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Abstract. We put forward the degree ratio Dharwad and reciprocal degree ratio Dharwad
indices of a graph. We determine the degree ratio Dharwad and the reciprocal degree ratio
Dharwad indices for some chemical nanostructures, such as armchair polyhex nanotubes,
zigzag polyhex nanotubes, and carbon nanocone networks.
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1. Introduction
Let G = (V, E) be a finite, simple connected graph. Let d(u) denote the degree of a vertex
ull,2].

In the modeling of Mathematics, a molecular or chemical graph is a simple graph
related to the structure of a chemical compound. Each vertex of this graph represents an
atom of the molecule, and its edges represent the bonds between atoms. Topological indices
are useful for finding correlations between the structure of a chemical compound and its
physicochemical properties [3].

In [4], the degree ratio Nirmala index of a graph is defined as

DRN(G)_M%G) d(v)+d(u).

Recently, some degree ratio indices were studied, for example, in [5, 6, 7, 8, 9, 10].

In [11], the Dharwad index of a graph G was introduced and it is defined as

DG)= 3 dw?+dw)?).

uveE(G)
Recently, some topological indices were studied, for example, in [12, 13, 14, 15].

We introduce the degree ratio Dharwad index of a graph G and it is defined as
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DRD(G) = .
uve;(G) d (V)3 d (U)3

We define the reciprocal degree ratio Dharwad index of a graph G as

3 3
RDRD(G)= > ,/—d(ua) d(V)e-
weE@) \d(u) +d(v)

In this paper, we compute the degree ratio Dharwad and reciprocal degree ratio
Dharwad indices of armchair polyhex nanotubes, zigzag polyhex nanotubes and carbon
nanocone networks.

2. Armchair polyhex nanotubes

Carbon polyhex nanotubes exist in nature with remarkable stability and possess very
interesting electrical, thermal and mechanical properties. The molecular graph of armchair
polyhex nanotube TUAC:s [p, q] is shown in the below graph.

Figure 1:

The graphs of armchair polyhex nanotubes have 2p(g+1) vertices and 3pq + 2p
edges are shown in the above graph. Let A= TUACq[p, q].

We obtain that {d(u), d(V): uv € E(A)} has three edge set partitions.

d(u), dv)\uv e E(A) 2,2) (2,3) 3,3)
Number of edges p 2p 3pgq—p

Theorem 1. The degree ratio Dharwad index of TUACs [p, q] is given by
793
DRD(A)=3V2pq+2,/—p.
(A) V2pg 216 P
Proof: Applying definition and edge partition of TUACs [p, q], we conclude

dw)?® d)?
DRD(A) = —
IR\ provageron:
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2 23 2 3 3P 3
= p[ §+§}+2p[ 3—3+?]+(3pq— p)[ 3—3+3—3]
By solving the above equation, we get the desired result.

Theorem 2. The reciprocal degree ratio Dharwad index of TUACs [p, q] is

1 216
RDRD(A)== \/;pq +2 /ﬁ p.

Proof: Applying definition and edge partition of TUACs [p, q], we conclude

3 3
RDRD(A)= ¥ /M
uveE(A) d(U) +d(V)
28x 23 28 x3® Px3?
- p[ WJ”"UW}(”‘“ p)[dm}

By solving the above equation, we get the desired result.

3. ZigZag polyhex nanotubes
The molecular graph of zigzag polyhex nanotube TUZCs [p, q] is depicted in below graph.

Figure 2:

The graphs of zigzag polyhex nanotubes have 2p(g+1) vertices and 3pqg + 2p
edges are shown in the above graph. Let B = TUZCg[p, q].

We obtain that {d(u), d(v): uv € E(B)} has three edge set partitions.

d(u), d(v) \uv e E(B) (2,3) 3,3)
Number of edges 4p 3pq —2p

Theorem 3. The degree ratio Dharwad index of TUZCs [p, q] is given by

DRD(B)=32pq +(4\/%—2ﬁ] .

Proof: Applying definition and edge partition of TUZCs [p, q], we conclude
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DRD(B)= d(u) +d(v)

wee®) \ d (V)3 d (U)3

2 3 P 3

By solving the above equation, we get the desired result.

Theorem 4. The reciprocal degree ratio Dharwad index of TUZCs [p, q] is

1 216 1
RDRD(B) :3\qu +(44 /ﬁ —Z\Ej p.

Proof: Applying definition and edge partition of TUZCs [p, q], we conclude

3 3
RDRD(B)= fM
uveE(B) d(U) +d(V)
28 x 3 P x3®
ﬂp[dm}*(“’q‘zp)[\/m}

By solving the above equation, we get the desired result.

