prime filter.[]

Following Lemma is due to [3] which is proved byngsZorn's Lemma.

Lemma 3. Let F beafilter and | be an ideal of a lattice L, suchthat F n | =¢. Then
there exitssamaximal filter QO F suchthat Qn |l =¢. O

Theorem 4. Let J be an ideal of a lattice L. Then for any stil#sof L, A’ is a down set
containing J. MoreoverA’ =L if AnJ#¢.

Proof: Let xOA’, y<x. ThenxCaOJ for someadA. Now yCa<xCalJ
implies yCaldJ, so yOA’. Therefore A’ is a down set. Again lej JJ. Then

aC jOJ for all ad A, which implies jA’, and soJ O A’. Hence A’ is a down
set containing. The proof of last part of the theorem is triviall

Now we include a characterization of semi primalde

Theorem 5. Anideal J of L issemi primeif and only if for every meet sub semi lattice A
of L, A’isasemi primeideal of L containing J.
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Proof: Supposel is semi prime. We already know thaA’ is a down set containing
Now let x,yOA’. Then xCaOJ, yCbOJfor some abldA. Then
xCalCbOJ, yCalCbOJ. Sinced issemi prime, soalbC(xCy)dJ . Now

aCbOA implies xOyOA’, and so A’ is an ideal. Finally letx DyOdA’, and
xOzOA’. Then xOyOa O0J, xOzOb, OJ for some a,by JA. Thus
xOa, Ob, OyOJ, xOa Ob, 0zOJ. Then by thesemi prime property of J,
xOa, Ob, O(yO2)0J . Thus xO(yOz)OA’as a, Ob, OA. Therefore A’ is

semi prime. Conversely, i\’ is a semi prime ideal for every meet sub semilafof
S then in particular(a)”’ is an ideal for allaJL .

Now, supposexCa, xCbOJ. This implies a,b0(x)”. Since (x)’is an ideal, so
al0bO(x)’ and soxC(aCb)dJ . Therefore J is semi primel

Observe thatin R

b
c
a
0
Rs
Figure 1

J=(a] is not semiprime. Consider the filter A={, It is easy to see that’A{0, a, c}
which is not an ideal at all.

Following result is a generalization of [3, LemmaZ]

Theorem 6. Let A and B be filters of a lattice L, such that An B’ = @ . Then there

existsa minimal prime down set containing B’ and digjoint from A.
Proof: Observe thatl n (ACB)=¢. Ifnot,let jOOJn(ACB). Thenj=alb

for somead A, bOB. Thatis,aCb[0J asJis an ideal, which impliest[1 B’ gives
a contradiction. Hencgé n (AL B) = ¢. Thus byLemma-3 there exists a maximal filter

M containing AC B and disjoint toJ. Now we prove thatM n B’ =¢ . If not, let
xOM n B’ . ThenxOM and xOb, 0J for someb, OBO M, so xOb, OM .
This impliesM n J # ¢ which is a contradiction. ThereforeM n B’ =¢. Thus by

79



Momtaz Begum, A.S.A.Noor and M. Ayub Ali

Lemma 1, L-M is a minimal prime down set containin®®’. Moreover,
(L-M)n A=¢. [

Now we extend [3, Lemma 1.13]

Theorem 7. Let Abeafilter of alattice L. Then A’ isthe intersection of all the minimal
prime down sets containingd and digjoint fromA.
Proof: Let N be any minimal prime down set containing J angoits from A. If

xOA’, then xCadJ for somead A and sox[ON asNis prime.
Conversely, letyOL—-A’. Then yCalOJ for all alA. Hence
(AC[y) nJ=¢. If not, let xO(ALC[Y))n J, implies x[OJ and x=aly for

somealdA. That isal y[dJ, which implies yO A’ gives a contradiction. Hence
(AC[Y)nJ=¢. Then by Lemma 3 AL[y) O M for some maximal filteM and

disjoint to J. Thus by Lemma 1. —M is a minimal prime down set containidg
Clearly(L-M)n A=¢ andyOL-M. [

Now we generalize Theorem 3.3 of [3] to give sorharacterizations of semi prime
ideals.

Theorem 8. Let L be lattice with J. Then the following staterteare equivalent;

i) Jis semiprime.

ii ) If A and B are filters of L such thaAn B’ = ¢, then there is a minimal prime ideal
containingB’ and disjoint from A.

iii) If A and B are filters of L such thaAn B’ = ¢, there is a prime filter containing A
and disjoint fronB” .

iv) If A is a filter of L and B is a prime down setrtaining A’ , there is a prime filter
containing L-B and disjoint fromA” .

v) If Ais afilter of L and B is a prime down set ¢aiming A’ , there is a minimal prime
ideal containingA’ and contained in B.

vi) For eachxJL such thatx(1J and each prime down set B containi)’, there is
a prime ideal containingx)’ and contained in B.

vii) For eachxOL with x(dJ and each prime down set B containif)’, there is a
prime filter containing L-B and disjoint fron{x)” .

