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Abstract. The study of coefficient matrices for fuzzy linear systems has expanded from
simple fuzzy numbers to fuzzy complex numbers, and even fully fuzzy linear systems. In
order to model and solve data more accurately, the solution of fully fuzzy linear systems is
particularly important. This paper adopts the matrix embedding method proposed by
Friedman et al. to study the solution of a fully fuzzy complex linear system with a fuzzy
complex coefficient matrix and obtains the algebraic solution form and approximate
solution calculation method of the linear system. At the same time, this paper adopts a
wider range of pseudo geometric fuzzy numbers and corresponding fuzzy operations based
on transmission average (TA) for calculation. Practice has shown that the method proposed
in this paper has the same approximation effect as other existing solving methods.
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1. Introduction

The theory of systems of equations has a wide range of applications in mathematics,
production, and daily life. For instance, it is applied in physics, transportation management
optimization problems, financial management, and current control, among others. In the
process of analysis and modeling, there are many parameters and variables. The uncertainty
and imprecision of these variables make the constructed model unable to fit the date well,
while the introduction of fuzzy numbers can overcome these problem effectively.

Based on the above background, the concept of fuzzy numbers and arithmetic
operations were firstly introduced and investigated by Zadeh [42], Dubois and Prade [19],
and Nahmias [36]. After that, numerous researchers have carried out various study by
means of the tool of fuzzy numbers. The most prominent contribution is that Friedman et
al. [22] using the embedding method to solving an n X n fuzzy linear system. It also
provides new ideas for solving other systems such as fuzzy linear system (FLS), dual fuzzy
linear systems (DFLS), general fuzzy linear systems (GFLS), full fuzzy linear systems
(FFLS), dual full fuzzy linear systems (DFFLS) and general dual fuzzy linear systems
(GDFLS). Afterwards, researchers [15] expanded the number field under consideration
from fuzzy number to the fuzzy complex number field, and also launched a series of studies
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[38, 32, 11, 25, 14, 28, 27, 43, 23, 24, 4, 40] on fuzzy complex linear systems (FCLS) and
fuzzy complex matrix equations (FCME). Among them, fully fuzzy linear systems are an
important branch in the study of fuzzy equations. Many researchers [8, 5, 6, 9, 16, 17, 18]
have done a lot of work on solving fully fuzzy linear systems. On the basis of Fridaman et
al., Dehghan and Hashemi [16] extended some iterative methods, they discussed a new
linear system named fully fuzzy linear system (FFLS), which all parameters are fuzzy
number. Dehghan et al. in [16] and [17] proposed two numerical methods for solving fully
fuzzy linear systems. In [35], authors used QR decomposition to solve it. Ezzati et al. [41]
converted a fuzzy system into a crisp system to solving, and obtaining a positive solution.
Behera and Chakraverty [13] proposed a double parametric approach for solving the
FFSLE, where the parameters are only non-negative fuzzy numbers. Otadi and Mosleh [37]
investigated a non-negative solution of a fully fuzzy matrix equation using an optimization
technique. Jafarian and Jafari [31] presented a new computational method for fully fuzzy
non-linear matrix equations. Malkawi et al. [34] discussed the necessary and sufficient
conditions to achieve a positive solution for the FFSLE. In [3, 1, 10], Abbasi et al. propose
pseudo geometric fuzzy numbers and demonstrate their relationship with fuzzy numbers,
starting research on various linear systems under the concept of pseudo geometric fuzzy
numbers. Recently, Abbasi and Allahviranloo [2] investigated and reported a new concept
based on transmission average operations for solving the FFSLE. The fuzzy operations
based on the transmission average (TA) have a special advantage over those based on
extension principles or interval operations. This paper also conducts research on fully fuzzy
complex linear system with coefficient matrices that are fuzzy complex numbers based on
the algorithm and method proposed in this paper.

The rest of this paper is organized as follows. Section 2 presents some basic concepts
of fuzzy numbers, fuzzy complex numbers and pseudo-trapezoidal fuzzy number. And
introduce the fuzzy operations based on the transmission average (TA) and singular value
decomposition theorem. Immediately, we provide the definition of fully fuzzy complex
linear systems and study their solutions and approximate solutions. This paper will present
the final research results and technique in the form of a theorem. Finally, numerical
examples are given to illustrate the proposed method. Conclusions are brought.

2. Preliminaries
At first, we will recall some basic concepts associated with fuzzy numbers and fuzzy
complex numbers.

Following [26] a fuzzy set ¥ with the membership function pz:R — [0,1] is
a fuzzy number if

(1) There exists t, € R such that uz(ty) =1, i.e., ¥ is normal.

(2) For an 4A€][0,1] and s,teR , we have us(As+(1—-2A)t)=
min{uz(s), uz(t)}, i.e., X isaconvey fuzzy set.

(3) For any s € R, the set {t € R:ugz(t) > s} is an open set in R, i.e., uz is
upper semi-continuous on R.

(4) Theset {t € R: ug(t) > 0} iscompactsetin R, where A denotes the closure of

A.
In this paper, we represent the set of all fuzzy numbers by Rg. Clearly, we consider
the R = {x;:t is real number}, then it can be concluded that R € Rg. For 0 < a <1,

a —levels of the fuzzy numbers X are defined as [%], = {t € R: uz(t) = a} and for
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a=0 as [X]p = {t € R:uz(t) > 0}. Moreover, the support of the fuzzy numbers X is
defined as supp(X) = [X]o = {t € R: uz(t) > 0}.

Lemma 1. [33] If ¥ € Rg is afuzzy number and [X], areits a — levels, then

(1) [X¥]q = [x(a),x(a)] is abounded closed interval, for each a € [0,1].

(2) [x(a), %(a)] 2 [x(az), %(az)] forall 0<a; <, < 1.

