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Abstract. Let X1, Xz, ..., Xsand Y1, Yo, ..., Y be strings over an alphabet >, where s and t
are positive integers. The longest common subsequence and substring problem for
multiple strings Xi, Xz, ..., Xs and Y3, Yo, ..., Y is to find the longest string which is a
subsequence of X1, X, ..., Xs and a substring of Y1, Y3, ..., Y. In this paper, we propose
an algorithm to solve the problem.
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1. Introduction

Let ) be an alphabet and S a string over >.. A subsequence of a string S is obtained by
deleting zero or more elements of S. A substring of a string S is a subsequence of S
consists of consecutive elements in S. We say a string is empty if it does not have any
element in it. An empty string is a subsequence and a substring of any string. Let X and Y
be two strings over an alphabet Y. The longest common subsequence (resp. substring)
problem for X and Y is to find the longest string which is a subsequence (resp. substring)
of both X and Y. Both the longest common subsequence problem and the longest
common substring problem have applications in different fields. For example, in
molecular biology, the lengths of the longest common subsequence and the longest
common substring can be used to measure the similarity between two biological
sequences. The two problems have been well-investigated in the last several decades.
More details on the research of the first problem can be found in [1], [2], [3]. [4], [5], [8],
[9], [10], [12], [13] and references therein and the second problem can be found in [6],
[7], [14] and references therein. Motivated by the two problems above, Li, Deka, and
Deka [11] introduced the longest common subsequence and substring problem for two
strings X and Y which is to find the longest string such that it is a subsequence of X and a
substring of Y. They also proposed an algorithm to solve this problem in [11]. In this
paper, we introduce the longest common subsequence and substring problem for multiple
strings which is a generalization of the longest common subsequence and substring
problem for two stings. Suppose Xi, Xz, ..., Xs and Y1, Yo, ..., Y; are strings over an
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alphabet >, where s and t are positive integers. The (s, t)-longest common subsequence
and substring problem for multiple strings Xi, Xo, ..., Xs and Y1, Yo, ..., Y¢is to find the
longest string, denoted Z(X1, Xz, ..., Xs; Y1, Y2, ..., Y1), Which is a subsequence of X1, Xa,
..., Xs and a substring of Y1, Y2, ..., Y. IfZ(X 1, X 5, ... X s Y_1, Y 2, ..., Y_) does not
exist, we say Z(Xi, Xz, ..., Xs; Y1, Yo, ..., Yy) is an empty string. We propose an algorithm
to solve the (s, t)-longest common subsequence and substring problem.

2. The preparations for the algorithm

Our algorithm is based on several claims to be proved in this section. Before proving the
claims, we need some notations as follows. For a given string H = hy h, ... he over an
alphabet Y, the size of H, denoted |H|, is defined as the number of elements in H. The
length of an empty string is zero. The jth suffix of H is the string of hj hj+1 ... hx, where 1
< j < k. The ith prefix of H is defined as H[i] = h; h, ... h;, where 1 <i < k.
Conventionally, H[0] is defined as an empty string.

Let Xp = x[p, 1]x[p, 2] ... X[p, mp], where X[p, a] with p is an integer such that 1 <
p<sandl1<a<m,are elements in an alphabet 3, be s strings, and Y, = y[q, 1]y[q, 2] ...
y[a, n_q], where y[q, b] with g is an integer such that 1 < g <tand 1 <b < nq are
elements in the alphabet Y, be t strings. We define Z[iy, iz, ..., is; j1, j2, ..., jt] @S a string
satisfying the following conditions, where 1 <iy<mywith1<u<sand 1 <j,<n,with 1
<v<t

(1.2) It is a subsequence of Xi[i1] = x[1, 1]x[1, 2] ... X[1, i1].

(1.2) It is a subsequence of Xz[i2] = x[2, 1]x[2, 2] ... X[2, i2].

(1.s) It is a subsequence of X[is] = x[s, 1]X[s, 2] ... X[s, is].

