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Abstract. Based on the He's homotopy perturbation (HP) amedetktended form of the
Krylov-Bogoliubov- Mitropolskii (KBM) method, an goximate technique has been
developed for obtaining the approximate solutiohsecond order strongly and high
order nonlinear Duffing equation with slowly vamygi coefficients in presence of small
damping. The first approximate solutions obtaingdhe presented method show a good
agreement with the corresponding numerical solstifam the several damping effects.
The implementation and efficiency of the presenteethod has been explained by an
example.
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1. Introduction

The study of nonlinear differential systems is ofaj importance not only in all areas of
physics but also in engineering and other disofsljrsince most of the phenomena in our
world are nonlinear and are described by nonlimfferential equations. Most of these
nonlinear differential systems occur in nature wilowly varying coefficients in
presence of small damping. The common perturbati@thods for constructing the
approximate analytical solutions to the nonlinedffecential equations are the Krylov-
Bogoliubov- Mitropolskii (KBM) [1-3] method, the bdstedt-Poincare (LP) method [4-
5] and the method of multiple time scales [4]. Abnhall perturbation methods are based
on an assumption that small parameter must exitarequations. Lingt al. [7] have
presented a new analytical approach to the Duffimarmonic oscillator. He [8] has
investigated the homotopy perturbation technigaenother paper, He [9] has developed
a coupling method of a homotopy perturbation tegheiand a perturbation technique for
strongly nonlinear problems. Recently, He [10] aB® presented a new interpretation of
homotopy perturbation method for solving stronglgninear differential systems.
Belendezet al. [11] have presented the application of He's hompgtperturbation
method to the Duffing harmonic oscillators. Hu [123s obtained the solution of a
guadratic nonlinear oscillator by the method ofnihamic balance. Rogt al. [13] have
presented the effects of higher approximation ofylé&-Bogoliubov-Mitropolskii
solution and matched asymptotic differential systemith slowly varying coefficients
and damping near to a turning point for weakly moedr differential systems. Arya and
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Bojadziev [14] have presented the analytical tegnmifor time depended oscillating
systems with slowly varying parameters, damping] delay Alamet al. [16] have
developed the general Struble technique for wealdwlinear systems with large
damping. Uddiret al. [17] have presented an approximate techniquedioirg strongly
nonlinear differential systems with cubic nonlirigain presence of damping effects.
Uddin and Sattar [18] have presented an approxiteatmique to Duffing™ equation with
small damping and slowly varying coefficients farbec nonlinearity. Uddin and Sattar
[19] have developed an approximate technique fbuirgp strongly nonlinear biological
systems with small damping effects. Uddinal. [20] have presented an approximate
analytical technique for solving a certain type folrth order strongly nonlinear
oscillatory differential systems with cubic nonlarity in presence of small damping.
Recently Ghoslet al. [21] have presented an approximate techniquedtving second
order strongly and high order nonlinear differensigstems in presence of small I
damping without slowly varying coefficients. Theitiaors [8-12] have studied the
differential systems with cubic nonlinearity in abhse of damping effects. But most of
the physical and oscillating systems encounterr@sgnce of small damping in nature
and it plays an important role to the nonlineafedéntial systems. In this article, we have
developed an approximate analytical technique &visg second order strongly and
high order nonlinear differential systems with dipwarying coefficients in presence of
small damping based on the He's homotopy pertimbd8-11] and the extended form
of the KBM [1-3] methods. Figures are provided twmmpare between the solutions
obtained by the presented method with the correipgmumerical (considered to be
exact) solutions obtained by fourth order Runget&otethod.

2. Themethod
We are interested to consider a strongly and higeranonlinear differential system [13]
with slowly varying coefficients in presence of dhammping in the following form

X+2k(r)x+e'x=-¢g f(x), k<<l (1)
subject to the initial conditions
x(0) =hy, X(0) =0, )

where k>0 and 2k is the linear damping coefficient which variesvellp with time
t, 7=¢t is the slowly varying time,£ is a small parameterg, is parameter not
necessarily smalll, is positive constant and known as initial ampluaf the systems

and f(x) is a given high order nonlinear function whichisfas the following
condition

f(=x)=-1(x). ®3)
For simplicity, we are going to use the followimgrtsformation
x = y(t)e™ . (4)