(3) [limgeox(ag), limgeox(ar)] = [x(a), x(@)] whenever a; is a non-
decreasing sequence in [0,1] converging to a.
Definition 1. [2] (pseudo-geometric fuzzy numbers) A fuzzy number % is called a pseudo-
trapezoidal fuzzy number if its membership function

tz(to),  x<to<xy,

1, X1 < to < X3,
uz(to) = =

Tf(to), X < tO <X,

0, otherwise,

where 1;z(t,) and ry(t,) are nondecreasing and non increasing functions. Respectively,
the pseudo-trapezoidal fuzzy number X is denoted by X = (x, xq, X3, X, 1z (to), 72 (t0)),
and the trapezoidal fuzzy number by % = (x,x1,%3,X,—,—) Or ¥ = (x,xq,x,,x), that
—,— means tz(ty) and rz(ty,) are linear.

A pseudo-triangular fuzzy number is a particular pseudo-trapezoidal fuzzy number
when the x; =x, . The pseudo-triangular fuzzy number % is denoted by X =
(x, x,x, 1z (o), 7 (to)) and the triangular fuzzy number by ¥ = (x,x,x,—, —) or X =

(x, x,x).

Definition 2. [40] (fuzzy complex numbers) A fuzzy complex set Z is called an fuzzy
complex number if the following conditions are satisfied

(1) Z isaupper semi-continuous function.

(2) Z, isacompactsetfor 0 < a <1.

(3) Z isnormal, i.e., there existsa t, € R such that Z(t,) = 1.

(4) Z is a fuzzy convex set, i.e., Z(Az; + (1 — A)z,) > min{Z(z,), Z(z,)} for all
71,25 € C, 1 €[0,1].

We write complex numbers as z = x + iy, where x and y are real numbers.
Correspondingly, according to the definition of fuzzy complex numbers, we write them in
the form Z = % + iy, where % and ¥ are fuzzy numbers. We use C and C to represent
respectively the set of all complex numbers and fuzzy complex numbers.

Definition 3. (pseudo-geometric fuzzy complex numbers) A fuzzy complex number Z =
X + iy is called a pseudo-trapezoidal fuzzy number, its membership function is puz(ty) =
pz(to) + ipy(to), where
te(to), x<to=<x,

, X1 Sty < Xy,
r%(to), Xy Sty <X,
0, otherwise,

pz(to) =
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(Jffz(to); Yy=to=Yy,

1, V1 <ty < Vo,

1y (to) = < =

Y r5(t0),  Y2<ty <Y,
kO, otherwise,

where (o), t5(to) and r(to),75(to) are nondecreasing and non increasing functions.
Respectively, the pseudo-trapezoidal fuzzy complex number Z is denoted by Z =
(%, X1, X2, X%, 12 (o), 72 (t0)) + 1(Y, Y1, ¥2, ¥, 15 (Lo, 15 (o)),

As for the operations of fuzzy numbers, here we introduce the fuzzy number operation
based on interval operation and the transmission average (TA) respectively.

Definition 4. [23] For any two arbitrary fuzzy complex numbers z, = ¥, +iy; and Z, =
X, + iy, and complex number ¢ = a + ib, the a —levels of the sum Z, + Z, and the
product c - Z; are defined based on interval arithmetic as follows
[Z1 + 23] = ([X1le + [X2]a) + i([F1]e + [V2]a)
= [x1(@) + x2(a), X1 (@) + X2 ()] + iy (@) + yz(), ¥, (@) + ¥, ()]
and
[c-Z1]e = [(a+ib)-Z]q = (a+ib) - ([X1]a + i[V1]la)
= (a[X1]a — b[F1]a) + i(a[Z1]a — D[V1]a)-

Remark 1. Two fuzzy complex numbers Z; = %; + iy, and Z, = X, + iy, are equal, if
andonlyif ¥, =X, and J; = J,,i.e., [¥1]q = [X2]e and [J1]a = [¥2] fOreach a €
[0,1].

Definition 5. [2] (Fuzzy arithmetic operations based on TA) Consider two pseudo-
trapezoidal fuzzy numbers, X = (x,x1,%x2,%,1:(to), 12(to)) : y=
(Y, ¥1, Y2, ¥, 15(t0), 15 (t0)), With the following a —cut forms
x = UaE(O,l] a.Xq, Xq = [Xa, %], ¥y = Uae(O,l] a.-Ya Ya = [X“’ya]'
= Xatxs . Yitde
Let qb_—. T Y= > , then,
(1) addition,
x+y=Uge1] X +Y)a (x+¥)a=[E+Y)a x+y),]

$+y | XatYa ——F— P+ | XY,
where (x+Y)a:T+ 2 ,(x+Y)a=T+T.

(2) subtraction, L
-y = UaE(O,l] a.(=Y)a (Vo = [wm (_y)a]’
where (=)o = =2 + Yo, (=¥), = —20 +7,,.
So

x—y=x+(Y) =Ugeo @ *—V)aw (—¥)a=
[(X = Y)a (x —¥) ]

¢-3¢ Ea"*'ya
 (rty), =

where (x —y)q = w_l_xazﬁ
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(3) multiplication,
xy = Ugeo,1] @ (V)ar (P = [V (x3) ],

where
l([%za V3Tt 5T 62 0Y 20,
o Ex+tw i+t 6=0u <0,
[V Wl =9 4 o P
[;xa+;ya’;£a+gza]’ (I)SO,IIJSO,
o | Ex +25,2%, +2y,],  o<oy=0.
4) division,

Y ' =Uae1] @0 Der 0 D=0 0™, ]

_ 1 < 1 —
where (y™1), = Yo 07 =57,
So

Yt =Ugeon @ 0¥y e ¥ e = [y e 6y, 1,

where
1 ¢ 1 _ b —
([ﬁ&x topYogXatymVd, 620920,

1— ) 1 b —
o g e Y deggta Y oYl 920950,
[y Dy ™D I=4 7 _ 5 _ ¢
pXet 52 Ve gpXa t 32V, =09 =<0,

1 ¢ — 1 — ¢
g% + 507V 3g Xa + 3 Yal, ¢ <0920,

Pseudo-triangular fuzzy numbers, trapezoidal fuzzy numbers, and triangular fuzzy
numbers are all special forms of pseudo-trapezoidal fuzzy numbers, so they can also be
operated using defined operations.