(2.1) Itis a suffix of Yi[j1] = y[1, 11y[1, 2] ... y[1, j].

(2.2) Itis a suffix of Y2[j2] = y[2, 1]y[2, 2] ... y[2, j2].

(2, 1) It is a suffix of Yi[j] = y[t, 11yl[t, 2] ... VIt, jd-

(3.1) Under the conditions above, its length is as large as possible.

Claim 1. If y[1, j1], Y[2, j2], ---, YIt, ji] are not the same, then Z[iy, iz, ..., is; j1, j2, .-
jt] does not exist. Namely, Z[i, iz, ..., is; j1, j2, ..., ji] iS an empty string.
Proof of Claim 1. Suppose, to the contrary, that Z[is, iz, ..., is; j1, j2, ..., ji] exists. Then
Z[i1, iz, ..., is; j1, j2, ..., Ji] 1S NOt empty. Thus the last element in it must be equal to each of
vl1, jil, YI2, j2l. ..., Y[t, ji] and therefore y[1, ji], YI2, j2I. ..., Y[t, ji] are the same, a
contradiction. Hence Z[iy, iy, ..., Is; 1, 2, -.., j{] dOes not exist.

Hence the proof of Claim 1 is complete.

Claim 2. Suppose that us :=y[1, ji] = Y[2, j2] =~ =VY[t, j. Ifur = x[1, 1] = X[2, 2] =~ =
X[s, is], then
|Z[i1, iz, ey is; j1, jz, vy Jt]l = |Z[i1 -1, ir - 1, .., is -1; j1 -1, jz -1, ..., jt - 1]| + 1.
Proof of Claim 2. Our proof is divided into two cases.
Casel. Z[i1-1,i2-1,...,is-1;j1-1,j2- 1, ..., j - 1] is not empty.
Notice that Z, := Z[i1- 1,1i2-1, ...,is-1;j1- 1, j2- 1, ..., jt - 1] is a subsequence of
Xa[iz1 - 1] :=X[1, 1IX[1, 2] ... X[1, i1 - 1],
Xo[iz - 1] :=X[2, 1]X[2, 2] ... X[2, i2 - 1],
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Xs[is - 1] := X[s, LIX[s, 2] ... X[, is - 1],

Yl[!l -1]:=vy[1, 1]y[1, 2] ... y[1, j:l -1],

Yeljz - 1] :=y[2, 11y[2, 2] ... y[2, j2 - 1],

Yilje - 1] == yIt, 1ylt, 2] ... yiIt, je- 1]
Since X[1, i1] = X[2, i2] =~ =X[s, Is] = u1 = Y[1, ji] = Y[2, J2] =~ = Y[, ji], we have that
Z,Uu1 is a subsequence of

Xa[ia] == x[1, 1]x[1, 2] ... X[1, i4],

Xoliz] == X[2, 1]X[2, 2] ... X[2, i2],

and a suffix of

Xs[is] := X[s, 1]x[s, 2] ... XS, is],

Ya[ja] == y[1, 1]y[1, 2] ... y[1, a],

Yaljz] :=Y[2, 1]y[2, 2] ... y[2, j2],

Yijd =yt 1y[t, 2] ... yIt, jd-
By the definition of Z[iy, iy, ..., is; j1, j2, ..., ji], we have that

2<|Z[i1-1,i2-1, ... is-1;j1-1,J2-1, ..., je- 1] + 1
= |Zo W] = |Zo) + L <|Z[i1, M2, ooy s 1, J20 oy Sl

