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Abstract. Let G = (V, E) be a graph. The second smallest eigenvalue and the largest
eigenvalue of the Laplacian matrix of G are called, respectively, the algebraic connectivity
and the Laplacian spectral radius of G. In this note, we present sufficient conditions based
on the algebraic connectivity or the Laplacian spectral radius for some Hamiltonian
properties of graphs.
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1. Introduction

In this section, we first introduce the definitions, terminologies, and notations which will
be used in this paper. They have appeared in the author's previous papers, such as [5]. We
will repeat them here. We consider only finite undirected graphs without loops or multiple
edges. Notation and terminology not defined here follow those in [1]. Let G = (V(G), E(G))
be a graph. The number of vertices and the number of edges in G are denoted by n and e,
respectively. The degree of a vertex v is denoted by dg(v). Weuse 6 =d1 <d><...<dh=A
to denote the degree sequence of a graph G. A subset of V(G) in a graph G is called an
independent set if any two vertices in the subset are not adjacent. An independent set in a
graph G is called a maximum independent set if its size is maximum. The independence
number of a graph G is defined as the size of a maximum independent set in G and is
denoted by B(G). For two graphs Hi and H,, we define H1 <Hz as V(H1) = V(H2) and E(Hy)
€ E(H2). The join of two disjoint graphs H; and H; is denoted by H; v H.. For two disjoint
vertex subsets S and T of V(G), we define E(S, T) as{e:e=ab € E(G),a€e S,b e T}.
Namely, E(S, T) is the set of all the edges in E(G) such that one end vertex of each edge is
in S and another end vertex of the edge is in T. We use K, to denote a complete graph of
order p. We also use K , to denote a complete bipartite graph with two partition sets X and
Y such that |X| = aand |Y| = b. The Laplacian matrix of a graph G, denoted L(G), is defined
as D(G)- A(G), where D(G) is the diagonal matrix diag(d:, dz, ..., dn) and A(G) is the
adjacency matrix of G. We use 0 = A1(G) < 22(G) < ... < h(G) to denote the eigenvalues
of L(G). The second smallest eigenvalue A,(G) of L(G) is called the algebraic connectivity
of G (see [3]) and the largest eigenvalue A,(G) of L(G) is called the Lapalcian spectral
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radius of G. A cycle C in a graph G is called a Hamilton cycle of G if C contains all the
vertices of G. A graph G is called Hamiltonian if G has a Hamilton cycle. A path P in a
graph G is called a Hamilton path of G if P contains all the vertices of G. A graph G is
called traceable if G has a Hamilton path. In this note, we present sufficient conditions
based on the algebraic connectivity or the Laplacian spectral radius for Hamiltonian graphs
and traceable graphs. Below are the results of this paper.

Theorem 1.1. Let G be a k-connected (k > 2) graph with n > 3 vertices and e edges

[1].
If

ne

> -
2z G ey

then G is Hamiltonian or G is Ky k +1 [2].

If
2né )
<
Mo < S+n—k—1 \I n-k-1'

then G is Hamiltonian or G € {H: Kk k+1<H <Kf,,V Ki}.

Theorem 1.2. Let G be a k-connected (k > 1) graph with n > 9 vertices and e edges
[1]. If

ne

> -
oz Gy

then G is traceable or G is Kk k +2 [2].

If
2né 5
<
Mo < S+n—k—2 \; n— k-2’

then G is traceable or G € {H: Ky k+2< H < Kj,,V K}

2. Lemmas
We will use the following results as our lemmas. Each of them (except for Lemma 2.3) has
been used in author's previous papers such as [5]. The first two are from [2].

Lemma 2.1. [2] Let G be a k-connected graph of order n > 3. If B < k, then G is
Hamiltonian.

Lemma 2.2. [2] Let G be a k-connected graph of order n. If <k + 1, then G is traceable.
Lemma 2.3 below is Proposition 2.1 on Page 173 in [6].

Lemma 2.3. [6] Let G be a graph of order n. For any nontrivial subset X of vertices of G,
X £ 0, X #V(G), we have
,< nEXV-X)| _ N
- X[IvV=X T

Lemma 2.4 below is from [7].

Lemma 2.4. [7] Let G be a balanced bipartite graph of order 2n with bipartition (A, B). If
d(x) +d(y) >n + 1 forany x € A and any y € B with xy & E, then G is Hamiltonian.
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Lemma 2.5 below is from [4].

Lemma 2.5. [4] Let G be a 2-connected bipartite graph with bipartition (A, B), where |A|
> |B|. If each vertex in A has degree at least s and each vertex in B has degree at least t,
then G contains a cycle of length at least 2min (|B|, s+t -1, 25 - 2).