Definition 6. [29] Foran m x n matrix A of real elements (m = n) the SVD is defined

by
A=USVT,

where U isan m X n matrix having the property that U'U = I,,, where I, isthe n X n
identity matrix, V is an n X n matrix such that V'V =1, and S is a diagonal n X n
matrix of nonnegative elements. The diagonal elements of S are called the singular values
of A and will be denoted by si,k € {1,---,n}. The columns of U and V are called the
left and right singular vectors of A, respectively. The singular values may be ordered
(along with the corresponding columns of U and V) so that s; = s, = - > s, = 0.
With this ordering, the largest index r such that s, > 0 isthe rank of A, and the first r
columns of U comprise an orthonormal basis of the space spanned by the columns of A.
An important property of the SVD is that for all k < r, the first k columns of U, along
with the corresponding columns of V and rows and columns of S, provide the best least
squares approximation to the matrix A having a rank of k.
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3. The fully fuzzy complex linear systems and its approximate solution
In this section, we give the definitions of the fully fuzzy complex linear systems. Some
related properties are discussed.

Definition 7. The n x n linear system

€11 Ciz =+ Cip Z wq
Co1 Cpp =+ Cop Zy w;
eee ves ces ces H = E (31)
Ch1 Cn2 ° Can Zn Wn

is called a fully fuzzy complex linear system, in which ¢ ; = dy; + inj,vT/k =Py +
iGr, 1 < k,j <n are known fuzzy complex numbers and Z, = X, + iy, 1 <k <n are
unknown fuzzy complex numbers.
We present the matrix form of the system (3.1) as follows
C-Z=W, (3.2)

where € = (CkInxn = (@xj + iEk])nxn are fuzzy complex-valued n x n matrices,
7= (81,23 0, 2)T = (% + P, % + ¥y, ., Xy +i9,)T and W = (W, Wy, ..., W) =
Py + iGy, Py + Gy, ..., Py + id,)T are two column vectors of rectangular fuzzy complex
numbers. Also, if C =A+iB, Z=X+iY and W = P +iQ, then the system can be
rewritten as

(A+iB)- (X +iV) = (P +i0Q), (3.3)
where 4,B are n xn fuzzy numbers matrices, and X, ¥, P and Q are n x 1 fuzzy
number vectors.

Definition 8. (Algebraic solution of fully fuzzy complex linear system) A fuzzy complex
vector Z = (21,2, .., 2y)T = (X1 + 1§, %, + P2, ..., % + i9,)7 is called the algebraic
solution of (3.2) if

=1 =1 =1

j . j j «

n n

DTt by dy =a, Y ag =) by =@,
j=1 j=1 _]=1 Jj=1 a

Lemma 2. [2] Let X,k =1,2,---,n are fuzzy numbers and X; = Uge(o,1] @ Xkar Xa =

= Xg1+Xka ~ ~ ~ ¥oo— = X
[Zkouxka] Xk = 5 then X1+ Xt X3+ -+ Xy = UaE(O,] - Xgy Xq = Eouxa] )

where
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Xa =
2 2 3 4 n

11 1

SGEGD . Bt ) Bd+ ) XeH dagd+ ) xitag + o} ) X )
k=1 k=1 k=1 k=1 k=1

Xq =

2 2 3 4 n
11 1 _ _ — —
SEE GO et ) Feadt ) meA Tagd+ ) xtTag b+ ) xi gl
k=1 k=1 k=1 k=1 =

Theorem 1. Suppose that the fuzzy number vector Z = (21,2, ..., Z,)" = (¥, + iy, %, +
iy, ..., %, + i¥,,)T be analgebraic solution of the fully fuzzy complex linear system, where
the solution with the following a —forms

Z = Ugeo,1] @ Xka + 1 Uqe0,1] - Ykar

_ = _ Xk1t+Xpa _ — _ Yik1+Vq
Xka = [Xka» Xkal, Xk ==, Vika = [Xka»yka]» Ye ==

The operation algorithm is based on TA, so the following conclusion holds

(1) Forany 0 < a < 1, the n x n fully fuzzy complex linear system is transformed
into an equivalent 2n x 2n fully fuzzy linear system according to the definition of fuzzy
complex number equality. Then, based on the fuzzy number operation of TA, it is
transformed into an 4n X 4n real linear system, where the coefficient matrix is a real
number and the unknown vector is a column vector composed of the upper and lower
bounds of the real and imaginary parts of the solution.

(2) The complex column vector z = (zq, 2, ..., Zy)T = (X1 + iy1, X3 + (Y2, oo, Xy +
iy,)T isan exact solution of the n x n crisp complex linear system as follows

€11 C12 ° Cipn Z Wy
C21 C22 ° Cop Zy W,
Ch1 Cn2 *° Cpn Zn Wn

Proof Considering that the Theorem contains a large number of types and cannot list them
all in their entirety, we prove here that for analyzing and reasoning the solutions of linear
systems, specific number solution need to be distinguished. The article proves that the
fuzzy number operation involved is based on TA.

For 2 x 2: Consider the 2 x 2 fully fuzzy complex linear system

(ém C:12> <€1) (‘Iﬁ)
€21 Co2 |\ 22| = |W2)
{(&11 +iby1)(%; + i§1) + (G12 + ib12) (R + i) = Py + iy,
(@21 + ib21) Xy + iF1) + (Agz + iby2) (R + iF,) = Py + i,
we have
{d119~51 — by 1 + 812%, — b12Y, = Bu,
< Op1%1 — b1 §1 + Ap2%y — by ¥r = B,
G151 + b11%y + @125, — b1pXp = G4,
kd21)~’1 + by1 %y + @252 — bppX, = 7.

