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Abstract. Conceptsof graph theory are applied in many areas of coerpatience
including image segmentation, data mining, clustgrimage capturing and networking.
Fuzzy graph theory is successfully used in manplpros, to handle the uncertainty that
occurs in graph theory. An interval-valued fuzzamh is a generalized structure of a
fuzzy graph that gives more precision, flexibilignd compatibility to a system when
compared with systems that are designed using fg@phs. In this paper, new concepts
of irregular interval-valued fuzzy graphs such aigimbourly totally irregular interval-
valued fuzzy graph, highly irregular interval-valuéuzzy graphs and highly totally
irregular interval-valued fuzzy graphs are intragli@nd investigated. A necessary and
sufficient condition under which neighbourly irrdgu and highly irregular interval—
valued fuzzy graphs are equivalent is discussed.
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1. Introduction

The origin of graph theory started with the problefrkoinsber bridge, in 1735. This

problem lead to the concept of Eulerian Graph. Esledied the problem of koinsberg

bridge and constructed a structure to solve théleno called Eulerian graph. In 1840,
Mobius gave the idea of complete graph and bigagiaph and Kuratowski proved that
they are planer by means of recreational problémpresent, graph theoretical concepts
are highly utilized by computer science applicatiokspecially in research areas of
computer science including data mining, image segation, clustering, image capturing

networking, for example, a data structure can tmgded in the form of tree which in

turn utilized vertices and edges. Similarly modglof network topologies can be done
using graph concepts.

In 1975, Zadeh [40] introduced the notion of imtdrvalued fuzzy sets as an
extension of fuzzy sets [41] in which the valuesh&f membership degrees are intervals
of numbers instead of the numbers. Interval-valuedy sets provide a more adequate
description of uncertainly than traditional fuzzgts It is therefore important to use
interval-valued fuzzy sets in application, suchfzy control. Since interval-valued
fuzzy sets are widely studied and used, we destriledly the work of Gorzalczany on
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approximate reasoning [13,14], Roy and Biswas odicaé diagnosis [24] and Mendel
on intelligent control [19]. In 1975, Rosenfeld [2bscussed the concept of fuzzy graphs
whose basic idea was introduced by Kauffman [18]9i@3. The fuzzy relation between
fuzzy sets were also considered by Rosenfeld andeleloped the structure of fuzzy
graphs, obtain analogs of several graph theoratmatepts. Bhattacharya [4] gave some
remarks on fuzzy graphs. Mordeson and Peng [2dddaoced some operations on fuzzy
graphs. The complement of a fuzzy graph was definetlordeson [20]. Bhutani and
Rosenfeld introduced the concept of M-strong fugephs in [5] and studied some of
their properties. Shannon and Atanassov [39] intced the concept of intuitionistic
fuzzy relations and intuitionistic fuzzy graphs.ridmnei and Lianhua gave the definition
of interval-valued graph in [15]. Recently Akramtroduced the concepts of bipolar
fuzzy graphs and interval-valued fuzzy graphs if2,@]. Pal and Rashmanlou [23]
studied irregular inteval-valued fuzzy graphs. Alsbey defined antipodal interval-
valued fuzzy graphs [26], balanced interval-valdiezzy graphs [27] and a study on
bipolar fuzzy graphs [28]. Rashmanlou and Jun itigated complete interval-valued
fuzzy graphs [29]. Samanta and Pal defined fuzlaraace graphs [32], fuzzy threshold
graphs [36], fuzzy planar graphs [38], fuzzy k-cetiion graphs and p-competition
fuzzy graphs [34], irregular bipolar fuzzy grapl8$]. Borzooei and Rashmanlou [6-12]
investigated new concepts on vague graphs. Inphper, we present the concepts of
neighbourly irregular interval-valued fuzzy graphseighbourly totally irregular
interval—-valued fuzzy graphs, highly irregular vl — valued fuzzy graphs, and highly
totally irregular interval-valued fuzzy graphs aimtroduced and investigated. A
necessary and sufficient condition under whiclighgourly irregular and highly
irregular interval-valued fuzzy graphs are equmais discussed.

