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Abstract. The notion of (r, s, t)-cut sets of a picture fuzzy set, C,. 5 (Q), over the universe
Y has been discussed to establish some characterisation of picture fuzzy subgroup of a
picture fuzzy group. This paper introduces the concept of homomorphism of picture fuzzy
subgroup of a group by delving into the relationship between the picture fuzzy set P of X
and picture fuzzy set f(Q) of Y, given a mapping f: X — Y via (r, s, t)-cut sets of picture
fuzzy sets. Some results were also established regarding the picture fuzzy subgroup of G,
and G, for f being a homomorphism.
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1. Introduction

Fuzzy set theory (FT) was pioneered by Zadeh [22], and since the inception it has gained
a wide generalisations and extensions by several researchers. The extension of Zadeh’s
work was the introduction of intuitionistic fuzzy set theory (IFS) by Atanassov [1] by
incorporating a non membership degree together with the membership degree in fuzzy sets.
Cuong and Krinovich [7] extended both FS and IFS to picture fuzzy set (PFS) by
incorporating a vital tool not taken into consideration by the previous researchers which is
neutrality degree. Thus, PFS is made up of positive membership degree, neural
membership degree and negative membership degree.

Rosenfield [19] introduced the notion of fuzzy group (FG) as a generalisation of

classical group. Biswas [6] studied the Rosenfield’s work and introduced the idea of
intuitionistic fuzzy group (IFG). Sharma [21] contributed to the work of Biswas by
studying some algebraic nature of intuitionistic fuzzy groups and obtained their properties
via (a, B)-cut sets. Picture fuzzy subgroup (PFSG) was introduced by Dogra and Pal [15]
in order to extend both FG and IFG. Sangodapo and Onasanya [20] contributed to the work
of Dogra and Pal [15] to establish some characteristics of PFSG of a PFG via (7, s, t)-cut
sets of a PFS.
Homomorphism is a structure preserving maps between two algebraic structures of the
same type. The classical homomorphism was generalised by Rsenfield [19] to
homomaorphism of fuzzy subgroup of a group. Sharma [21] extended this to intuitionistic
fuzzy subgroup of a group and by using the properties of cut sets, some results related to
IFSG were obtained..
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In this paper, we contributed to the work of Sangodapo and Onasanya [20] by
introducing the concept of homomorphism of picture fuzzy subgroup of a group via
(r,s, t)-cut sets. The relationship between the PFS P of X and PFS f(Q) of Y, given a
mapping f: X — Y was established, and some results regarding the picture fuzzy subgroup
of G, and G, for f being a homomorphism were obtaind.

2. Preliminaries
This section gives the basic definitions and existing results relating to picture fuzzy
subgroups.

Definition 2.1. [7] A picture fuzzy set Q of Y is defined as
Q={0, 00, 1), ¥o)ly €Y},
where the functions
0¢:Y = [0,1],79:Y = [0,1] and y4: Y — [0,1]
are called the positive, neutral and negative membership degrees of y € Q, respectively,
and gy, 7, ¥ satisfy
0<0p(y)+10() +tvo(y) =1L Vye€Y.
Foreachy €Y, So(y) =1 — (0p(y) — 19 (y) — ¥o(»)) is called the refusal membership
degree of y € Q.

Definition 2.2. [7] Let P and Q be two PFSs. Then, the inclusion, equality, union,
intersection and complement are defined as follow:

«PcQifandonlyifforally €Y, op(y) < 0p(y), Tp(y) < 1o(y) and yp(y) =
Yo ).

?P =QifandonlyifPc QandQ € P.

*PUQ={,0p(¥) Vo), Tp(M) AT, Yp(Y) AvoW)Iy €Y}

*PNQ={W0p(¥) Nog(y), Tp(M) AT, Yp(Y) VY)Y €Y}

P ={0,vp). ), 0p(»)|y € Y}.

Definition 2.3. Let (Y,.) be a groupoid and P, Q be two PFSs of Y. Then, the picture
fuzzy product of P and Q, denoted by PoQ is defined as for any y € Y,

PoQ(y) = (UPoQ (y)'TPoQ(y)'nPoQ 62))
where

szzy [GP(x) A GQ (Z)]
JPOQ(y) =

0, if y#xz

sz=y [TP(x) A TQ (Z)]
TPoQ(y) =

0, if y+xz

/\xzzy [nP (x) \ nQ (Z)]
Npog(¥) =

1, if y#xz
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Definition 2.4. [15] Let Q = {(¥, 09, T¢,Mg)|y € Y} be PFS over the universe Y. Then,
(r,s,t)-cut of Q is a crisp set of Q, denoted by C, ;. (@) and is defined by

Crst(Q) ={y €Y]|og(y) 2 1,79(¥) = 5,1 () <t}
r,s,t € [0,1] with the condition0 < r+ s+t < 1.