Differentiating Eq. (4) twice with respect to tinteand substitutingX, X together with
X into Eq. (1) and then simplifying them, we obttie following equation

y+ (e -k)y=-g€e" f(ye™). (5)
According to the homotopy perturbation method [8-17-21], Eq. (5) can be re-written
as the following form

y+afy=Ay-ce'f(ye™), 6)
where
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W =e" -k + A 7)
Herein A is an unknown constant which can be determineeélinyinating the secular
terms. However, for a damped nonlinear differensigétem . is a time dependent
function and it varies slowly with time To handle this situation, we need to use the
extended form of the KBM [1-3] method. Accordingttos technique, we are going to
choose the first approximate analytical solutiofeqf (6) in the following form

y =bcosy, 8
where b and ¢ represent the amplitude and phase variable regpelcand they vary
slowly with timet. According to the KBM [1-2] methotd and(/ satisfy the following
first order differential equations

bzeA(b,r)+£2A2(b,r)+---,

Y =ar) +£B(b.7) + £°By(b,7) + -+,
where ¢ is a small positive parameter asf and B, are unknown functions. Now
differentiating Eq. (8) twice with respect to tinheutilizing the relations Eq. (9) and
substituting ¥ and y into Eq. (6) and then equating the coefficientssafiyy and
cosy, we obtain the value of the unknown functioAsand B, as the form

A =-ab/(2w), B, =0, (10)
where prime denotes differentiation with respecslawly varying timer . Now putting
Eq. (8) into Eq. (4) and Eg. (10) into Eq. (9) waain the following equations

(9 a, b)

x=be™' cogy, (11)
and '

b=-cabl/(2w), (12 a, b)

W = x1).

Thus, the first approximate solution of Eq (1) efprmed by Eg. (11) with the assist of
Egs. (7) and (12). Usually, the integration of EIR a, b) is performed by well-known
technigues of calculus [4-5], but sometimes they solved by a numerical procedure
[12-21].

3. Example
For implementing and justifying the above proceduse are going to assume the
following Duffing equation with slowly varying cofdients in presence of small
damping as the form

X+ 2K(T)Xx+€7x=—-£X, (13)
where f(X)=x>. Now using the transformation Eq. (4) into Eq. )(1&d then
simplifying them, we obtain

y+ (e -k)y=-ge™y". (14)
According to the homotopy perturbation [8-11, 17-2@thod, Eqg. (14) can be re-written
as

y+a'y=Ay-ge*™'y°, (15)
where

o =eT -k*+ A (16)
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According to the extended form of the KBM [1-3] med, the solution of Eq. (15) is
given by Eg. (8). In presence of secular termsstietion will be non-uniform and break
down. So, researchers must be needed to removeethdar terms from their obtained
solutions for finding the uniform solutions. Foragding the secular terms in particular
solution of Eq. (15), setting the coefficients loé cosy terms is zero, we obtain

4 -4kt
Ap_2abe _ 0 (17)
For the nontrivial solution.e., b # 0, Eq. (17) leads to
3 4kt
A= M (18)
8
Substituting the value of from Eg. (18) into Eqg. (16), it yields
} 5e b’
of =eT-kP+T - (19)

This is a time dependent frequency equation ofgitien nonlinear differential systems.
Ast - 0, Eq. (19) reduces to

a)O:a)(O):W}l—k2+5%bg, (20)

which is known as the constant frequency equatioth® given nonlinear differential
systems. Now integrating the Eq. (12 a), we get

.o o

where Iy is a constant of integration which represents itligal amplitude of the

nonlinear differential systems. Now putting Eq. )(dhto Eg. (19), we obtain the
following bi-quadratic equation i

o —qaf -r =0, (22)
where

4, 2 -4kt
q=e’-k?, r:%_ (23)

Solving Eq. (22) for the real angular frequency we obtain

W= q+— "24-4{, (24)

The solution of Eq. (12 b) becomes
t
Y=g+ [ wtyde, (25)
where , is the initial phase andc is given by Egs. (24). Therefore, the first

approximate solution of Eq. (13) is obtained by El) and the amplitud®é and the
phase ¢ are calculated from Eq. (21) and Eq. (25) respelstiwith the help of Eq. (23)

and Eq.(24). Thus, the determination of the firsleo analytical approximate solution of
Eqg. (13) is completed by the presented approximagdytical technique.
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4. Initial conditions
The initial conditions ofk + 2k(T)x+ € 'x = —£ X are obtained as

X(0) =h, cogy,,

o _[ bo(2e +56, kb)) _ :
X(O)—( 4¢ cy (4af +2) kbojCOSﬂo by cy Singg,.