Proof: (i) =(ii) Supposéi) holds. Let A and B be filters of L such th&n B’ =¢.
By Theorem 6, there is a minimal prime down set Mchs thaM OB’ and
M n A=¢. Then L-M is a maximal filter disjoint to J. Sindes semi prime so by [1],
L-M is a prime filter, and so by Lemma-1, M is anpe ideal.

(ii) =(iii) is trivial as L-M is a prime filter containing A drdisjoint from B” .
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(iii) =(v) By Lemma 1, F=L-B is a maximal filter such thatn A’ =¢. So by (iii),
there exists a prime filter R containing F sucti tRan A’ = ¢ .
(iv) =(v). By iv), R is a prime filter containing F=L-B amlfisjoint with A’. Thus L-R is

a minimal prime ideal containingd’ and contained in B.
(v) =(vi). Let xOL. Replace A by [x) in (v). Now B is a prime downt sentaining

A’ =(x)? =[x)” . Thus by (v), there exists a minimal prime ideataining A’ = (x)”
and contained in B.

(vi) =(vii). By (vi), there exists a minimal prime ideal P toning (X)’ and is
contained in B. Thus L-P is a prime filter disjofot(x)’. MoreoverL-POL-B.

(vii) =(i). Suppose (vii) holds and let[]L such thatx[1J. By Lemma 1,L —[X) is
prime down set not containing x. L&tJ(x] n (X)’. Thent<x and t CxOJ . This
implies t # x. For otherwise x[1J gives a contradiction. Thus, it follows tha& X .
Hence (X] n (X)? O L—[X). L-[x) contains (X)’, as L —[X)is a prime down set. By
(vii), there is a prime filter B containing x) = L —(L —[x)) and disjoint from(x)”.
Clearly xOB andBn J=¢ asJ O(x)’.

Now suppose,b,cL suchthataCb[0J andalCcJ butal(bCc)dJ. By
above proof there exists a prime filter B such thaf (bCc)[0B and disjoint from
(ad(bOc))’, implies a,oCcOB. Then eitherbB or cOB as B is prime. This
implies either alCbOB or alCclOB. In any cas8n J#¢, which gives a
contradiction. Therefor@a_ (bCc)[1J a so Jis semi prime.

Hence by Theorem 5, we have the following charaztton of semi prime ideals.

Corollary 9. Let A be afilter and J be anideal of alattice L. Then J is semi prime if and
onlyif A’ istheintersection of all the minimal prime ideals disjoint fromA. [

Now we include some characterizationsaafemi prime ideals of L using the

downs sets of the forsd’ . This result is in fact a generalization of [3,Them 3.4]. In
fact the results of [3] can be obtained by repladrby (0].

Theorem 10. Let L be alattice. Then the following statements are equivalent;
|) J issemi prime.
i) Foreach adS, (a)’ =[a)’ isasemi primeideal containing J.
iii) For any threefilters A, B, Cof L,
(AO(BNnC))’ =(AOB)’ n(AOC)’
V) Forall ab,cOL, ([a)O([b) n[c))’ =(a)O[b))’ n ([a)O[c))’
V) Forall a,b,cOL,(a0(bOc)’ =(alb)’ n(adc)’.
Proof: (i) < (ii). Follows by Theorem 3 an@a)’ =[a)’ is trivial.
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(i) = (ii). Let xO(AOB)’ n (AOC)’. Then xO(AOB) ’and xO(AOC)”.
Thus xC fO0J,xCgOJ for some f JACB and gD ACC. Then f 2@ Ub,
and g=a, [c for some a;,a, JA, b0OB, cOC. This implies xUa, ObOJ,
xOa, OcOJand so xUa, Oa, ObOJ, xOa, Oa, OcUJ. Sinced is semi
prime, so xJa, Ja, O(bOc)JJ. Now a, [a, A andbCclOBn C. Therefore,
(a, Ua,) O(bOc)OAO(B n C)and soxJ(AO(B n C))’ . The reverse inclusion is
trivialas AL (Bn C) 0 AL B, AL C. Hence (iii) holds.
(iii) = (iv) is trivial by consideringA =[a), B =[b) and C =][c) in (iii).
(iv), = (V). Let (iv) holds. Suppose xO(alb)’ n(alc)’. Then
xO([a) O[b))’ n ([a) O[c))’ =(a)d([b) n[c)))’. This implies xC f OJ for
somef [J[a) L ([b) n[c)). Then fzal(bCc). It follows that
xCaC(bCc)OJ and so xO(aO(bOc)’. On the other hand,
[a)C[bCc)O[a)C[b) and[a) C[bCc) O[a)C[c)implies that
(ad(bOc))’ O(adb)’ n (alc)’. Therefore (v) holds.
(v) = (i). Suppose (v) holds. Letq,b,clJL with alCbOJ,aCcOJ. Then
alC(aCb)0J,aC(aCc)0J implies aO(aOb)’ n(alc)’ =(ad(Oc))’.
Thus,alC(aC(bCc))0J. Thatisal (bCc)dJ . Sod issemi prime. [