2. Preliminaries
In this section, we review some elementary conctyatisare necessary for this paper.

By a graph, we mean a pa8" = (V,E), whereV is the set ancE is a relation orV .

The elements o¥ are vertices ofG"and the elements dE are edges 06". We write
xyOE to mean(x,y)JE, and ife=xyE, we sayxand y are adjacent. Formally,

given a graphG~ = (V, E), two verticesx, y[V are said to be neighbours, or adjacent
nodes, ifxyJE . The number of edges, the cardinalityf is called the size of graph

and denoted bi/E| . The number of vertices, the cardinality\éf, is called the order of
graph and denoted by|.

A path in a graphG"” is an alternating sequence of vertices and edges
v,,e,Vv;,8,,...,V,,,€,,V,. The path graph with vertices is denoted bf2, . A path is

sometime denoted bf, : v v,..v_(n>o). The length of a pattP, in G" isn. A path
P, ivyv..y, in G" is called a cycle iv. = v, andn = 3. Note that path graplF), has
n-1 edges and can be obtain from cycle graph, by removing any edge.

The neighbourhood of a vertex in a graphG" is the induced subgraph dB"
consisting of all vertices. The neighbourhood tefdenotedN (V) . The degree degy
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of vertex Vv is the number of edges incident Wnor equivalently, defyv) =|N(v)| . The

set of neighbours called a (open) neighbourhdb@) for a vertexv in a graphG",
consists of all vertices adjacent tov but not including v, that is
N(v) = {u OV |uvO E}. Whenv is also included, it is called a closed neighbdwaed
N[v], that is N[v] =N(Vv) D{v}. A regular graph is a graph where each vertextinas

some number of neighbours, i.e. all the verticeg lhe same closed neighb-
ourhood degree. The interval - valued fuzzyssat V is defined by:

A= o IXOVE,

are fuzzy subsets &f such that,uA_(x) S My

where [ for all xOOV .

A (X)

andyu

AT (x)
If G"=(V,E) is a graph, then by an interval-valued fuzzy refeB on a sefE we

mean an interval- valued fuzzy set such that

<min

Ha- () A‘(x)’”A‘(y>)’

<min

Hg: () A*(x)"uAWy))’

for all xyJ E.

3. Interval-valued fuzzy graphs
Definition 3.1. By an interval — valued fuzzy graph of a graph = (V,E) we mean a

pair G=(AB), where A=[y, ,u,.] is an interval — valued fuzzy set dhand
B =[x, 4] is an interval — valued fuzzy relation Brsuch that
Hg- () < MIN A‘(x)"uA‘(y))
Hy: oy = min A*(x)"uA*(y))'
Throughout in this paperG” is a crisp graph, an@ is an interval — valued fuzzy
graph.

Definition 3.2. The number of vertices, the cardinality \8f is called the order of an
interval-valued fuzzy grapts = (A, B) and denoted bM (orO(G)), and defined by
+'uA'(x) +'uA+(><)

1
0 ==Y, ~Fxt

xov
The number of edges, the cardinalitygfis called the size of an interval — valued fuzzy

graphG = (A, B) and denoted b{E| (or S(G)), and defined by

s@)=[g= Y~ Hotm Mo,

xyOE 2

Definition 3.3. Let G be an interval — valued fuzzy graph. The neighboad of a vertex
xin G is defined byN(x) = (N#(x), Nv(x)), where
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N, (9 ={yOV i, sminlu,op,e ) ) and
N, O =y OV : pg. (< minlet,e )t )

Definition 3.4. Let G be an interval — valued fuzzy graph. The neighbood degrees of
vertexx is G is defined bydeg(x) = (degﬂ(x) , deg,(x)), where
deg,(X) = > H,-,, @nddeg,(x) = > Hye - Notice that

YON(X) YON(X)

Mgy > O Mg ) > © forallxyOE,andu

B0y Ha o)

=o forallxy»OE

Definition 3.5. Let G be an interval — valued fuzzy graph @t. If there is a vertex
where is adjacent to vertices with distinct neigithood degrees, the@ is called an
irregular interval-valued fuzzy graph. That éeg() # n foaall x(OV .