By the definition of Zg := Z[iy, iz, ..., iS; j1, j2, ..., j], we have that the last element, say uy,
in Zg must be equal to y[1, j1], Y[2, j2], ..., and y[t, jJ. Thus us = uz = X[1, i1] = X[2, i2] =
= X[s, is]. Therefore Zg - up, which is a string obtained from removing u, from Zg, is a
subsequence of

and a suffix of

Xa[i1 - 1] :=X[1, 1]X[1, 2] ... X[1, i1 - 1],

Xoliz - 1] :=X[2, 1]X[2, 2] ... X[2, i> - 1],

Xs[is - 1] := X[s, 1]X[s, 2] ... X[s, is - 1],
and a suffix of

Yi[j: - 1] :=y[1, 1]y[1, 2] ... y[1, j. - 1],

Ya[j2-1] :=v[2, 1]y[2, 2] ... y[2, j2 - 1],

Yiji- 1] ;= y[t, 1]y[t, 2] ... vIt, j: - 1].
By the definition of Z[i1 - 1,12-1, ..., is- 1; j1 - 1, j2- 1, ..., jt - 1], we have that

|Z[i1, iz, vy is; jl,jz, vy Jt]| -1= |Z[; - U2|
= |Zﬁ| -1< |Z[i1 -1,0-1, ..., 0s-1; j1 -1, jz -1, ..., jt - 1]|
Therefore
|Z[i1, iz, ey is; jl, jz, vy Jt]| = |Z[I1 - l, ir - 1, vy is - l; j1 - l, j2 - l, vy jt - l]| + 1.

Case 2. Z[i1-1,i2-1, ...,is-1;j1-1,j2- 1, ..., j - 1] is empty.
Since uy is a subsequence of

Xa[ia] == x[1, 1]x[1, 2] ... X[1, i4],

Xoliz] == x[2, 1]X[2, 2] ... X[2, i2],

Xs[is] := X[s, 1]x[s, 2] ... XS, is],
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and a suffix of
Ya[ji] :=y[1, 1ly[1, 2] ... [1, jil,
Y2[j2] :=y[2, 1]y[2, 2] ... Y[2, j2I,
Ydjd == vIt, VIt 2] ... yIt, ji.
By the definition of Z[iy, iy, ..., is; j1, j2, ..., ji], we have that
1= |ug| <|Z[ix, B2, ooy Bs; 1, J2, oo JE]I-
Notice that the proofs for
Z[il, iz, ey is; j1, jz, vy jt]l -1< |Z[I1 - 1, ir - 1, veey is - 1; j1 - 1, jz - 1, vy jt - 1]|
in the above Case 1 still hold in this case. We have
0< |Z[i1, i2, ..., Is; jl,jz, ey jt]l -1< |Z[I1 -1,02-1, ..., 05 - 1; j1 -1, jz -1, .., jt - 1]| =0.
Thus
|Z[i1, T2, ..., is; J1, J2, oo Jd| = 1,
|Z[i1-1,02-1,...,is-1;j1-1,J2-1, ..., jt - 1]| = 0.
Therefore
|Z[i1, iz, veny is; jl,jz, vy jt]l = |Z[I1 - 1, ir - 1, vy is - 1; j1 - 1, jz - 1, vy jt - 1]| + 1.
Hence the proof of Claim 2 is complete.

Claim 3. Suppose that vi := y[1, j1] = Y[2, jo] =~ = Y[t, jd. If va #X[1, i1], vi #X[2, i2], ...
and vi £ X[s, is], then
|Z[i1, 12, ..., is; J1, J2, oo Jd| = 12002 - 1, 12 - 1, oy Bs - 15 1, 2y e J-
Proof of Claim 3. Our proof is divided into two cases again.
Case 1. Z[i1-1,i2-1, ..., is- 1; 1, j2, ..., ji] IS not empty.
Notice that Z, := Z[i1-1,i2- 1, ..., is - 1; Ju, J2, ..., Ji] IS @ subsequence of
Xa[i1 - 1] :=X[1, 1IX[1, 2] ... X[1, i1 - 1],
Xoliz - 1] :=X[2, 1]X[2, 2] ... X[2, i> - 1],
Xsis - 1] := X[s, 1]x[s, 2] ... X[s, is - 1],
and a suffix of
Ya[ja] :=y[1, 1]y[1, 2] ... y[1, ja],
Yaljz] :=Y[2, 1]y[2, 2] ... y[2, j2],
Yilid = yIt, 1yt 2] ... yIt, jd.
Then Z, is a subsequence of
Xa[ia] == x[1, 1]x[1, 2] ... X[1, i4],
Xoliz] = X[2, 1]X[2, 2] ... X[2, i2],