For any subsét of a latticel, we define A ={xOL:xOa=J for some j0J}.
A™ is always a down set. By [4]A™ is a semi prime ideal containidgf and only if

Jis semi prime, clearly, for angdL , (a)’ =[a)’ =(a)™ =(a]™.
Corollary 11. Let Jbe anideal of alattice L, Jissemi primeif and onlyif J = () (a)”.
alL
Proof: By Theorem-4,J [J(a)’for every allL, and so J 0 (1 (a)’. For reverse
aL
inclusion, let x[J ﬂ(a)J . Then xO(a)’ for every allL. Thus, in particular,
alL
x(x)’ . This impliesx Cx =x0J and so) (a)’ O J . Therefored = N (a)’. O
alL alL

We conclude with few more characterizationssefi prime ideal of L. This is also a
generalization of [3, Theorem3.5].
Theorem 12. Let L be alattice. Then the following are equivalent;

i) J issemi prime.

i)  For anythreefilters A, B, C of L.

(AnB)O(ANC))’ =A’ n(BOC)’
i) For anytwo filtersA, Bof L, (An B)? = A’ n B’
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iv)  Foral abdL, (a)’ n (b)’ =(adb)’.

V) Foral a,b0L, (a]” n (b]™ =(aldb]™.
Proof: (i) = (ii). Supposed is semi prime, SincfAnB)C(AnC)OA and
BCC,so((AnB)YO(ANC))’ OA’ n(BOC)’. Now suppose
xOA’ n(BOC)’. Then xOA’ and xO(BOC)’. Thus xCaOJ for some

alJA and xCbCcOJfor some bOB, cOC. Hence xCaldJ,xCbhCcOJ
implies xCcCalJ; xCcCbOJ . Sinced is semi prime, sxCclC(aCh)yOJ.

Then aCbOANnB. Now x[CalJimplies xCa=xC(alCb)yCaldJd. Also

xC(aCb)CcOJ. Sinced is semi prime, so x[C(alCb)C(cCa)dJ. But

aCbOANB and cCaldCn A. Hence xO((An B)O(ANnC))’ and so (i)

holds.

(ii) = (iii) is trivial by consideringB = Cin (iii).

(i) = (iv). Choose A=[a) and B=[b)in (ii). Then by (iii),

(@7 n(b)’ =[a)’" n[b)’ =([a) n[b))’ =([abb))’ =(alb)’.

(iv) = (v)is obvious.

(v) = (i).Suppose (v) holds and for a,b,c0L, aCbOJ, alCcOJ. Then

ald]™ n(c]™ =(bOc]™ . Therefore,al (b Cc)dJ and sal is semi prime. [
Observe that in Figure-1 &, J =(a] is not semi prime. Here we can easily

check that

(bO(adc))’ ={b}’ ={0,a,c¢}, (bda)’ n(bOc)’ =(a)’ n (0)’ =LnL=L.

Thugb O(alc))’ #(bOa)’ n (bOc)’.
Moreover, ()’ n (c)’ =L n {0,a,b} ={0,a,b}, while (alc)’ ={1}’ ={0,a}. Thus
(@)’ n(c)’ #(alOc)’.

We conclude the paper with a prime Separation Erediy usingA’ . For this we need
the following results which are due to [4]

Lemma 13. Let | be an ideal of a lattice L. A filter M disjoint from | is a maximal filter
digoint fromI if and onlyif for all aldM , thereexists b[0M suchthat aC bl . [

Theorem 14. Let L be a lattice and J be an ideal of L. The following conditions are
equivalent;

i) J issemi prime.
i) {a}" ={xOL:x0a0J} isasemi primeideal containing J.
i) A" ={xOL:x0a0J forall aOA is a semi prime ideal

containing J.
V) 1,(L) is pseudo complemented.
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V) 1,(L)isaO-distributivelattice.
vi) Every maximal filter digoint fromJisprime. [

Thus we have the following Separation Theorem.

Theorem 15. Let J be a semi prime ideal of alattice L and A be a meet sub semi lattice of

L. Then for a filter F disjoint from A’, there exists a prime ideal containing A’ and
digoint fromF.

Proof: By lemma 3, there exists maximal filtst containingF and disjoint from A’ .
We claim thatA[l M . If not then there exista[J A butal0M . ThenM [C[a) OM .

By the maximality ofM, (M O[a))n A’ #¢. If tO(M O[a))n A’, thet>mLCa
for somemUM andta [1J for somea, [JA.This impliesmUala <t Ua [1J,
andaOa, 0 A. Thusm A’ which is a contradiction. Hende[O M . Now let z[OM .
Then by maximality oM, (M 0O[2)) n A’ #¢. Supposey (M 0[2)) n A’. Then
y=m Oz and yOa,0Jfor some a,0JA. Hence m [Oa, 0zOA’ and
m, Ua, UM . Therefore by lemma 13/ is a maximal filter disjoint toA’ . Since by

Theorem 5,A”is semi prime, so by [4, Theorem 2V],must be prime. Therefore;M is
a prime ideal containind\” , but disjoint fromF. O
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