4. Carbon nanocone networks
The molecular graph of pentagonal nanocone network CNCs [n] is depicted in below

graph.

Figure 3:
The graphs of pentagonal nanocone networks have 5(n+1)? vertices and

%nz + %n + 5edges. Let C = CNCs[n].

We obtain that {d(u), d(v): uv € E(C)} has three edge set partitions.

d (u), d(v) \uveE(C) 2, 2) 2, 3) 3, 3)

Number of edges 5 10n —N"+—=n

Theorem 5. The degree ratio Dharwad index of CNCs[n] is given by
S
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Proof: Applying definition and edge partition of CNCs[n], we conclude

dw’ dv)’
et
uveE(C) d (V) d (U)

23 28 2 3 (15, 5 /33 3

=5—=+—=+10n|—=+—+| =n"+=n |, |5+ —=.

\/23 23 \/33 23 ( 2 2 j 33 33

By solving the above equation, we get the desired result.

DRD(C)=

Theorem 6. The reciprocal degree ratio Dharwad index of CNCs[n] is given by
RDRD(C):Eﬁn2+ 10 /@ +§\/I n+§\/1.
2\2 793 2\2 2\2
Proof: Applying definition and edge partition of CNCs[n], we conclude
3 3
RDRD(C)= Y’ JM
ueE(C) \ d (U) +d (V)
28 % 28 28 %38 (15 , 5 j P x3°
=5, |=——= [+10n| ,|[—=——= |+| =n“"+=n|| \[—= |
{ 26+26J { 2643 2 2 3430
By solving the above equation, we get the desired result.

5. Conclusion

We have introduced the degree ratio Dharwad and reciprocal degree ratio Dharwad indices
of a graph. Also, we have determined the newly defined degree ratios Dharwad indices of

armchair polyhex nanotubes, zigzag polyhex nanotubes and carbon nanocone networks.

Conflicts of Interest: The author declares that there are no conflicts of interest regarding

the research, authorship, or publication of this manuscript.

Author Contributions: The author independently conceived the study, carried out the
research, prepared the manuscript, and approved the final version for publication.

REFERENCES

1. V.R.Kulli, College Graph Theory, Vishwa International Publications, Gulbarga, India

(2012).
2. F.Harary, Graph Theory, Addison-Wesely, Reading, (1969).

3. L.Gutman, N. Trinajsti¢, Graph theory and molecular orbitals. Total w-electron energy

of alternant hydrocarbons, Chem. Phys. Lett. 17 (1972) 535-538.

4.  V.R.Kulli, Degree ratio Nirmala index of certain networks, Annals of Pure and

Applied Mathematics, 33(1) (2026) 37-42.
5. AAl, 1.Gutman, G.G.Nyauli, J.Buragohain, F.A.Allubairah, H.Saber

A.A Attiya, Degree ratio Sombor index, MATCH Commun. Math. Comput. Chem. to

appear.

61



10.

11.

12.

13.

14.

15.

V.R.Kulli

G.G.Nyauli, J.Buragohain, Geometric approach to degree based topological indices:
Degree ratio Sombor indices of graphs, MATCH Commun. Math. Comput. Chem. 97
(2027) 135-164.

V.R.Kulli, Degree ratio Euler Sombor index of certain chemical drugs, International
Journal of Science and Research, 15(5) (2026) 914-916.

V.R.Kulli, Calculation of degree ratio harmonic index of certain chemical structures,
International Journal of Science and Research, 15(5) (2026) 1515-1519.

V.R.Kulli, Degree ratio inverse sum indeg index of certain nanotubes and networks,
International Journal of Science and Research, 15(6) (2026) 38-42.

G.G.Nyauli, J.Buragohain, Geometric approach to degree based topological indices:
Degree ratio Sombor indices of graphs, MATCH Commun. Math. Comput. Chem. 97
(2027) 135-164.

V.R.Kulli, Dharwad indices, International Journal of Engineering Sciences and
Research Technology, 10(4) (2021) 17-21.

V.R.Kulli, I.Gutman, B.Furtula and I1.Redzepovic, Sombor, Nirmala Dharwad and F-
Sombor indices: A Comparative Study, SSRG International Journal of Applied
Chemistry, 10(2) (2023) 7-10.

V.R.Kulli, Domination Dharwad indices of graphs, Journal of Mathematics and
Informatics, 25 (2023) 71-76.

V.R.Kulli, Harmonic downbhill index of graphs, Journal of Mathematics and
Informatics, 28 (2025) 33-37.

V.R.Kulli, Reduced augmented Sombor index of certain networks, Journal of
Mathematics and Informatics, 30 (2026) 1-5.

62