7
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First, we define Ay;, Ay, B; and By, k,j=1, 2~ as follows i
Aj = Q% Apy =AYy, By = biy¥i Bij = big%;.
Suppose ay;, byj, xj, yj = 0,k,j = 1,2, i.e.the core of the real and imaginary parts of the
coefficients and the solution are all positive.
Using the fuzzy arithmetic operations based on TA, we have

. _ r 1 1 _ )
Aij = [Akjer Akjal = [F{akjaX) + XjaOkjh; {akjaX) + Xjaari}, ki j =12,

~ ~ = 1 1 5 — .
Byj = [Brjar Brjal = [5{bkjayj + Yjabij}b 5 {bkjayj + Vo b3l kj =12,
X —
e Ak A 1 1. Y 1
Ayj = [Akjar Akjal = Glakjayj + Yjatkjh s {kjayj + Vi3, kj =12,
= ~, = 1 1 — ,
Bij = [Bijar Brjal = [;{bjaXj + Xjabrj}b 5 {brja¥Xj + Xjabij3], K, j = 1,2.
Taking a = 1, the centers of the fuzzy number are obtained as follows
Akj = aij]-, Bk] = bk]y], A*k] = akjyj, B;j = bijj, k,] =1,2.
For k = 1,2, calculate
i1 Ay —Xia By = %{{aklxl + arzxz} — {brays + b2}
a

+ z{gklaxl + X10a51} + Z{QchzxZ + X2q0k2} + %{akm?ﬁ + X10ax1} + %{ak2ax2 + X262}

— = {baad + Yiabia} = 3 Bizaz + Yaabia} = 2 braays + Vigbia} = 2 Braa¥a + Voo bia}h
i A —Xi, Ekja = %{{aklxl + aizx2} — {bray1 + braya}

+ S {Baets + X} + 3 (Geats + aie} + 2 {@aats + XiaGa) + 2 {@zats + Faalia)

3 3 1,7 — 1,7 —
= {bkiay1 + Yiabri} — 5 {bkzay2 + Yaabro} = 5 {bkiays + ¥igbra} — 5 {bk2ay2 + V5, bi23}

A * % 1
i Apy+ X3 By = SHaiys + aay2} + {ba X1 + biax2}

2{@aas + Y1aia} + 2 {@aad2 + Yaatia} + 5 @aads + V1o @i} + 5 @2ad2 + Vyoia)
S{ka?ﬁ + Xigbra} + Z{ka(zxz + Xaabiz} + é{Ekm’ﬁ + Xigbri} + %{ERZaxZ + X20bi23},
G Al X E;ja = %{{aklyl + Ax2Y2} + {braxy + byox,}
{BaaYs + Via®a} + 5 (G2 + Yoot} + 3 @aads + V1o G} + 5 @izadz + V002
%{ka?ﬁ + Xiqbra} + %{ka(zxz + Xaabiz } + E{Ekm’ﬁ + Xigbri} + Z{ERZaxZ + X20bi23},
(Yiy A — X3 Ekja = p_ka,k =12,
< Yoy A= X5, Ekja =Dk k=12,
i1 Ay + Tjs By =ai k=12

(271 Ach + X5 Eija =Qrp k=12,

we obtain
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3{&(}(311 + X2 312~ V1gP11 = Y2, b1z} + (X1 11 +X3,812 — &abll - &abu}
8[2&0‘ —{a11x1 + 212X — b11y1 = b12y2}] — 3{a11aX1 + 124Xz — b11ay1 = bizay2)
—{a11aX1 + 2124X2 = b11aY1 — D12a¥2}s
{X_laall + X2 212~ V111 = Y2,b12} + 3{X1 211 + Xz 812 — &abll - &abu}
8[2Ea —{a11x1 + 212X — by1y1 — biaya}] — {a11aX1 + 210Xz — Bllay1 - B120(}"2}
—3{a11a%1 + 3124%2 =~ b11a¥1 = P12a¥2}

3{&(}(321 + X2 322~ V14P21 = V2o b22} + {X1 @21 + X282 — &abm - &abzz}
8[2&0( —{a21Xq + 22Xz = ba1y1 — b2ay2}] — 3{a21aX1 + 222aX2 — b21a¥1 = bazay2}
—{az10X1 + 3z22aX2 = b21a¥1 = b22a¥2}

{X_1a321 + X2 322~ V14P21 = V2o b22} + 3{x1 221 + X382 — &abm - Y_zubzz}
8[2pz, — {a21X1 + az2Xz — ba1y1 — ba2¥2}] — {82101 + 222aX2 — BZlo{Yl - Bzm}’z}
—3{az10X1 + 220Xz — D21a¥1 — b22ay2},

3{}’_1“311 Y2 A2t X_1ab11 + X_zab12} + {14811 + ¥2,312 + X1 b11 + X5 bi2}
8[2$a —{a11y1 + a12y2 + b11Xg + b12X}] — 3{@11a¥1 + 2124¥2 + b11aX1 + D12eX2}

—{a11a¥1 + 2124Y2 + b11aX1 + b12eX2}, . . . .
1 a1ty aiz+x by +x; bip}t 3{}’10,“11 +Y2,012 + x1ab11 + xzabu}
—a —?4 —a —?4

8[2qy, —{a11y1 + a12¥2 + b11xy + b12X2}] — {Q11aY1 + Q12aY2 + bi1aX1 + D1zaXa}

—3{a11a¥1 + Q120Y2 + D11a%1 + D124%2},
3{&0“121 + Y2 22 + ﬂabm + x_zabzz} + 1,021 + ¥2,022 + X1, ba1 + X2, 25}

8[261_2a —{@21y1 + a22¥2 + ba1 Xy + byaX2}] — 3{@210)1 + 2202 + Dr1aX1 + D2zaX2}
—{@1aY1 + Tr20¥2 + ba1aXs + ba2aXa},

{&aan tY2 G2t ﬁabu + x_zabzz} +3{V1,021 + ¥2,022 + X1 b2y + X2, b2}
8[2q2, — {az1y1 + a22¥2 + ba1 X1 + byaX2}] — {@21aY1 + Q22a)2 + Da1aX1 + DazaXs}
—3{@z10Y1 + Qo2aY2 + Dr1aX1 + b22aXs).