3. Proofs

Proof of Theorem 1.1. In this proof, we will use some ideas in author's previous papers
such as the ones in the proofs of Theorem 1 in [5]. Let G be a k-connected (k > 2) graph
with n > 3 vertices and e edges satisfying exactly one of two conditions in Theorem 1.1.
Suppose G is not Hamiltonian. Then Lemma 2.1 implies that § > k + 1. Also, we have
that n> 26 + 1 > 2k + 1 otherwise 6 > k> n/2 and G is Hamiltonian. Let I := {us, u, ...,

us} be a maximum independent setin G. Set V - | : = {vi, Vy, ..., Va-p}. Thus
Z d(w) = |[EQ,V - )| < Z d(v).
u €l veVv-I
Since
Ydw+ Y dw)=ze
u €l veEV-I

we have that

[1]. From Lemma 2.3 and the given condition in this case, we have that

ne <l < n |[E(LV -1
(k+D(=-p~ "= [Iv-]|
_ D Xuerd ne

V-1 = (k+Dn- )

Thus [I|=B=k+1and Yueid(u) =e. Note that Yy e d(u) = e implies that Yvev-i d(v) =

e and G is a bipartite graph with partition sets of I and V - I. Since V - | is an independent

setin G and I with |l| = B is @ maximum independent set in G, we have thatn - (k + 1) = |V

-l <l =(k+1). Thusn<2k+ 2. Thereforen=2k+2orn=2k+1.Ifn=2k + 2, then

Lemma 2.4 implies that G is Hamiltonian, a contradiction. If n = 2k + 1, then G is Ky, «+ 1.
This completes the proof of [1] in Theorem 1.1.

[2]. From Lemma 2.3 and the given condition in this case, we have that
2né , 8 53,5 RIEQV-D
S+n—-k—-1n—-k-1 1 |V-=1|
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_n Yuerd(u) > npé - né
B(n-B) — BMn-pB) m-p)

> 2né 1) > 2né 5 '
T d+n—-fFAn-pF ~ d+n—k-1\n—-k-1

Thus all the inequalities above become an equality. Hence we have [[| =B =k + 1,

d(u) =6 for each u € I, and
né _ 2né 6
(n—p)  &+n-pn-p

which implies that n - B = 5. Note that if n>2k + 2, thend=n-f=n-k-1>n/2and G
is Hamiltonian, a contradiction. Thus n =2k + 1and G e{H : Ky x+1 <H <Kg,,V Ki}.
This completes the proof of [2] in Theorem 1.1.

Proof of Theorem 1.2. In this proof, we will use some ideas in author's previous papers
such as the ones in the proofs of Theorem 2 in [5]. Let G be a k-connected (k > 1) graph
with n > 9 vertices and e edges satisfying exactly one of two conditions in Theorem 1.2.
If n=1o0rn=2, then G is traceable. From now one, we assume that n > 3. Suppose G is
not traceable. Then Lemma 2.2 implies that B > k + 2. Also, we have that n > 25 + 2 > 2k
+ 2 otherwise 6 > k > (n—1)/2 and G is traceable. Let I := {us, Uz, ..., ug} be a maximum

independent setin G. SetV - | : = {v1, vy, ..., Va-p}. Thus
2 dw) = |EALV =1)| < Z d(v).
uel vev-I
Since
Z d(u) + Z d(v) = 2e.
ue€l veV-I

we have that

[1]. From Lemma 2.3 and the given condition in this case, we have that

ne <M< n|E(LV -1)|
k+2)(n=p " "7 V-]
_ D Yyerd) ne

mv-1 = (k+2)(n-B)’

Thus |l|=B=k+2and Yue 1 d(u) =e. Note that }ue: d(u) =e implies that Yvev-1d(v) =
e and G is a bipartite graph with partition sets of I and V - I. Since V - | is an independent
setin G and I with |I] = B is @ maximum independent set in G, we have thatn - (k + 2) = |V
-l <l =(k+2). Thusn <2k + 4. Thereforen=2k+4,n=2k+3,orn=2k+2. If n =
2k + 4, then Lemma 2.4 implies that G is Hamiltonian and thereby G is traceable, a
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contradiction. If n = 2k + 3, them Lemma 2.5 implies that G has a cycle of length at least
(n—1) and thereby G is traceable, a contradiction. If n = 2k + 2, then G is Ky k + 2.
This completes the proof of [1] in Theorem 1.2.

[2]. From Lemma 2.3 and the given condition in this case, we have that

2ns 8 5 ;,>nIEAV-D]
S+n—k—-2n-—k-2 — "= [ [v-1]

_n Yuerd(u) > npé - né
Bn-B) ~BMm-pB) (n-p)

> 2né 1) > 2né S5 .
“d4n—-BAIn-B T S+n—-k-2\n— k-2

Thus all the inequalities above become an equality. Hence we have [[| =B =k + 1,

d(u) =6 for each u € I, and
né _ 2né 1)
(n—B)  &+n-pn-p

which implies that n - B = 3. Note that if n>2k + 3, thend=n-f=n-k-2>(n-1/2
and G is traceable, a contradiction. Thusn=2k + 2and G €{H : K k+2<H<Kg,,V
Ki}.

This completes the proof of [2] in Theorem 1.2.

4. Conclusion

In this note, we obtain sufficient conditions based on the algebraic connectivity or the
Laplacian spectral radius for Hamiltonian graphs and traceable graphs. It is noted that there
are k-connected (k > 2) Hamiltonian graphs (resp., k-connected (k > 1) traceable graphs)
which don’t satisfy the conditions in Theorem 1.1 (resp., Theorem 1.2).
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