Example 3.6.Consider a grapks” = (V, E) such thatv ={u1,u2,u3} ,
E ={u1u2,u2u3,u3ul}. Let A be an interval-valued fuzzy subsetwand letB be an
interval-valued fuzzy subset && 1V XV defined by

u, u, Uy wu, | UU; [ Ugu,
H, | 03 | 03 | 04 My | 02 | 03 | 02
H“e | 07 | 0& | 05 My | 03 | 04 | 03

(0.2,03)

(0.3,04)

Figure 1: Interval-valued fuzzy graph G

By routine computations, we hadegg,) = (0.7,1.3),deg(,) = (0.71.2) and
degs,) = (061L5). ltis clear that is an irregular interval- valued fuzzy graph.
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Definition 3.7. Let G be an interval-valued fuzzy graph. The closed himgr-hood
degree of a vertexis defined bydeg{x] = (degﬂ[x],deg/ [x]), where
deg,[x] = deg, () + &, (x),deg,[X] = deg, (x) + &, (x).

If there is a vertex which is adjacent to vertiegth distinct closed neighbourhood
degrees, the is called a totally irregular interval-valued fyzgraph.

Example 3.8. Consider an interval-valued fuzzy graptsuch that
V = {u, Uy, U, Uy, U, E = {0, Upls, Ul Uy, Ul Uy UyUsh

u, U,

(0.4,05)

(0.6,0.8)

(0.4,04) (0.4,0.4)

(0.3,06) (0.4,0.6)
(0.3,0.4)

(0.5,09)

u u
Figusre 2: Totally irregular interval—vaflued fuzzy graph G
By routine computations, we ha‘deg[ul] = (2.2,3.2),deg[u2]: (2232,
deg[u3] = (2.2,3.2),deg{u4]= (2.6,3.6),deg[u5] = (@1.2). It is clear from calculations
thatG is a totally irregular interval-valued fuzzy graph

Definition 3.9. A connected interval-valued fuzzy gra@his said to be a neighbourly
irregular interval— valued fuzzy graph if every tadjacent vertices d& have distinct
open neighbourhood degree.

Example 3.10. Consider an interval-valued fuzzy graptsuch that
vV ={u,u,u5,u,}, E ={uu,,uug, vy, uu}.
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(0.2,0.3)

(0.2,0.5)

(0.2,0.3)

Figure 3: Neighbourly irregular interval-valued fuzzy gra@h
By routine computations, we hasteg(y,) = (114),deg(s,) = (0.81.2),
degy;) = (114) anddegi,) = (0.812). Itis clear from calculations th& is a
neighbourly irregular interval- valued fuzzy graph.

Definition 3.11. A connected interval — valued fuzzy graphs said to be a neighbourly
totally irregular interval-valued fuzzy graph ifexy two adjacent vertices @ have
distinct closed neighbourhood degree.

Example 3.12.Consider an interval-valued fuzzy graphsuch that

\% :{ul,uz,us,u4}, E :{uluz,uzug,u3u4,u4ul .

u1
(02,0.3)
(0.4,0.7)
(02,0.2)
(02,0.7) (0.3,08)
(02,0.3)
u, U,

Figure 4: Neighbourly totally irregular interval-valued fuzgraph G
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By routine computations, we have
dedu,|= (1.12),dedu,]= 1221),dedu,]= @21) and dedu,]= (0922). It is
easy to see th&@ is a neighbourly totally irregular interval -vatb&uzzy graph.

Definition 3.13. Let G be a connected interval — valued fuzzy graphis called a
highly irregular interval— valued fuzzy graph ifezy vertex ofG is adjacent to vertices
with distinct neighbourhood degrees.

Remark. A highly irregular interval-valued fuzzy graph mapt be a neighbourly
irregular interval — valued fuzzy graph. There @ nelation between highly irregular
interval—valued fuzzy graphs and neighbourly irtaginterval — valued fuzzy graphs.
We explain this concept with the following example.

Remark. A neighbourly irregular interval-valued fuzzy ghapny not be a highly
irregular interval - valued fuzzy graph.

Example 3.14. Consider an interval — valued fuzzy grapisuch that
vV ={ug,u,,ug, ), E={uu,,uug, vy, ugu ).