We briefly denoted dj (x4, x5,¥1,¥2) as di, 1 < k < 8, then the above equation can
be written in matrix form as follows

X1
3a;1 3a;;, —byy —by, aiq aiz —3by1 —3bqy xza dy
3ay1 3a; —by —by, azq azz —3by1  —3by, ;a d,
3byy 3biz 3aq 3ai; byy by, aiq aiz —a ds
3by1  3by; 3ap; 3ay; byy by, az1 sz &a dy
a1 @z —3byy —3bi; 3ain 3a;; —byy —bp X1, | = ds |,
az1 azz —3by1 —3by; 3aj; 3az; —byy —by, x_Za de
byy b1, aiq aiz 3byy  3biz; 3aq 3a;; A d;
byy by, az1 Qazz 3by1  3by; 3ap; 3ay; y_la dg
2
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dy (X1, %2, ¥1,¥2) = 8[2&0[ —{a11%1 + 12X — b1ay1 — b1zy,}] — 3{A11a%1 + Gr20X2 —

Ellayl - 312(1)’2} —{@110%1 + Q120X2 = b11aV1 — D12aY2},
da(X1, %2, Y1, ¥2) = 8[2&0[ —{az21%1 + az2x; — ba1y1 — b22¥2}] — 3{@a1aX1 + G220%2 —

by1ay1 — bazay2} — {(Ga1a%1 + TazaXs — b21ay1 = b22ay2},
d3(x1,%2,Y1,Y2) = 8[2ﬁa —{au1y1 + aizys + bi1 Xy + bipxp}] = 3{@110)1 + Qazay2 +

bi1aX1 + bizaXz} — (@111 + T12aYz + br1aX1 + biza¥2},
dyq(x1,%2,Y1,Y2) = 8[220( —{az21y1 + @227 + ba1 Xy + bz xp}] — 3{@21a¥1 + Q2242 +

ba1aX1 + booaX2} — {A214Y1 + 224Y2 + D21aX1 + bo2e X2},

ds(x1,%2,¥1,¥2) = 8[2p1, — {a11%1 + a1z — b11y1 — b1a¥a}] — {@1a%1 + Qazaxz —
bi1ay1 — b12a¥2} — 3{@11a%1 + Q120X2 — D110 Y1 — D124 Y2},
de(X1,X2,¥1,¥2) = 8[2P2, — {a21%1 + a22X3 — ba1y1 — D22¥a}] — {@21a%1 + Q220 %2 —

by1a¥1 — ba2a¥2} — 3{az1a%1 + Q22a%2 — D21aY1 — b22a Y2}
d7(x1,%2,¥1,¥2) = 8[2q1, — {a11y1 + a12Y2 + D11X1 + b1aXo}] — {@i1aY1 + Qa2ay2 +
bi1a%1 + biz2aX2} — 3{@114Y1 + @12aY2 + D11a%1 + b12a X2}
dg(x1,%2,¥1,¥2) = 8[2Gz, — {a21Y1 + a22¥2 + ba1 X1 + DaoXo}] — {@214Y1 + Q2242 +
br1aX1 + Daaa X2} — 3{@214Y1 + A224Y2 + D21aX1 + Da2axs},
we obtain the 8 x 8 crisp linear system.

By considering @ = 1 and then summing levels 1 and levels 5 and dividing them
by 8, the same operation is performed on the corresponding other rows, and we obtain the
simplified equation as follows

ay1X1 + a12%3 — bi1yy — b1zy2 =Py
Az1%1 + Az22%2 — b1y — ba2y2 = P2
a11Y1 + A12Y2 + bi1x1 + biaxy = g4’
a21Y1 + Az2Y2 + by1x1 + bayxy = Q3

€11 Ci2\ /241 41
C21 Co1 (22| =({W2)

Corollary 1. Computational procedure for solving fully fuzzy complex linear system.
Consider the n x n fully fuzzy complex linear system

The proof is completed.

€11 Gz 0 Cip 7 Wy
Ca1 Cap o+ Cop Zy Wy

. H el ,
Enl é"nZ Enn Zn Wn

where &y = dy; + inj,vT/k =P +iGr, 1<k, j<n are known fuzzy complex
numbers and Z, = X + iy, 1 < k < n are unknown fuzzy complex numbers.
The steps of the proposed method are as follow

10
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STEP 1: Solving the n x n crisp complex linear system as follows

€11 Ci2 = Cin Zq Wy
C21 Cap v Cyp Z3 Wy
Ch1 Cn2 *° Can Zn Wn

We obtain the center of the algebraic solution by solving the crisp system. If z =
(21,22, ey Z0)T = (X1 + iy1, X5 + (Y3, o, Xq + iy,)T does not exist uniquely then means
end, else we get in STEP 2.

STEP 2: By means of the interval arithmetic, fuzzy arithmetic operations based on
TA and embedding approach, the n x n fully fuzzy complex linear systems could be
converted into 4n X 4n linear systems.

STEP 3: Solving the 4n X 4n crisp linear systems, then the left and right boundary
is obtained.
It should be noted that if the solution (x; ,%, ,¥1 ,¥2 X1, X205 V1 V2g)
—_—a —a —a —a

obtained in the third step does not exist or is not unique, then the solution of the original
system also does not exist or is not unique. If it exists k,j,1 < k,j <n,a € (0,1], such
that Xxyja > Xkja OF Yija > Yy ja this result differs from the definition of fuzzy numbers,

cannot form fuzzy numbers, and therefore is not a solution for linear systems. If the center
of the obtained fuzzy solution is the same as the center of the algebraic solution, then the
solution is called an approximate solution of a linear system.

