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Abstract. In this paper, the fuzzy nonlinear programming problem is discussed. In order 
to obtain more accurate solution, the properties of fuzzy set and fuzzy number with linear 
membership function and fuzzy maximum decision maker is utilized to fuzzifying the 
crisp problem. In the illustration, we have given a refinement to obtain this solution. 
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1. Introduction 
Fuzzy nonlinear programming problem (FNLPP) is useful in solving problems which are 
difficult, impossible to solve due to the imprecise, subjective nature of the problem 
formulation or have an accurate solution. In this paper, we will discuss the concepts of 
fuzzy decision making introduced by [1] and the maximum decision [15] that is used in 
NLPP to find the optimal decision (solution). This decision making used in fuzzy linear 
programming problem [8] and [7]. Furthermore, this problems has fuzzy objective 
function and fuzzy variables in the constraints [13], [10], and [5], where the fuzzy left 
and right hand side coefficients on constraints [14]. In addition, the fuzzy NLPP is used 
in quadratic programming [9, 11] which has fuzzy multiobjective function and fuzzy 
parameters on constraints so in our NLPP that have fuzzy properties on the inequality (≤̃ , 
≥̃)and have fuzzy linear membership function. The outline of this paper is as follows:  In 
this section 1, we state in section 2, the earlier method is briefly explained. In section 3, 
we give our refinement for the same problem by extending it to a general setup of 
nonlinear programming problem of this type. 
 
2. Preliminary 
In this section, several necessary basic concepts are recalled. 
 
Definition 2.1. [15] If x is a collection of objects denoted generally by X, then a fuzzy set 
Ã in X is a set of order pairs 
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 Ã  = { (ݔ, µÃ ) : ݔ א ܺ           (2.1) 
where µ Ã → ݔ : [0, 1] is called the membership function or grade of membership of x in 
Ã which maps x to the membership range M (when M contains only the two points 0 and 
1), Ã is non fuzzy and µ Ã is identical to the characteristic function of crisp set. It should 
be emphasized that the range of membership function is a subset of the non-negative real 
numbers. The elements with a zero degree of membership are normally not listed. 
 
Definition 2.2. [2] The function L : X → [0, 1] is a function with two parameters defined 
as: 
 

           L(x;α,ß) = ቐ
൏ ݔ    ݂݅                              ,1 ߙ

ఈା ßି௫
ß

ߙ ݂݅                    ൏ ൏ ݔ  ߙ ൅ ß
ݔ    ݂݅                              ,0 ൐  ß  

        (2.2) 

 
It is called the trapezoidal linear membership function. This type of fuzzy number is very 
useful which has a large non convex fuzzy rejoin set. Clearly, it gives us the high degree 
of µ Ã . (See the Fig. 1). 
 
Definition 2.3.  [1] Given a fuzzy goal (fuzzy objective function) G̃ and fuzzy constraints 
C̃ in a space of alternatives X. The G ̃ and C̃ combine to form a decision, D ̃, which is a 
fuzzy set resulting from intersection of G̃ and C̃. 

 
 
Furthermore, D ̃  = G̃ ∩  C̃ is the membership function of D̃ can be defined as µD̃ = 
min{µG̃ , µC̃}. In general, if we have n goals G̃1,… , G̃n and m constraints C ̃1 ,…. , C̃m , 
then, the resultant decision can be defined as 
 
D̃  = G̃1 ∩ . . . ∩ G̃n ∩C̃1 ∩ . . . ∩ C̃m .              (2.3) 
 
Therefore, for j = 1, 2, … , n and i = 1, 2, … , m it can be written as follows 
 

µD̃  =  min{min {µG̃j}, min{µC̃i}} 
                                                   =  min{µG̃1 ,… , µG̃n , µC̃1 ,…, µC̃m}                             (2.4) 
                                                    =  min{µG̃j ,…, µC̃i} 
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(See the Fig. 2). 
 
Remarks:  If the decision-maker wants to have “crisp” decision proposal, it is 
appropriate to suggest which of them have the highest degree of membership in the fuzzy 
set “decision.” The maximizing decision is defined by 
 
Xmax       =  max MD̃ (ݔ) = max{µD̃ j (ݔ), µ C̃i (ݔ)}                                                              (2.5) 
                                       ई                     ई 
 
where D ̃j and C̃i are in Definition 2.3, for i = 1, 2, … , m, j = 1, 2, …. , n [15]. 
 