Theorem 2.1. [16] If Q and R are two PFSs of a universe Y, then the following holds
* Crst(Q) ECw@ifr>us=>vt<w.

* Ciost,5:(Q) € Crst(Q) € Crarr,t (Q).

* QSR imp"es Cr,s,t(Q) c Cr,s,t(R)-

Cr,s,t(Q NR) = Cr,s,t(Q) n Cr,s,t(R)-
* Crst(QUR) 2 Crs:(Q) UG5t (R).
Cr,s,t(n Ql) =N Cr,s,t(Qi)-

* Ci00(Q) =Y.

Sangodapo and Onasanya [20] gave a counter example to show that Theorem 2.1 (ii) and
(vii) were wrong, and the corrected version of the theorem was given in Theorem 3.1 of
[20].

Theorem 2.2. [20] Let Q and R be two PFSs of a universe Y. Then, the following
assertions hold:

¢ Cl—s—t,s,t(Q) - Cr,s,t(Q) c Cr,s,l—r—s(Q)'
¢ Cl—s—t,l—r—t,t(Q) c Cr,s,t(Q) - Cr,s,l—r—s(Q)'
* r,1—r—t,t(Q) - Cr,s,t(Q) c Cr,s,l—r—s(Q)'

* Co01(Q) =Y.
Thus, Z is represented by
Zy = {{r, 07, (), T5, (M), 5, ()| 7 € ¥}
k=12, ,n

Theorem 2.3. Let Q be PFS of G. Then, Q is PFSG of G if and only if C;. 5 . (Q) is a PFSG
of G forallr,s,t € [0,1]with0 <7+ s+t < 1,wheregyp(e) =1,79(e) = s,mp(e) <t
and e is the identity element of G.

Proof: Suppose that Q is PFSG of G. Then, by Proposition 3.1 [20], C, s - (Q) is a PFSG of
G.
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Conversely, suppose that Q be PFS of G such that C, ;. (Q) is a PFSG of ¢ for all

r,s,t €[0,1] with 0<r+s+t<1 Let a,b€ G and let r =0gp(a) Aap(bh), s=
To(@) Atp(b) and t = ng(a) Vno(b). Then, ag(a) =1,04(b) =1,79(a) = 5,79(b) =
sand ny(a) < t,ne(b) < t. This implies that,

og(a) =27,79(a) = s,mg(a) <t
and

oq(b) = 1,79(b) = 5,mp(b) < t.
Thus, a € C,5+(Q) and b € C, 5 +(Q) which means that ab € C,.¢.(Q) since C, s+ (Q) isa
PFSG of G. Hence,

gg(ab) =1 = agg(a) Aoy (b),

1o(ab) = s = tp(a) Ato(b)
and
ne(ab) <t =mnq(a) Vne(b)
which implies that
ag(ab) = ap(a) A ay(b),

To(ab) = t9(a) Atq(b)
and
No(ab)ng(a) v ng(b).
Also, let a € G and gg(a) =1, T9(a) = s and ng(a) = t. Thus, ag(a) =1, 19(a) = s
and nq(a) <t which implies that a € C,;.(Q). Since, a € C,.(Q) is a PFSG of G,
therefore there is a™* € C,5,(Q) which means that oy(a™') =, 75(a™') =s and
no(a™t) < t. So,
op(a™) =1 =0p(a),19(a™) = s =1(a) andny(a™™) <t =ny(a).

Thus,

oo(a) = gp((a™)™) = gp(a™) = gp(a) = gp(a™) = gp(a),

19(a) = 1o((@a™H)™) = 19(a™) 2 19(a) = 19(a™") = 74 (a) and

no(@) =no((@a™ ™) < np(a™) < ny(a) =,np(@™) =ny(a).
Therefore, Q is PFSG of G.