4. Numerical examples
Example 1. Let us consider the following 2 x 2 fully fuzzy complex linear system

€11 Ci2\ (%1 1121
Co1 G || Z2 | =| W2 |,
Where
€11 = Uae01] @-Cl1a Cl1a = Q11a T ib11g = [20,4 = 2a] +i[1+ a,3 —a], ¢y =
2 + 2i,
€12 = Uae(0,1] @-C12a C12a4 = Q12 + ib12¢ = [3 —a,5 = 3a] +i[2 — 2a,4 —
40(], C12 = 2+ Ol,
621 = UaE(O,l] 0(.C21a, C210.’ = a21a, + ib21a = [Sa - 1,1 + 3“] + l[4 - 4“,6 -

60(], Cy1 = 4 + Ol,
€22 = Uge(0,1] & €220 C22a = G22a + ib22q = [4 —3a,6 —5a] +i[2 —a,4 —

3a],C22 =1 + i,

~ . 165 11 217 41 .121 13 165
W1 = Uge0,1] @W1iasWiq = P1a T 110 = [—8 +§a,—8 - ;a] + l[—8 %5
49

—a],w; = 21 + 144,

8
~ . 211 21 251 19 .r126 38 166
Wy = Uae(o,l] A Waq, Wog = D2q + G2 = [ 3 +§a: 3 _Ea] +if s 8% 5
78 .

ga],wz =29+ 11..

First, let a = 1, we can obtain the following 2 x 2 complex linear system

11
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{(2 + 20)(xq +iyy) + (2 4+ 0i)(x, +iy,) = 21 + 14i
(4+0)(xq +iy)+ (1 +D)(xg +iy,) =294+ 110’

2xq + 2x, — 2y, — 0y, = 21
4xy +x, — 0y —y, =29
2x1 + 0x, + 2y, + 2y, = 14’
0x1 + x5 +4y, +y, =11
by solving, we can get (xq,x2,y1,¥2)" = (5.75;6; 1.25; 0)".
According to the symbol of a;;, b;j, x;,v;,1,j = 1,2, we obtain the 8 x 8 real linear
system

X1
6 6 -2 0 2 2 —6 01\ [x dy (X1, X2, Y1, Y2)
12 3 0 -1 4 1 0 =3 ;"‘ dy(x1,%2,Y1,Y2)
6 0 6 6 2 0 2 2 —a d3(x1,%2,¥1,Y2)
0 3 12 3 0 1 4 1 Yz, da (X1, %2, Y1, Y2)
2 2 -6 0 6 6 =20 ||x,|=]dsCuxy1y2)
4 1 0 —3 12 3 0 _1 x_za ds(xl,xz,yl,yz)
2 0 2 2 6 0 6 6 V1 d;(x1,%2,¥1,¥2)
1
0 1 4 1 0 3 12 3 _a’ d8 (xl’ X2, V1, yz)
V2u

According to the calculation methods of d;(xq,x5,¥1,¥V2) — dg(x1, X2, V1, Y2)

mentioned above and the values of x;, x5, y4, y,, the following results are obtained.
dy(x1,%2,Y1,¥2) = %5 + 6?50" dy(x1,%2,¥1,¥2) = 121 — 5a,
d3(x1,%2,¥1,¥2) = % + 32_5
ds(ey, X2, y0,92) = o+, dg(X1,%2,71,72) = 149 — 33a,

d7 (X1, %2, ¥1,¥2) = % + ;“' dg(x1,%2,¥1,¥2) = 31+ 13a.

a, d4(x1' X2,Y1, }’2) =3+41la,

Due to
6 6 -2 0 2 2 -6 0
12 3 0 -1 4 1 0 -3
6 0 6 6 2 0 2 2
0 3 12 3 0o 1 4 1
det|2 2 -6 0 6 6 -2 0 = 22729 # 0,
4 1 0 -3 12 3 0 -1
2 0 2 2 6 0 6 6
0 1 4 1 0 3 12 3
SO

12
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X1

—a -1 /135, 65
X 6 6 -2 0 2 2 —6 0 —t+a
7 12 3 0 -1 4 1 0 -3 121 — 5a
—a 6 0 6 6 2 0 2 2 61,35,
Y2, 0 3 12 3 0 1 4 1 2 2
wo[=l2 2 60 6 6 -2 0 3 +dla
% 4 1 0 -3 12 3 0 -1 - tsa
“ta 2 0 2 2 6 0 6 6 149 — 33a
Vla 0 1 4 1 0 3 12 3 25,8
Y2a 31 + 13«

Through calculation, it is found that the coefficient matrix of the 8 x 8 real linear
system is close to singularity. Here, singular value decomposition is used to solve the
pseudo-inverse of the coefficient matrix. Let

6 6 -2 0 2 2 -6 0
12 3 0 -1 4 1 0 -3
6 0 6 6 2 0 2 2
0 3 12 3 0 1 4 1

H=|2 2 -6 0 6 6 -2 0 |=USV,
4 1 0 -3 12 3 0 -1
2 0 2 2 6 0 6 6
0 1 4 1 0 3 12 3

where U isan 8 x 8 orthogonal matrix, S isan 8 x 8diagonal matrix, and the elements
on the diagonal are singular values. V is an 8 x 8 orthogonal matrix, These can be
calculated using a MATLAB program as follows
U =