3. Fuzzy Nonlinear Programming Problems 
In this section, we discuss the optimization problem with nonlinear fuzzy objective 
function and fuzzy flexible nonlinear constraints. Consider the following nonlinear 
programming problem: 
 

Min/Max f(ݔ) 
Subject to 

gi  (ݔ) ≥ (≤)bi,  i = 1, 2, …. , m.                                                          (3.1) 
 
For all ݔ €  Rn and 0 ≤ ݔ. The fuzzy version of the problem (3.1) is 
 

Min/Max f(ݔ) 
Subject to 

gi(ݔ) ≥̃ (≤̃) bi,            i = 1, 2, …. , m.                                                             (3.2) 
 

For all  ݔ  € Rn and ݔ   ≥ 0. In problem (3.2), the tilde sign denotes a fuzzy 
satisfaction of the constraints. It is clear that these constraints are flexible constrains. The 
fuzzy max (min) corresponds to achieving the highest (lowest) possible aspiration level 
for the general f(ݔ). This problem can be solved by using the properties of fuzzy decision 
making problems (3.1) and (3.2) as follows: 

Fuzzify the objective function by calculating the lower and the upper bounds of 
the optimal values. The bounds of optimal values zl and zu can be obtained by solving the 
standard crisp NLPP as follows: 

zl  = Min/Max f(ݔ) 
Subject to 
     gi (ݔ) ≥ (≤)bi,   i = 1, 2, …. , m.                                                          (3.3) 
For all  ݔ € Rn and x ≥ 0 and 

z2 = Min/Max f(ݔ) 
Subject to 

gi(ݔ) ≥ (≤)bi + pi,  i = 1, 2, …. , m.                                                          (3.4) 
 

For all x € Rn and x ≥ 0, where the objective function take the values between z1 
and z2. Let zl = min (z1 , z2) and zu = max (z1 , z2), where zl and zu are the lower and upper 
bounds of the optimal values. Suppose M ̃ is the fuzzy set representing the objective 
function f(ݔ) such that M̃ = {( ݔ, µM̃ (ݔ)) : ݔ € Rn}, 
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                              µM̃ሺݔሻ = ൞

௨  ൏ݖ    ݂݅            ,1 ݂ሺݔሻ
௙ሺ௫ሻି ௭೗

௭ೠି௭೗
௟  ൏ݖ   ݂݅          ݂ሺݔሻ  ൏ ௨ݖ 

௟   ൐ݖ    ݂݅          ,0  ݂ሺݔሻ  
 .                                 (3.5) 

 
4. Numerical  Example 
In the following example, we will illustrate presented theory.  Suppose we are going to 
make a box for airport shipping [3]. The box is made of two materials; the top of the box 
is made of a material costing $17 per square foot, and the rest of the box is 0made of 
material that cost $3 per square foot. Then, the baggage restrictions require that the 
dimensions of the box end of it must sum to at most 3 foot. The dimensions of the box of 
should be a maximum volume costing and not more than $108. Mathematical description 
 are present the length, width and height of the box respectively. The NLP 3 ݔ and 2 ݔ ,1 ݔ
optimization problem is 
                      Max 3 ݔ 2 ݔ1 ݔ  = z 
                      Subject to 
                      g1 : ݔଶ   ൅   ଷ ≤ 3ݔ
                      g2 : 17ݔଵݔଶ ൅ 3ሺݔଵݔଶ ൅ ଶݔଵݔ2 ൅  ଷሻ ≤ 108                                     (4.1)ݔଶݔ 2

,1 ݔ  , 2 ݔ  0 ≤     3 ݔ
 

The optimal solution is 1.00316204 = 1* ݔ ,2.99526551 = 1* ݔ, and 1.99687905 = 1* ݔ. 
Therefore z* = 5.99996738 satisfies the constraints of problem (4.1). Now, the fuzzy 
version of the problem is 

Max 3 ݔ 2 ݔ1 ݔ   = z 
Subject to 
g1 : ݔଶ   ൅  ଷ  ≤̃ 3ݔ

            g2 : 17ݔଵݔଶ ൅ 3ሺݔଵݔଶ ൅ ଶݔଵݔ2 ൅  ଷሻ≤̃ 108                                              (4.2)ݔଶݔ 2
,1 ݔ                                                                                   , 2 ݔ  0 ≤     3 ݔ

 
Therefore, b1 = 3 and b2 = 108. In order to obtain p1 and p2, we have 

3  {Թn א ݔ : ((ݔ̃)µ3 ,ݔ )}  = ̃
where 

                                              µ3ሺ̃ݔሻ = ቐ 
൏ ݔ    ݂݅            ,1 3

ହି ௫
ଶ

        ݂݅   3 ൑ ൑ ݔ   5
ݔ    ݂݅          ,0 ൒  5  

   

                                                                                                                                      (4.3) 
It is shown in the Figure (4). Hence  p1= 2. Similarly p2  can be obtained by 

108 ݔ : ((ݔ)̃ µ108 ,ݔ )} =  א Թ௡ }  
 
where 

                                       µ108 ̃(ݔ)       = ቐ 
൏ ݔ    ݂݅            ,1 108

ଵଶ଴ି ௫
ଵଶ

        ݂݅   108 ൑ ൑ ݔ  120
ݔ    ݂݅          ,0 ൒  108 

                         (4.4) 
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We get p2  = 12. It is shown in the Figure (5). Now, we can find ݖ௟ and ݖ௨ by solving the 
two crisp NLPP as follows: 

1. z1= z. Since the problem is the same first problem, and they have the same 
solution, therefore z1 = 5.99996738$. 