Theorem 2.4. Let (Y,.) be a groupoid and P, Q be two PFSs of Y. Then,
Cr,s,t(POQ) = Cr,s,t(P)Cr,s,t(Q)-

Proof: By the cut set definition, we have that

Cr,s,t(POQ) = {y € YlgPoQ(y) 2T, TPoQ(y) s, nPoQ(Y) < t}-
Leth € C,5:(PoQ) & 0pog(h) =7,Tpog(h) = $,Mpeg(h) < t.

sz=h [UP (x) A GQ (Z)]
Opoq(h) =

0, if h#xz
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Viz=h [Tp(x) AT (2)]

TpoQ (h) = )
0, if h#xz
and
sz=h [nP(x) \ nQ (Z)]
NpoQ (h) =
1, if h#xz
Therefore,

Vaz=n [0p(X) A 0g(2)] 2 1"Vaz=p [Tp(X) A Tg(2)] 2 s and Ayz—p [1p(x) V

ne(2)] < t.
There exist x4, z1, x5, 2z, and x3,z5 in Y such that h = x;z;, h = x,2, and h = x3z3, and
that op(x1) A g (z1) =1, Tp(x2) ATp(22) = sand np(x3) V1e(z3) <t

S 0p(x1) 21,00(21) 271,7Tp(X2) =5, T9(22) = sandnp(x3) < t,1my(z3) < t.
Let np(x1) <1—1—5Mn(z1)<1—1—=5 1p(x2) =21 —1—t, 19(22) 21 —1—1t
andop(x3) =1 —5—t,0p(z3) 21 —s—t

S X1 € Cr,s,l—r—s(P)'Zl € Cr,s,l—r—s(Q)' Xz € Cr,l—r—t,t(P)'ZZ € Cr,l—r—t,t(Q)
and x3 € Cy—s—¢,5¢(P), 23 € C1—5-1,5,:(Q).

By Theorem 2.2, we have for every PFS P of Y,

Cl—s—t,s,t(P) < Cr,s,t(P) c Cr,s,l—r—s(P)
=
h=x323 € Ci—5_t,50(P)C1—s5-1,5¢(Q) S Cr 56 (P)Cr5,:(Q).

Thus, h € C5,¢(P)Cr 5,6 (Q)-
Therefore, Cr,s,t(POQ) = Cr,s,t(P)Cr,s,t(Q)-

Theorem 2.5. Let P and Q be two PFSG of group G. Then, PoQ is a PFSG of G if and
only if PoQ = QoP.

Proof: PoQ is a PFSG of G = C, ;+(PoQ) is a PFSG of G forall ,s,t € [0,1] with r +
s+t <1. The P and Q are PFSG of group ¢ © C,¢.(P) and C,.(Q) are PFSG of
G,Vr,s,t€[0,1] with r+s+t<1. Thus, C5.(P)Crs:(Q) is a PFSG of G, &
Crs5t(P)Cr 5t (Q) = G5t (Q)Cr 5t (P) © Cr5c(P0Q) = Gy 5t (QoP) forall r,s, ¢ € [0,1]
withr+s+t <1, & PoQ = QoP.

Remark 2.1. If Q is a PFSG of G, then PoP = P.

Proof: Since Q is a PFSG of G, it means that C,. ; . (P) isa PFSG of G, for all r, s, t € [0,1]
with 7 + s+t < 1. Thus, G, 5+(P)Cys:(P) = Cp5¢(P) this implies that C, ¢ .(PoP) =
Crs¢(P)forallr,s,t € [0,1]withr + s+t < 1.

Hence, PoP = P.

Definition 2.5. Let ¥; and Y, be two nonempty sets and f:Y; — Y, be a mapping. Let P
and Q be two PFSs of ¥; and Y,, respectively. Then, the image of P under f denoted by
f(P) is defined as

fP)(2) = (Uf(P)()’z)'Tf(P)(YZ):’?f(P)()’z))'
where

11
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V{op(y1):y1 € fH(02)}

Uf(P)(YZ) = {
0, otherwise
V{tp(y1):y1 € f1(v2)}

Trpy(V2) =
0, otherwise

and

Anp(r):y1 € F1 (2D}
Uf(p)(}’z) =

1, otherwise
Thus,

fP)(y) =
{(V {op(y1):y1 € FTHYILV {Tp(1): 1 € FE)IA Mp(V1): 1 € FH(2)D)