—0.2542 —-0.3509 —-0.3536 0.0000 0.2132 —0.5166 0.5000 0.3536
—0.0483 —0.5567 —0.3536 —0.5000 —0.3478 0.2584 —0.0000 —0.3536
03509 —0.2542 -0.3536 —0.0000 0.5166  0.2132 —0.5000 0.3536
0.5567  —0.0483 —0.3536 0.5000 —0.2584 —0.3478 —0.0000 —0.3536
—0.2542 —-0.3509 0.3536 0.0000 0.2132 —0.5166 —0.5000 —0.3536 |,
—0.0483 —0.5567 0.3536 0.5000 —0.3478 0.2584 —0.0000 0.3536
0.3509 —0.2542 0.3536 0.0000 0.5166 0.2132 0.5000 —0.3536
0.5567  —0.0483 0.3536 —0.5000 —0.2584 —0.3478 0.0000  0.3536

S =

20.8006 0 0 0 0 0 0 0

0 20.8006 0 0 0 0 0 0

0 0 12.6491 O 0 0 0 0

0 0 0 8.0000 O 0 0 0

0 0 0 0 6.8800 0 0 0 )
0 0 0 0 0 6.8800 0 0

0 0 0 0 0 0 4.0000 0

0 0 0 0 0 0 0 0.0000

13
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V =
0.0000 —-0.6609 -0.4472 —0.5000 0.0397 0.2481 —0.0000 -—0.2236
0.0000 —0.2513 -0.2236 0.0000 —0.1045 -0.6526 0.5000 0.4472
0.6609 0.0000 —0.4472 0.5000 —0.2481 0.0397 —0.0000 -0.2236
0.2513 0.0000 —0.2236 0.0000 0.6526 —0.1045 -—-0.5000 0.4472
0.0000 —0.6609 0.4472 0.5000 0.0397 0.2481 0.0000 0.2236 |.
—0.0000 -0.2513 0.2236 0.0000 —0.1045 -0.6526 —0.5000 —0.4472
0.6609 0.0000 0.4472 —0.5000 -0.2481 0.0397 0.0000 0.2236
0.2513 0.0000 0.2236 0.0000 0.6526 —0.1045 0.5000 —0.4472

Furthermore, the pseudo-inverse can be calculated. According to H = USV', we can
obtain Ht = VSTUT, where ST is the pseudo-inverse of S, and there is
Ht =
—2.3002 2.3002 —2.3002 2.3002 2.3002 —2.3002 2.3002 —2.3002
46003 —4.6003 4.6003 —4.6003 —4.6003 4.6003 —4.6003 4.6003
—2.3002 23002  —2.3002 2.3002 2.3002 —2.3002 23002 —2.3002
46003 —4.6003 4.6003 —4.6003 —4.6003 4.6003 —4.6003 4.6003
23002  —2.3002 23002 —2.3002 -2.3002 23002 —2.3002 23002 |
—4.6003 4.6003 —4.6003 4.6003 4.6003 —4.6003 4.6003 —4.6003
| 2.3002 —2.3002 2.3002 —2.3002 —-2.3002 2.3002 —2.3002 2.3002
\—4.6003 46003 —4.6003 4.6003 4.6003 —4.6003 4.6003 —4.6003

The solution of the 8 x 8 linear system can be obtained as follows

X1
x_za 176652946446359917/64a + 58884315482121627 /64
—a —88326473223179749/16a — 29442157741060619/16
&a 88326473223179791/32a + 29442157741060605/32
&a —44163236611589977/8a — 14721078870530369/8
x_la =| —176652946446359913/64a — 58884315482120719/64 |.
Ea 176652946446359689/32a + 58884315482121335/32
— —176652946446359681/64a — 58884315482120943 /64
ill_l"‘ 44163236611590015/8a + 14721078870530361/8

2q

Finally, the solution of the 2 x 2 fully fuzzy complex linear system are respectively
71 = Uae(01] ¥ Z1a Z2 = Uge(0,1] @ Z2q- Where
_ . _ 176652946446359917
Ziq = X1g T Y1a = [ p a+
58884315482121627 _ 176652946446359913 o — 58884315482120719

64 ’ 64 1+
i[88326473223179791 a4 29442157741060605 176652946446359681 a 58884315482120943]
32 32 ! 64 64 !
_ , _ 88326473223179749
Zoq = X2q + WYoq = [_ 1 a—
29442157741060619 176652946446359689 58884315482121335
16 ’ 32 a+ 32 ] +
i 44163236611589977 a 14721078870530369 44163236611590015 o+ 14-721078870530361]
, .
8 8

8 8
When a = 1, the centers of the fuzzy complex number solutions are obtained as
follows z; = 5.75 + 1.25i,z, = 6 + 0i. Although the transformed linear system can
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yield solution through the pseudo-inverse, we can verify that for any « € (0,1], equation
X; =X1,, Y1 _=DY1, holds. Therefore, this solution is not the exact solution of the
— —4

corresponding system in the problem.

It is worth noting that we can also use the method proposed by D.Behera and
S.Chakraverty [12] to solve the problem.

The original fully fuzzy complex linear system in the problem is
( ([2a,4 = 2a]l +i[l+a,3—a])Z; +([3—a,5—3a] +i[2 —2a,4 — 4a])Z,

8 8 8 8 8 8 8

{ ([5a¢—114+3a] +i[4— 4a,6 6al)z; + ([4—3a,6 —5a]+i[2—a,4—3a])Z,
211 21 251 19 .r126 38 166 78

l= E+>a=>=-—al+i[=—-—a———a]
8 8 '8 8 8 8 '8 8

Base on the TA —based fuzzy number operations and the correspondence between the real
and imaginary parts of fuzzy complex numbers, the following results are obtained
( [2a,4 — 2a]%, + [3—a,5—3a]%, — [1+a,3 —a])y; — [2 — 2a,4 — 4a]y,
165 , 11 217 41 al
8 8 ' 8 g
[5a —1,1+43a]%; +[4—3a,6 —5a]%;, — [4 —4a,6 — 6a])V; — [2 — a,4 — 3a]P,
211 21 251 19
Fetge —5a
[ +a 3 —aDX +[2—-2a,4 —4a]X, + [2a,4 — 2a]y, + [3—a,5 — 3]y,
21 13 165 49
[ 'y _5_ _'E;CZL
[4 4a 6 —6alX, +[2—a,4—3a]X, +[5a— 1,1+ 3aly; + [4 —3a,6 — 5a]y,
126 38 166 78
= F 35 34 ~ _ _ _
Because %; =[x, %], J; = [Xj'yj]' j =1,2, according to the interval operation
rules in the reference, we can obtain
( [2ax; + B —a)x; + (¢ — )y, + (Aa —4)y,, (4 — 2a)x; + (5 — 3a)X,
1_65 11 217 41