2. z2 =  Max 3 ݔ 2 ݔ1 ݔ                   
 Subject to 
1 ݔ

2 ݔ    ,1.77424067 =*
3 ݔ      ,1.44655028 = *

* = 3.55344549, 
which is satisfying the constraints. Finally, z2 = 9.12001855. Let M ̃be the fuzzy set of all 
objective function such that  
M א ݔ : ((ݔ) µM̃, ݔ )} = ̃ Թ } 
and      

µM̃ሺݔሻ = ቐ
1,                             ݂݅       5.999987738 ൏ ଷݔଶݔଵݔ

௫భ௫మ௫యି ହ.ଽଽଽଽ଼଻଻ଷ଼
ଽ.ଵଶ଴଴ଵ଼ହହିହ.ଽଽଽ଼଻଻ଷ଼

     ݂݅   5.999987738  ൏ ଷݔଶݔଵݔ   ൏  9.1200
ଷݔଶݔଵݔ   ݂݅                           ,0  ൏    9.1200 

      (4.5) 

 
In addition, let C̃1 be the fuzzy set for g1 such that 
C̃1 = {(  ݔ,µc ݔ  : ((ݔ) 1̃ א Թ } 
where 

                                              µc ̃1ሺݔሻ = ቐ 
ଶ   ൅ݔ  ݂݅                 ,1 ଷݔ   ൏ 3

ହିሺ௫మ   ା௫య ሻ 
ଶ

           ݂݅   3 ൏ ଶ   ൅ݔ   ଷݔ   ൏  5
0,                   ݂݅     5 ൏ ଶ   ൅ݔ    ଷݔ

      (4.6) 

and C̃2  be the fuzzy set for g2  such that 
                            C̃2 = {( ݔ, µc א ݔ : ((ݔ) 2̃ Թ } 
where 
                    
µc ̃2ሺݔሻ ൌ

ቐ 

2ݔ1ݔ17   ݂݅                                   ,1 ൅ 3ሺ2ݔ1ݔ ൅ 2ݔ1ݔ2 ൅ 3ሻݔ2ݔ 2 ൏ 108
120െሺ172ݔ1ݔ൅3ሺ2ݔ1ݔ൅22ݔ1ݔ൅2 3ݔ2ݔሻሻ 

12
 ݂݅   108 ൏ 2ݔ1ݔ17  ൅ 3ሺ2ݔ1ݔ ൅ 2ݔ1ݔ2 ൅ 3ሻݔ2ݔ 2  ൏  120

0,                   ݂݅     5 ൏ ൅   2ݔ  3ݔ

               

 
                                                                                                                                        (4.7) 
The fuzzy decision making for this problem is 

µD̃(ݔ)=  min{ µM̃ (ݔ) , min{µC̃1(ݔ)…, µC̃2}} 
for  λ = min{ µM̃ (ݔ),min{ µC̃1(ݔ) ,µC̃2(ݔ) }},with optimal decision  ݔ 

* =Max λ.  
1 ݔ                         

2 ݔ    ,2 =*
3 ݔ      ,2  = *

* = 1.5   ,Max Z = 6     , λ =0.000003930    
               where  1 ݔ, , 2 ݔ  and 0 ൑ λ≤  1    0 ≤    3 ݔ

 
 5.   Data Algorithm Analysis and Results 
In the above output, we give an extension to proceed further taking a trial solution near to 
the exact solution. The reassignment is given by the method. 

m(k+1) = m(k +(n-1)d) 
where n is the iteration number and d is the increment, K is the trial solution stage. 
 25 . +  1 ݔ   =  1 ݔ
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 25.  -   2 ݔ   =  2 ݔ
 25.   +   3 ݔ  =  3 ݔ
   1 ݔ       2 ݔ        3 ݔ         M(x)  C1  C2 D(ݔሻ  Z 

2.25 1.75 1.75 0.285457841 0.75 7.8125 0.285457841 6.890625 
2.5 1.5 2 0.480768413 0.75 8.12 0.480768413 7.50 
2.75 1.25 2.25 0.555887863 0.75 8.520833 0.555887863 7.734375 
3 1 2.5 0.480768413 0.75 9.0 0.480768413 7.5 
 
where  1 ݔ, , 2 ݔ   and 0 ൑ λ≤  1. Therefore, the solution of problem is    0 ≤    3 ݔ
1 ݔ                         

2 ݔ    ,2.25 =*
3 ݔ      ,1.75  = *

* = 1.75   
and   λ =0.28545741  which satisfy in the constraints while the result of crisp problem 
before fuzziness is   
 ଷ* = 1.99687905ݔ   and ,1.00316204 = * 2 ݔ   ,2.99526551 =*1 ݔ              
Now, we can submit   2 ݔ ,*1 ݔ * and  ݔଷכ in the objective fuction of the crisp NLP. 
It can be obtained   ݖ஺ி  = ݔ* 2 ݔ*1 ݔଷ    890625. 6= כ
where   ݖ௟ ൏ ݖ஺ி  ൏ ݖ௨  . Clearly, in comparison the crisp problem we have more accurate 
solution. 
 
6. Conclusion 
We conclude  that  the  above  refinement  gives a  better  result and  the  fuzzy 
environment  is  dealt  within the arithmetic form of iteration. 
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