(0,0,1), otherwise

The pre-image of Q under £, denoted by £ ~1(Q) is also defined as
QO = (Gf_l(Q)(yl)'Tf_l(Q)(yl)'nf_l(Q)(yl))

where

0-100) (V1) = 0o(f V1)), Tr-1(0) V1) = To(F V1)) =100y (V1) = no(f (v1))-
Thus,

QO = (Go(F 1)), T (F (1)) mo (f (Y1) ))-

Theorem 2.6. Let f:Y; — Y, be a mapping. Then,

* f(Grse(P)) € Crse (f(P)), forall P € PFS(Y;)

*fH(Crse(Q)) = Crs e (QFH(Q)), for all Q € PFS(Y,)

* Let y, € f(Cy5:(P)), there exists y; € C, ¢ ¢(P) such that f(y;) = y, and
op(y1) 21, 7p(¥1) = s,and np(y1) < t.
This means that V {op(y1): 31 € f 1 (7)) 27,V {1p(y1):y1 € fFH(2)} = 5
and A {op(y1): 31 € fT ()} < L.
This implies that o (y1) = 7, Tp(¥1) = s and np(y1) < t. = y; € Cr 5. (f (P)).
Therefore, f(Cy5:(P)) € Cr5¢(f(P)),forall P € PFS(Y7).
* Crst QU HQ) = 1 € Yiiapg(f (1) 2 1,70 (fF (1) 2 5,1 (fF (1) < t}
= €Y1iog(f(y)) =27, 179(f (V1)) = 5,me(f (1)) < t}
={y1 €Yi:f(y1) € G 56 (Q)}
= {y1 € Y1:y1 € fTH(Crse (@)}
= f_l(cr,s,t(Q))
Hence, f~1(Cr5:(Q)) = Crs: (@ (f 1 (Q)), for all Q € PFS(Yy).

Proof:

3. Homomorphism of picture fuzzy group
This section gives some properties of homomorphism of a picture fuzzy subgroup of a
group using a simpler approach called cut set of picture fuzzy sets.

12
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Theorem 3.1. Let f: G — G* be a surjective homomorphism and Q a PFSG of G. Then,
f(Q)isaPFSGof G*.
Proof: By Theorem 2.3, it is suffices to show that C, ;. (f(Q)) is a PFSG of G* for all
r,s,t €[0,1]withr +s+t < 1.
Let 41,4z € Cr¢(f(Q)), then
o7 @) (q1) Z 7, Tr (o) (q1) Z S, Mpo)(q1) <t
and
0r0)(@2) = 7,770y (q2) = 5, Mp0)(q2) < t.

By Theorem 2.6 (i), we have f(C, s+(Q)) € C.5:(f(Q)),forall Q € PFS(G).
Therefore, there exists p;, p, € G such that o (p,) = g5 (g)(P1) =T,
To(P1) = 177 @)(P1) = 5, Me(P1) S Npo)(p1) <t
and oo (P2) = 07 (g)(P2) =1, To(P2) = Tr()(P2) = 5, Me(P2) < Mpgy(P2) < t.
This implies that

oo(p1) 21, 79(P1) Z s,Me(p1) <t
and

oo(p2) 21,79(P2) 2 5,Me(p2) <t
S0, ag(p1) ANog(p2) =1, 19(P1) ATe(p2) = s and ny(p1) < Me(p2) < t.
Since Q is a PFSG of G, we have
oo(P1pz ) = 0g(P1) Aog(p2) =7, To(P1pz ) = Te(P1) ATo(P2) = s
and no(p1p2 1) < Me(P1) Vg (p2) < t.
This implies that oy (p1pz ") =7, 1o(P1pz ") = s and n(p1ps 1) < t.
Meaning that plpz_l € Cr,s,t(Q) = f(plpz_l) € f(Cr,s,t(Q)) - Cr,s,t(f(Q)):

= fe)f (02" € Crse(f(Q) = 01027 € Crs e (F(Q))-
Therefore, C,. 5+ (f(Q)) is a PFSG of G*.

Theorem 3.2. Let f: G — G* be homomorphism of G into another group G* and P a
PFSG of G*. Then, f~1(P) is a PFSG of G.
Proof: By Theorem 2.3, it is suffices to show that C,.¢.(f ~*(P)) is a PFSG of G for all
r,s,t €[0,1]withr+s+t <1
Let py, pz € Cr s (f1(Q)), then
or-1py(P1) Z 1, Tp-1py(P1) Z S, Mp-1(p)(P1) St

and
0r-1py(P2) 2 17, Tp-1py(P2) 2 S, Mp-1(py(P2) St
that is;
; op(f(p)) Z27r,1p(f (1)) 25, mp(f(p1)) St
an