Xs[is] := X[s, 1]x[s, 2] ... XS, is],

Yalia] == y[1, 1]y[1, 2] ... y[1, ju],
Yaljo] :=y[2, 1]y[2, 2] ... y[2, j2],
Yiljd] =yt 1ylt 2] ...yt §d
By the definition of Z[iy, iz, ..., is; j1, j2, .., ji], we have that
1Z[i1-1,02-1, .. 0s - 15 ja, Jo, o, Jul = 12 S 1200, B2y ooy s 1y J2, sy B

and a suffix of
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Since Z[i1-1,i2-1, ..., is - 1; j1, jo, ..., Ji] IS not empty, Zs := Z[iy, iz, ..., Is; j1, j2, -y Ji] IS
not empty. Thus the last element, say v, in Zs must be equal to y[1, j1], YI2, j2I. ..., YIL, jil.
Thus vi =v2 = y[1, ji] = Y[2, j2] = -~ = VIt, jil. Since v2 =vi #X[1, i1], V2 =v1 #X[2, i2], ...,
V2= Vi £ X[S, is], we have that Z; is a subsequence of

Xa[i1 - 1] :=X[1, 1]X[1, 2] ... X[1, i1 - 1],

Xoliz - 1] :=X[2, 1]X[2, 2] ... X[2, i2 - 1],

Xslis - 1] := X[s, 1]x[s, 2] ... X[s, is - 1],

Yalia] == y[1, 1]y[1, 2] ... y[1, ju],
Yalia] :=y[2, 1]y[2, 2] ... y[2, j],
Yt = yIt, 1y[t, 2] ... yIt, jdd.
By the definition of Z[i1 - 1, i2- 2, ..., is - 1; j1, j2, ..., ji], we have that
74 [ PYRS  ERN PSSO Y |5 74 | s O PR SR Nl ey R Py 1Y | &

and a suffix of

Therefore
|Z[i1, iz, vy is; j1, jz, vy jt]l = |Z[I1 - 1, i - 1, vy is - 1; jl, jz, veny jt]l
Case 2. Z[iy, iz, ..y Is; J1, J2, -y Ji] IS €MpLy.
Our assertion is that Z[iy, iz, ..., is; j1, j2, ..., ji] must be empty. Suppose, to the contrary,
that Z, := Z[iy, iz, ..., is; j1, J2, ..., ji] i not empty. Then the last element, say vs, in Z, must
be equal to y[1, j1], Y[2, j2], ..., YIt, jil. Thus vi = va = y[1, j1] = Y[2, j2] = -~ = Y[t, ji]. Since
Vs =vi #X[1, i1], va = vi £ X[2, i3], ..., Va = V1 # X[S, is], we have that Z, is a subsequence
of
Xa[i1 - 1] :=X[1, 1IX[1, 2] ... X[1, i1 - 1],
Xoliz - 1] :=X[2, 1]X[2, 2] ... X[2, i> - 1],
X slis - 1] == x[s, 1]x[s, 2] ... X[s, is - 1],
and a suffix of
Ya[ja] :=y[1, 1]y[1, 2] ... y[1, ja],
Y2[j2] :=y[2, 1]y[2, 2] ... Y[2, Jz],
Yilid = yIt, 1yt 2] ... yIt, jd.
By the definition of Z[i1-1,i2-1, ..., is- 1; j1, j2, ..., ji], we have
1< |Z[i1, io, ..., Is; j1, jz, ey jt]l < |Z[i1 -1,02-1, ..., 05~ 1; jl, jz, ey Jt]l =0,
a contradiction. Thus Z[iy, iz, ..., is; J1, j2, ..., ji] IS empty and
|Z[i1, iz, . is; j1, jz, vy jt]l = |Z[I1 - 1, P l, vy is - 1; jl, j2, veey Jt]l =0.
Hence the proof of Claim 3 is complete.