+(-1-a)y, + Ca—2)y,] = —a, = ——al,

[Ga —Dx; + (4 = 3a)xz + (6a — 6)y1 + Ba —4)y,, (1 +3a)x; + (6 — Sa)x;
— — 211 , 21 251 19

t@a -4y, (a=2)y,|=[F+5a—F 5]

[+ a)xy + (2 = 2a)x; + 2ay; + B — @)y, B — a)x1 + (4 — 4a)x;

121 13 165 49

+(4 - 2(1)?1 + (5 - 3(1)?2] = [? - ?a'T —ga],

[(4 —4a)x, + (2 —a)x; + (Sa—1)y; + (4 = 3a)y,, (6 — 6a)x; + (4 — )X,

126 38 166 78
\ +(A+3a)y, + (6 =5)y,| = [ —Fa— —Fal
at the same time, the following equations hold
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Y[2ax; + B —a)x; + (@ = 3)y; + (da —4)y,] + (1 —P)[(4 — 2a)x; + (5 — 3a)x;

+(-1- )y, + Ra—2)y,] = 1!)[1%5 +5al+ (-G -Sal

P[(Ga—Dx; + (4 = 3a)x; + (6a — 6)y; + Ba —4)y] + (1 = P)[(1 + 3a)x,

9 +(6 — 50)%; + (4a — )y, + (a — 2)y,] = 1/)[%1+%a] +(1 —1/;)[%—%0(],

YA+ 05 + 2 - 20)x, + 2ay; + B - @)y,] + (1 - P[B - DF + (4 - 40T,

+(4 = 20)y, + (5 — 30)7,] = Y[~

~Sad+A-Piy-Tal

and
Y4 = 4a)x; + (2 — 0)x, + (5a = Dy, + (4 = 3a)y,] + (1 =P)[(6 — 6a)x,
_ _ _ 126 38 166 78
+(4 —3a)x, + (1 +3a)y, + (6 —5a)y,]| = 1/)[? - ga] +(1- l/))[T - ga].
Taking ¥ = 0.2,0.4 respectively, we can obtain a system of linear equations
regarding the unknown x4, x, y1,¥2, %1, X2, ¥, ¥, Solving the system we can obtain
1416a*~9611a3+18785a2—~7385a+395
1368a*-6000a3+10096a2—-6000a+1176

2090a*—-20339a%+52489a%-38713a+8633

X1 1368a%—6000a3+10096a2-6000a+1176

X2 367a*-1417a3+5265a2—3987a+492

Y1 1368a*-6000a3+10096a2—-6000a+1176

;2 193a*+3967a%—6895a%+2693a+42

= 1368a%—6000a3+10096a2—-6000a+1176

X1 | = | 8298a*-40493a3+57491a%-22927a+1327 ,

EZ 8600a*—36304a3+53008a2-30864a+6200

= 9816a*-79959a3+1732650%—131221a+32131

Zl 8600a*—36304a3+53008a2—30864a+6200

Y, 617a*+1309a3-1325a2-513a+600
8600a*—36304a3+53008a2-30864a+6200
1293a*+10355a3-19587a%+9601a—1406

8600a*—36304a3+53008a2-30864a+6200

the final solution is written as
. 1416a*-9611a3+187850%-7385a+395 8298a*—40493a3+57491a%—22927a+1327

VA =
1 [1368a4—6000a3 +10096a2-6000a+1176" 8600a4—36304a3+53008a2—30864a+6200]
367a*—1417a3+5265a%>—3987a+492 617a*+1309a3-1325a?-513a+600

[
[1368a4—6000a3 +10096a2-6000a+1176" 8600a4—36304a3+53008a2—30864a+6200]'
2090a*-20339a3+52489a%-38713a+8633 9816a*—79959a3+173265a%-131221a+32131

2 =1 1368a4-6000a3+10096a2-6000a+1176 ’ 8600a*—36304a3+53008a2—30864a+6200
193a*+3967a%-6895a%+2693a+42 1293a*+10355a°-19587a%+9601a—1406

l[1368a4—6000a3+10096a2—6000a+1176'86Q0a4—36304a3+53008a2—30864a+6200}
When a = 1, the center of the fuzzy solutions are

zy = 5.7+ 1.1i, z, = 6.4+ 0.2i.

The exact solutions of this example are Z; = [2 + 4a,4 + 2a] + i[3 — 2a, 5 — 4«a],
Z,=[5+a7—a]+i[4—3a 6 —5a]. When a = 1, the center of the exact solutions
are z; = 6 +1i, z, = 6 + i. By observation, the center of the fuzzy solutions obtained by
the method proposed in [12] is almost the same as the result calculated by the method
proposed in this paper. We can consider that the method proposed in this paper, use
T A —based to solve the approximate solution of the fully fuzzy complex linear systems, is

1+
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equally effective.

5. Conclusions and remarks

In this paper, we conduct research on solving fully fuzzy complex linear systems, and
provide specific solution methods based on fuzzy number operations using transmission
average (TA) and matrix embedding methods. At the same time, specific numerical
examples are provided to verify the proposed method, and the effectiveness of the proposed
method is compared with other methods proposed by scholars.
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