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Abstract. The theory of generalized neighborhood system-bapptbximation operators
plays an important role in the theory of generaireugh sets since it includes both the
neighborhood-based approximation operators and cthesring-based approximation
operators as its special circumstances. The thebrieduction is one of the most
significant directions in rough sets. In this wotke reduction of rough set based on
generalized neighborhood system operator is defamat discussed. In particular, the
conditions for two generalized neighborhood systemrator to generate the same lower
or upper approximation are provided.
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1. Introduction

Rough set theory, proposed by Pawlak [9], is aectiffe mathematical approach to deal
with uncertainty, granularity and incompleteneskmdwledge. It has been successfully
applied to intelligent control, economic, biologyata mining, medical diagnosis, and
elsewhere [10,11,25,26].

The classical Pawlak's rough sets are based aitigradr equivalent relation. This is
too restrictive for many applications of Pawlakisigh sets. To address this problem,
many extensions of a partition or equivalence i@lahave been proposed, such as
tolerance relation [13], binary relations [17,22]milarity relations [14], coverings
[1,7,12,19,21,24], neighborhood systems [2,18].

The rough sets based on generalized neighborh@temsyis introduced by Lin -Yao
[3,4], and then researched by Yao [18], Lin-Michgk8], Syau- Lin [15] and Zhang et
al. [27]. It is observed in [27] that the generatizneighborhood system-based rough sets
is more general than the neighborhood-based (binglgtion-based) rough sets and
covering-based rough sets. It is well known tleatuction theory is an important part of
rough set theory [20,23]. However, as to our knaolgte there is no work in the reduction
of generalized neighborhood system-based roughBatsmain objective of this paper is
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to serve such a purpose.

This paper is organized as follows. In Section &,racall some notions and results
about generalized neighborhood system-based raetghla Section 3, we present the
theory of reduction of rough sets based on gemedlneighborhood system operator.
In Section 4, we make a conclusion.

2. Preliminaries
In this section, we will introduce some basic cqtseabout generalized neighborhood
system and rough sets based on generalized nefgidzbsystem.

Definition 2.1. [2] Let U be the universe of discourse, agtddenote the power set bf.

Then a functionN :U - 27 is called a generalized neighborhood system oprecatU.
For any xOU , N(x) is non-empty. UsuallyN(x) is called generalized neighborhood

system ofxand anyK O N(x)is called neighborhood of

Definition 2.2. Let N be a generalized neighborhood system operatorarid xOU.
Then the set family

MD,, () ={K ON(XIOVON(X OV OK = K =V}
is called the minimal description of atx.

Definition 2.3. [5,6] Let Nbe a generalized neighborhood system operatar .ofor
each subseK of U , the lower and upper approximationsXf N and N, respectively,
are defined as follows:

N(X) ={xOUIK ON(®, K O X}, N(X) ={xOUIOK ON(®, KN X £} .

3. Reduction of rough sets based on generalized neighborhood system
In this section, we shall present the theory ofiotidn of rough sets based on generalized
neighborhood system.

Definition 3.1. LetN be a generalized neighborhood system operatomuoferse) and
xdu.
(1) For anyK ON(x), we sayK is a reducible element ofat pointxif there exists

anVv ON(x) such thav OK (i.e.,v OK andV # K) otherwiseK is an irreducible element

of N at pointx.
(2) If for any KON(X), K is irreducible element of at pointx, then we sal is

irreducible at poink, otherwiseN is reducible at poirnt.
LetN be a generalized neighborhood system operator wfizerse) . For any

reducible elemerit of N at pointx, we define a operator, :U — 2 as
N(2)-K, z=x;
N¢ (2 =
N(2), others.
It is easy to observe that the family(x) = N(x)-K is still non-empty sincK is

reducible element of at pointx. This shows thati, is also a generalized neighborhood
system operator of the univetse
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Proposition 3.1. LetN be a generalized neighborhood system operator wrfierse
U andK be a reducible element Nfat pointx. Then for anK, ON, (x), K,is a reducible

element oN at pointx if and only if it is a reducible element W at pointx.

Proof. (O) Itis obviously sinceN, (x) O N(X) .

(=) Let K, be a reducible element Wfat pointx. Then there exists amN(x)such

that M OK,. If M # K thenM ON, (x) and it follows thak,is a reducible element of at

pointx . If M=K , from thatK is a reducible element of at pointx, there exists
anH ON(x) such thatH OK =M 0K, . Obviously, HON, (x), it follows thatK,is a

reducible element o{, at pointx.