Claim 4. Suppose that w1 := y[1, j1] = Y[2, j2] =~ = VY[t, jJ. Assume that wi is not equal
to exactly r elements in the set L: = {X[1, i1], X[2, i2], ..., X[S, is]}, where 1 <r < (s - 1).
Without loss of generality, we assume ws is not equal to exactly the first r elements in L.
Namely, wi # X[1, i1], Wi # X[2, i2], ..., Wi ZX[r, i}, Wi = X[r + 1, ir+1] = X[r + 2, ir+2] =
=X[s, is]. Then

|Z[i1, iz, ey is; jl,jz, vy Jt]l = |Z[i1 -1, ir - 1, .., ir- 1, ir+1, ir+2, ey is; j1, jz, vy Jt]l
Proof of Claim 4. Our proof is divided into two cases.
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Casel. Z[i1-1,i2-1, ..., 0k -1, ir+1, Ir+2, ..o, Is; J1, J2, .., Jt] 1S NOt €MPpLY.
Notice that Z. := Z[i1 - 1, i2-1, ..., ir = 1, Ir+1, Ir+2, ..., Is; J1, J2, ..., Jt] IS @ Subsequence of
Xa[i1 - 1] :=X[1, 1]X[1, 2] ... X[1, i1 - 1],
Xoliz - 1] :=X[2, 1]X[2, 2] ... X[2, i2 - 1],
Xdir- 1] = x[r, 1]x[r, 2] ... X[r, ir - 1],
Xesa[lrea] =xX[r+ 1, 1X[r+1,2] ... X[r + 1, ir+1],
Xewolir+2] :=X[r+2, 1X[r + 2, 2] ... X[r + 2, ir+2],

Xs[is] := X[s,1 IX[s, 2] ... XS, is],

Yl[!l] =vy[1, 1}yIL, 2] ... y[1, J:l],

Y2[j2] :=y[2, 1]y[2, 2] ... Y[2, j-],

Ydjd ;== yIt, 1y[t, 2] ... vIt, jd.
Then Z. is a subsequence of

Xa[i1] == x[1, 1]x[1, 2] ... X[1, i4],

Xoliz] == X[2, 1]X[2, 2] ... X[2, i2],

and a suffix of

Xs[is] := X[s, 1]x[s, 2] ... XS, is],

Ya[ji] :=y[1, 1ly[L, 2] ... YI1, jil,

Y[j2] :=v[2, 1}y[2, 2] ... Y[2, j2],

Ydjd = yIt, 1y[t, 2] ... vIt, ji.
By the definition of Z[iy, i, ..., is; j1, J2, ..., Ji], we have that

|Z[|1 - 1, iz - 1, veny ir - 1, ir+1, ir+2, vy is; j1,j2, vy J1]| = |Zg| < |Z[i1, iz, . is; jl,jz, veey Jt]l

Since Z[i1-1,i2-1, ..., iv -1, iv+1, br+2, oy s j1, J2u ooy Jo] 18 NOt eMpty, Z,, = Z[iy, iz, ..., is;
j1, J2, -, Ji] is not empty. Thus the last element, say w», in Z, must be equal to y[1, j1], Y[2,
j2], ..., and y[t, ji. Thus wi = ws # X[1, i1], wi = w2 #X[2, i2], ..., w1 = W2 #X]r, i], and w;
=W =X[r+1,ir+1] = X[r + 2, ir+2] = = X[, is]. Therefore Z, is a subsequence of