U, u,
(0.1,03)
(0.2,03) (0.1,04)
(0.1,02) (0.1,02)
(02,02)

u u
Figure 5Neighb3urly irregular interval-valueé fuzzy gra@h

By routine computations, we haaeg(,) = (0.30.7),degl,) = (0.60.7),
deg(;) = (0.30.7),degfi,) = (0.6,0.7).We see that every two adjacent vertices have
distinct neighbourhood degree. But consider a xeutewhich is adjacent to the vertices

u, and u, has same degree, that ideg(,) = degl,). Hence,G is neighbourly

irregular interval- valued fuzzy graph but not ghty irregular interval-valued fuzzy
graph.
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Theorem 3.15. Let G be an interval- valued fuzzy graph. Thenis highly irregular
interval —valued fuzzy graph and neighbourly insérwalued fuzzy graph if and only if
the neighbourhood degrees of all the verticeS afe distinct.

Proof: Let G be an interval — valued fuzzy graph with n-vesieg,Vv,,..v,. Assume

thatG is highly irregular interval-valued fuzzy graphdameighbourly interval-valued
fuzzy graph.
Claim: The neighbourhood degrees of all vertice&afre distinct. Let

deg{t) =(m,n),i =12,...,n. Let the adjacent vertices afi, beu,,u,,...,u, with
neighbourhood degredsn,,n,),(m,,n,),...,(m,, n,) respectively. Then we have
m, Zm, Z...Zm, andn, Zn, #...#Z n,, sinceG is highly irregular. Also,

m#m,Zm, #..Zm andn, #n, Zn, #...#n,, sinceG is neighbourly irregular.

Hence, the neighbourhood degree of all the vertift€&are distinct.
Conversely, assume that the neighbourhdegiees of all the vertices & are
distinct.

Claim: G is highly irregular and neighbourly irregular intal- valued fuzzy graph.
Let deg(y) =(m,n),i =12,...,n. Given thatm Zm, #m, #...#m_ and

n #n, #n, #...# N ,which implies that every two adjacent vertices halstinct

neighbourhood degrees and to every vertex, thecaujavertices have distinct
neighbourhood degrees.

Theorem 3.16. An interval- valued fuzzy grap6 of G', where G is a cycle with
vertices 3 is neighbourly irregular and highly guéar interval— valued fuzzy graph if
and only if the positive membership and negativenivership value of the vertices
between every pair of vertices are all distinct.

Proof: Assume that positive membership and negative meshlpevalue of the vertices
are all distinct.

Claim: G is neighbourly irregular and highly irregular intal-valued fuzzy
graph.
Let u;,u;,u, V. Given that, ¢, (u)# ¢, _(u;) # 1, (u,) and

U (U) # p,.(uy) 2 4. (U ), which implies that
2 M W) E D (u)#E Y p,(u) and

XON(X) XON(X) XON(X)
o u)E Y u.(u)# Y p.(u). That is, deg@,) # deg(l,) # degQ,).
XON (X) XON (X) XON (x)
Hence,G is neighbourly irregular and highly irregular intal- valued fuzzy graph.
Conversely, assume thatis neighbourly irregular and highly irregular.

Claim: Positive membership and negative membership vaefuthe vertices are all
distinct.
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Let deg(y) =degP,Q,).i =12,...,n. Suppose that Positive membership and
negative value of any two vertices are same.Wet, V. Let ¢/, (u) = ¢,_(u,) and

(W) =p,.(U,). Then deg(y) =deg(,), since G is cycle, which is a

contradiction to the fact thad is neighbourly irregular and highly irregular intel —
valued fuzzy graph. Hence, positive membership reaghtive membership value of the
vertices are all distinct.