op(f(p2)) 21 1p(f(P2)) Zs,mp(f(p2)) < t.
Meaning that

op(f(e)) Aap(f(P2)) =1 1p(f(P)) ATp(f(P2)) =s  and  np(f(p1))V

np(f(p2)) <t
Since P is a PFSG of G*, we have

ap(f(P1)f (P2)™") 2 op(f (P1)) A op(f(P2)) 2 7

13
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e (fP)f @)™ 2 (fP)) At (f(p2) = 5
and np (f (p)f (P2) ™D < 1p(f (1)) V1 (f (02)) S t.
Thus, op(f (1) f(P2)™") = 1, 1p(f (1) f (p2)™Y) = s and np (f (p1) f (2) ") < t, which
means f(p1)f (p2) ™! € Cr5:(P) = f(p1(P2)™") € Cr 5 (P).
By Theorem 2.6 (ii), we have p; (p2) ™! € f1(C,.5t(P)) = Cr5 (f "1 (P)).

S0, p1(P2) ™" € Cr 5 (f 1 (P)).
Therefore, C, 5. (f "1 (P)) is a PFSG of G.

Theorem 3.3. Let f: G — G™ be a surjective homomorphism and Q a PFNSG of G. Then,
f(Q) isaPFNSG of G*.
Proof: Let g* € G*and q € f(Q). Then, there exists g € G and p € Q such that f(p) = q
and f(g) = g*. Since Q is a PFNSG of G, therefore, 5 (9™ 'pg) = 0o(p), 79(9"'P9) =
To(p) and ny (g~ 'pg) = ne(p) forallp € Q and g € G. So,

010 ((9°)'pg*) = 050y (f (g~ 'pg)) (since fis homomorphism)

= 07(q)(q"), where q' = f(g™'pg) = (g") "qg

=V{oo(®):f(®')=q'.p" € G}

=V {oo®@"):f(»") = f(g"'pg), P’ € G}

=V {oo(97'p9): f(g7'p9) =q' = (9") 'q9",p €Q, g € G}

=V {0o(97'p9): f(g"'p9) = (9") 'q9" P €Q, g € G}

=V {0o(97'p9): f(gDNf®)f(9) = (") 'qg".p €Q, g € G}

=V {oo®): (g f(P)g" = (9) 99", p € G}

=V {oo(P): f(p) =q,p € G}

= 07() (D),

Tr)((9) 709" = T5()(f (97 'pg)) (since fis homomorphism)
= 07(@)(q"), where q¢' = f(g™'pg) = (¢) 'qg"
=V {to®"):f(p) =q'.p' € G}
=V {1o®"): f®") = f(97'pg), P’ € G}
=V {to(g7'p9): f(g™'rg) =q' = (") 'q9".p €Q, g € G}
=V {to(g7'p9): f(g™'rg) = (9") 'qg9".p €Q, g € G}
=V {1o(g7'r9): f(g™Of®)f(9) = (") "ag",p € Q. g € G}
=V {to®): (g f)g" = (9")"qg",p € G}
=V{to®):f(r) =q,p € G}
= Tr (@)
and
N7 ((@)7'pg") =n5)(f(@™'pg)) (since fis homomorphism)
= Nr)(q"), where ¢ = f(g7'pg) = (9") " 'qg”
=N {ne®@):f(®')=q'.p' €G}
=Ane®@"):f(") = f(g"'pg).p' € G}
=N o9 'r9):f(97'p9) =q' =(9") 'q9" P €Q,g € G}
=N o9 'r9): f(97'pg) = (9") 'qg9", P €Q, g € G}
=A o9 'r9): f(aDf®)f(9) =(9)"q9 P €Q, g €G}

14
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=A{ne®): (@) f)g* = (9") "q9".p € G}
=A{ne@):f(p) =q,p € G}
= Nr) (@)

Hence, fQ) is a PENSG of group G*.

5. Conclusion

In this paper, it has been established that the Picture Fuzzy MultiRelation (PFMR) is an
extension of the Picture Fuzzy Relation (PFR). Some operations (union, intersection and
complement) and some operators (Arithmetic mean operator, Geometric mean operator
and Harmonic mean operator) have been studied with examples. Finally, the composition
of PFMRs was introduced, and some of its properties were obtained. For future work, some
applications of PFMR in decision-making, medical diagnosis, electoral systems,
appointment procedures and pattern recognition will be explored.
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