Xa[i1 - 1] :=X[1, 1IX[1, 2] ... X[1, i1 - 1],

Xo[iz - 1] :=X[2, 1]X[2, 2] ... X[2, i2 - 1],

Xiir - 1] == x[r, 1]x[r, 2] ... X[r, ir - 1],

Xesa[lrea] =xX[r+ 1, AX[r+1,2] ... X[r + 1, ir+1],

Xewollr+2] = X[r+2, 1]X[r +2,2] ... X[r + 2, ir+2],

Xs[is] := X[s, 1]x[s, 2] ... XS, is],

Yalia] :=y[1, 1]y[1, 2] ... y[1, ja],
Ya[iz] :=y[2, 1]yl2, 2] ... y[2, 2],
Yiid = yIt, 1yl 2] ... yIt, jd.
By the definition of Z[i1 -1, 12- 1, ..., ir- 1, ir+ 1, Ir+2, ...y Is; 1, J2, ..., Ji], We have that
|Z[i1, iz, vy is; j1,j2, th]l < |Z[i1 -1, i2 - 1, .., ir- 1, ir+1, ir+2, . is; jl,jz, ,Jt]l

and a suffix of

and a suffix of
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Therefore
|Z[11, T2, «oy s J1, 2y e Jd| = |1Z[11 -1, 02 - 1, ool = 1, Hrw 1y Bre2, oy sy 1, 2, oo Jt]-

Case 2. Z[i1-1,i2-1, ..., it -1, ir+1, ir+2, ooy ds) J1, J2u ..oy Ji] 1S €MPLY.
Our assertion is that Z[is, iz, ..., is; j1, j2, ..., jt] must be empty. Suppose, to the contrary,
that Z, := Z[iy, iz, ..., Is; j1, J2, ..., Jt] 1S not empty. Then the last element, say ws, in Z, must
be equal to y[1, j1], Y[2, j2], ..., VIL, jil. Thus w1 = ws # X[1, i1], Wi = ws # X[2, i2], ..., W1 =
wz £ X[r, if], and wi = wz = X[r + 1, ir+1] = X[r + 2, ir+2] = = X[S, is]. Therefore Z, is a
subsequence of

Xa[i1 - 1] :=X[1, 1]X[1, 2] ... X[1, i1 - 1],

Xoliz - 1] :=X[2, 1]X[2, 2] ... X[2, i> - 1],

Xdir - 1] == x[r, 1Jx[r, 2] ... X[r, ir - 1],

Xesa[lirea] =xX[r+ 1, 1X[r+1,2] ... X[r + 1, ir+1],

Xisoir+2] :=X[r+2, 1]X[r + 2, 2] ... X[r + 2, ir+2],

Xs[is] := X[s, 1]x[s, 2] ... XS, is],

Ya[ji] :=y[1, 1ly[L, 2] ... YI1, jil,
Y2[j2] :=y[2, 1]y[2, 2] ... Y[2, j-],
Ydjd == yIt, 1ylt, 2] ... vIt, jd.
By the definition of Z[i1 - 1,i2-1, ..., ir =1, ir+1, ir+2, ..., Is; J1, J2, ..., Ji], We have that
1< |Z[i1, i2, ..., s j1, jz, ey jt]| < |Z[|1 S TN P AR PRS: N PP PP P jl, jz, . Jt]| =0,
a contradiction. Thus Z[iy, iz, ..., is; J1, j2, ..., ji] IS empty and
| Z[il, iz, vy is; jl, jz, veey Jt]l
= | Z[|1 - 1, iz - 1, ey ir - 1, ir+1, ir+2, . is; j1, jz, . Jt]l =0.
Hence the proof of Claim 4 is complete.