From Proposition 3.1 we observe easily that dajetinreducible element in a
neighborhood system will not generate any new ribtkicelements or make other
originally reducible element become irreduciblensats of the new neighborhood
system. Thus we can get the reduction of a neididwal system of a universeby
deleting all reducible elements at each point engame time or by deleting one reducible
element at each point in a step. The remaindérstilsists of a neighborhood system of
the universe , and it is irreducible. Thus we give the definitiof neighborhood system
reduction as follows:

Definition 3.2. LetN be a generalized neighborhood system operator wfiverseJ .
The generalized neighborhood system operator gemkeray deleting all reducible
elements at each point, is called the redust oind denoted byeduct(N).

Lemma 3.1. LetN be a generalized neighborhood system operator wfiveerseJ and
x0OU . ThenK is a reducible element fat pointxif and only ifK OMD (x).

Proof. (=) LetK be a reducible element ®fat pointx, then there exists avill N(x)
such thav 0O K , by the definition 2.2 , we have MD, () .
(O0) Letk ON(x) butk OMD,(x), then by the definition 2.2, there existssanN(x) such

thatSO K , hence is a reducible element tfat pointx.
By Lemma 3.1 and Definition 3.2 we get the follogitmeorem.

Theorem 3.1. LetN be a generalized neighborhood system operatounivarse) .
ThenN and reduct(N) have the same minimal description aall .

3.1. For lower approximation operator
Lemma 3.1.1. Let N be a generalized neighborhood system operator ohigerse
U andK be a reducible element Rfat pointx.ThenN andN, generate the same lower

approximation operator. That isl(X) = N, (X)for allX OU .
Proof. LetX OU . Obviously, N, (X) O N(X) by N, (x) O N(x) for allxOX. Conversely,

letxON(X). By definition 2.3, there exists &nh0O N(x)such thatm O X. If M K then
we haveM ON,(x) , and henceN, (X). If M =K, sinceK is a reducible element
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of N at point x, then there exists aWON(x) such thatVv OK =M, which
mean® ON, (x), and sxON, (X). Thus N, (x) O N(x) .
By Lemma 3.1.1, we get the following corollary.

Corollary 3.1.1. LetN be a generalized neighborhood system operatoruviiveerseJ .
Then N andreduct(N) generate the same lower approximation operator.

Proposition 3.1.1. LetN,, N, be two irreducibly generalized neighborhood system
operators of a universg generating the same lower approximation operator.
ThenN,=N, .
Proof. For anK ON,(x), by definition 2.3, we hawed N, (K) = N,(K), then there exists
anK'0ON,(x) such thak 'O K . Similar to the above proof, there existam N, (x) such
thatk "0 K'OK . SinceN, is irreducible, then we g&t"=K , and therk = K'ON,(x). It
follows immediately thak ON, -« KON,. HenceN,=N, .

By Corollary 3.1.1 and Proposition 3.1.1, we getfibllowing theorem.

Theorem 3.1.1. LetN,, N, be two generalized neighborhood system operatora of
univers&J . ThenN, , N, generate the same lower approximation operatordfaly if
reduct(N,) = reduct(N,) .

3.2. For upper approximation operator
By dualizing the results on lower approximation igper we get the following results on
upper approximation operator. We omit the similagfs.

Lemma 3.2.1. LetN be a generalized neighborhood system operator ohigerse
U andK be a reducible element Wfat pointx. ThenN andN, generate the same upper

approximation operator. That i} = N, for all X OU .

Corollary 3.2.1. LetN be a generalized neighborhood system operatorunfiveerse) .
ThenN andreduct(N) generate the same upper approximation operator.

By Corollary 3.1.1 and 3.2.1, we get thikofeing corollary.

Corollary 3.2.2. LetN be a generalized neighborhood system operatoruviiveerse) .
ThenN andreduct(N) generate the same upper and lower approximatieratgrs.

Proposition 3.2.1. LetN,, N, be two irreducibly generalized neighborhood system
operators of a univerd¢ generating the same upper approximation operatbenT
N, =N,.

By Corollary 3.2.1 and Proposition 3.2.1, we getfibllowing theorem.
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Theorem 3.2.1. LetN,, N, be two generalized neighborhood system operatbra o
universeu . ThenN,, N, generate the same upper approximation operatadibaly if
reduct(N,) = reduct(N.,) .

From Theorem 3.1.1 and 3.2.1, we get the follovdagpllary.

Corollary 3.2.3. LetN,, N, be two generalized neighborhood system operatora of
universeu. ThenN,, N, generate the same upper approximation operatardfaamly if
they generate the same lower approximation operator

4. Conclusions

In this paper, we discuss the theory of reductibmronigh set based on generalized
neighborhood system operator, and present the tommsli for two generalized
neighborhood system operator to generate the samerajized neighborhood system-
based lower or upper approximation operator.
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