Remark. A neighbourly totally irregular interval— valuedizzy graph may not be a
neighbourly irregular interval- valued fuzzy graph

Example 3.17. Consider an interval — valued fuzzy grapisuch that
v ={u1’u21u31u4}  E ={u1u2!u2u3’u3u41u4u1}-

u, u,
(02,03)
(0.4,06) (04,05
(01,0.3) (02,02)
(02,03) (02,02)
(0.1,02
u, U,

Figure 6:Neighbourly totally irregular interval-valued fyzgraph G

By routine computations, we havdedul] = (1,1.4),deg{u2]: 113,

dedu,| = (081), dedu,]= (081.1). But deg(,)=deg(,) =deg(i,) = (0.60.38).
Hence G is neighbourly totally irregular interval-valuedizky graph but not a
neighbourly irregular interval — valued fuzzy graph

Proposition 3.18. Let G be an interval — valued fuzzy graph. Gf is neighbourly
irregular interval— valued fuzzy graph a(WA_ ,,UA+) is a constant function, thed is

a neighbourly totally irregular interval-valued ayzgraph.
Proof: Assume tha6 is a neighbourly irregular interval— valued fuzpaph. That is the

neighbourhood degrees of every two adjacent vertare distinct. Let u,u; OV,
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wherey; andu; are adjacent vertices with distinct neighbourhateyrees(R,,Q,) and
(R,,Q,) respectively. That igleg(s) = (F,Q,) anddeg(y;) =(PR,,Q,) , where

P, #P,,u, #u,.Let us assume that

(4 (), v (u) = (44 (u;),vy(u;) =(c,c,), where c,c, are constant and
c,,c, [o ;I] Therefore,degﬂ[ui] =deg, (u)+ 44 () =P +c and

deg[u]=deg (u)+V,(u)=Q +c, der[Uj] = degy(uj) +/11(Uj) =P, +¢, and
deg,[ujj=deg,(uj)+vl(uj) =Q, +¢,.

Claim: degﬂ[ui] #deg,[u;] and deg,[u] # deg,[u;]. Suppose that,
deg,[u]=deg,[u;] anddeg[u]=deg[u,;]. Consider deg,[u ] =deg,[u;]
I:)l + Cl = I:)2 + Cl

P-PF=¢-¢=-

P, = P,, which is a contradiction t&, # P,

Therefore,deg,[u,] # deg [u;]. Similarly, we consider

deg [u] = deg [u;]

Ql + CZ = QZ + CZ

Q-Q,=¢,-¢C, =¢

Q, =Q,, which is a contradiction t€), # Q,

Therefore,deg,[u ] # deg [u;]. Hence,G is a neighbourly totally irregular interval —
valued fuzzy graph.

4. Application in social networks

The social networks are the suitable examples tefval-valued fuzzy graphs. In such
networks an account of individual or organizatioragyroup of people is taken as node.
If there is some relationship between the nodes they are connected by an edge. In
such networks, we assume that a node (i.e. a pevsganization, etc.) has both (good)
and (bad) activities. The degree of good activitied bad activities represent the good
(within [0, 1]) and bad (within [0, 1]) membershiplues of a node. Similarly, the degree
of relationship between the nodes measures the edgebership value. It may be
observed that, two persons have good attitude danestypes of activities (such as
teaching method, student evaluation, etc.) and &hsxyhave bad mind some other types
of activities (say political view, food habit, étcThus, there are two types of edge
membership values, viz. good and bad. This typeetiork is an ideal example of
interval-valued fuzzy graph. An essential and diffi task in any social network is to
find the central (global or local) person. A cehparson can spread any information to a
large number of people quickly. The determinatibrrentral person is called centrality
problem. Through such central person one (organizaindustry, etc.) can broad cast
their product information, news, etc. to the langenber of people, keeping in mind good
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and bad attitudes. Besides, the concept of intealed fuzzy graphs can be applied in
various areas of engineering, computer sciencebdae theory, expert systems, neural
networks, artificial intelligence, signal processipattern recognition, robotics, computer
networks, medical diagnosis etc.

5. Conclusions

It is well known that graphs are among the mostuitbus models of both natural and
human-made structure. They can be used to mode} types of relations and process
dynamics in computer science, physical, biologieall social systems. Many problems
of practical interest can be represented by graphsthis paper, the concepts of
neighbourly irregular interval-valued fuzzy graphejghbourly totally irregular interval-
valued fuzzy graph, highly irregular interval-valuéuzzy graphs and highly totally
irregular interval-valued fuzzy graphs are introgl@nd investigated. A necessary and
sufficient condition under which neighbourly irrégu and highly irregular interval-
valued fuzzy graphs are equivalent is discussed.
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