In general, the initial condition$x(0), X(0)] are specified. Then one has to solve
nonlinear algebraic equation in order to deterntiveeinitial amplitudeb, and the initial

(26)

phasey, that appear in the solutions, from the initial ditions equation (26).

5. Resultsand discussion

In this article, He's homotopy perturbation techrighas been extended for solving
second order strongly and high order nonlineaediffitial systems with slowly varying
coefficients in presence of small damping basetherextended form of the KBM [1-3]
method. From our results, it is seen that the frder approximate analytical solutions
show a good agreement with the corresponding nwealesolutions for the several
damping effects. The approximate analytical sohgiof Eq. (13) is computed by Eq.
(11) with slowly varying coefficients in presencé small damping and high order
nonlinearity and the corresponding numerical sohgiare obtained by using the fourth
order Runge-Kutta method. The presented methodrig simple in its principle, and is
very easy to implement for stronglfe;, =1.0) and high order nonlinear differential
systems with slowly varying coefficients in presemnd small damping as well as weakly
(¢, =0.1). The variational equations of the amplitude anasehvariables appear in a set
of first order nonlinear ordinary differential ediams. The integrations of these
variational equations are obtained by well-knowchtéques of calculus [4-5]. In a lack
of analytical solutions, they are solved by nunedrfirocedure [4, 12-21]. The amplitude
and phase variables change slowly with timeThe behavior of amplitude and phase
variables characterizes the oscillating procedgleseover, the variational equations of
amplitude and phase variables are used to invéstidee stability of the nonlinear
differential equations. Ji-Huan He [8, 9] has depeld homotopy perturbation for
conservative nonlinear differential systems. Bt fiesented method is valid for non-
conservative nonlinear differential systems. Thespnted method can also overcome
some limitations of the classical perturbation teghes; it does not require a small
parameter(i., & =1.0) in the equations. The advantage of the presenetda is that
the first order approximate analytical solutionsowha good agreement with the
corresponding numerical solutions for small ampktuand damping. The method has
been successfully implemented for solving the seaadler slowly varying differential
systems with high order nonlinearity in presenceméll damping for both strongly and
weakly nonlinear cases. Comparisons are made betteesolutions obtained by the
presented coupling analytical technique and thésairmed by the numerical (considered
to be exact) solutions in figures.
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Figure 1: (a) First approximate solution of Eq. (13) is denotgdH» — (dotted lines) by
the presented analytical technique with the initainditions b, = 05, ¢, =0 or
[x(0) = 05, x(0)=-0.02339 with k=015 £€=01 &=10 and f=x".
Corresponding numerical solution is denoted byHddine).
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Figure 1: (b) First approximate solution of Eq. (13) is denotgdH» — (dotted lines) by
the presented analytical technique with the initt@inditions b, = 05,¢, =0 or

[x(0) = 05, x(0)=-0.03131 with k=015 £=01 &=01 and f=x".
Corresponding numerical solution is denoted byHddine).
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Figure 2: (a) First approximate solution of Eq. (13) is denotgdH» — (dotted lines) by
the presented analytical technique with the init@inditions b, = 05, ¢, =0 or
[x(0) = 05, x(0)=0.01904 with k=005 £€=01 &=10 and f=x".
Corresponding numerical solution is denoted byHddine).
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Figure 2: (b) First approximate solution of Eq. (13) is denotgdH» — (dotted lines) by
the presented analytical technique with the inigainditions by = 05, ¢/, =0 or
[x(0)= 05, x(0)=0.01703 with k=005 £=01 =01 and f=x".
Corresponding numerical solution is denoted byHddine).

6. Conclusion

The great achievement of this article is that tlespnted approximate analytical
technique is suitable for solving the second ondenlinear differential systems with
slowly varying coefficients and high order nonlingain presence of small damping for
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strongly (£, =10) as well as weakly(g, = 0.1) nonlinear cases but the classical
perturbation and He’s homotopy methods are notlidaga handle for these situations.
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