and a suffix of

Remark 1. The general form of Claim 4 is as follows.
Claim 4'. Suppose that wi := Y[1, j1] = Y[2, j2] =, ..., = Y[t, jd]. If w1 # X[n(1), iz )], W1 #
X[1(2), ix2)], ..., W1 # X[7(r), ixm], Where (1), 7(2), ..., 7(r) are integers such that 1< (1) <
n(2) < <n(r)<s,and forany e e {1, 2, ..., s} - {n(1), n(2), ..., n(N}, w1 = X[e, i¢], then
|Z[i1, iz, veny is; jl,jz, ,J1]|
= |Z[i1, veey in(l).l, in(1) - 1, in(1)+1, . in(z).l, in(z) - 1, in(2)+1, . in(r).l, in(r) - 1, in(r)+1, very is;
Judzy o Bl

Remark 2. Suppose that wi = y[1, ji] = YI[2, j2] =~ = Y[t, ji]. We need to follow Claim 2,
Claim 3, and Claim 4 to compute |Z[i1, i2, ..., is; j1, j2, ..., ji]|- The largest number of
formats we can encounter is

C(s5,0)+C(s,1) +C(5,2) + - +C(s,8) =25,
where C(s, a) denotes the number of a-element subsets of a set of size s, where a is an
integer such that 0 <a<s.

Claim 5. Let H = hy h; ... hp be a longest string which is a subsequence of X1, Xz, ..., X,
and a substring of Y1, Yo, ..., Y. Then

33



Rao Li

b = max{|Z[i1, iz, ..., Is; j1, J2, oy J]| :
1<ii<mg,1<ia<my ..., 1<is<m;,
1<ji<n, 1<j2<ny ..., 1<ji<ngd,
where my = [Xy| for each u with 1 <u <sand ny=|Y,| for each vwith 1 <v <t.
Proof of Claim 5. For any iy, io, ..., iswith 1 <ip <mg, L <ix <my, ..., 1 <is<ms, and any
Jid2y e JtWith 1 <ji<ng, 1 <j2<ny, .., 1 <ji<ng, we, from the definition of Z[iy, iy, ...,
is; 1, j2, ... J_il, have that Z[i, iz, ..., is; j1, j2, ..., ji] is @ subsequence of Xi, Xy, ..., Xs, and
a substring of Y41, Y2, ..., Y. By the definition of H, we have that
|Z[i1, i2, ..., s} j1, J2, -y Jdd| < |H| = b.
Thus
max{|Z[i1, iz, ..., is; j1, J2, -y Jil| :
1<iir<mg, 1<i<my ..., 1<is<m;,
1<ji<n, 1<j2<ny..,1<ji<n}<b.
Since H = hy hz ... hy is a longest string which is a subsequence of Xi, Xa, ..., Xs, and a
substring of Y1, Yo, ..., Yn, there exits indices iy, iy, ..., is and indices ji, jo, ..., j: such that
ho = X[1, i1], ho = X[2, i2], ..., ho = X][s, is], and hy, = y[1, ji], ho = Y[2, j2], ..., ho = Y[1, ji].
Thus H = hy hy ... hy is a subsequence of Xi[i1], Xz[i2], ..., Xs[is] and a suffix of Yi[ji],
Y2[j2], .., Yilji]. From the definition of Z[iy, iz, ..., is; j1, j2, ..., ju, we have that
b <|Z[iy, iz, ..., is; j1, j2, -y |
<max {|Z[i1, iz, ..., Is; j1, J2, ey Jil| :
1<ii<mg, 1<i<my .., 1<is<m;
1<ji<ng 1<j2<ny ...,1<ji<nd.
Therefore
b = max {|Z[iy, iz, ..., Is; J1, j2, -y Jd]| -
1<ii<mg, 1<iz<my .., 1<is<m;,
1<ji<ng, 1<jo<ny..,1<ji<ng.
Hence the proof of Claim 5 is complete.

3. An algorithm on the (s, t)-longest common subsequence and substring problem
Based on Claims 1-5 in Section 2, we can design an algorithm for the (s, t)-longest
common subsequence and substring problem. Once again, we assume that X, = X[p,
11x[p, 2] ... X[p, mp], where X[p, a] with p is an integer such that 1 <p <sand 1 <a<m,
are elements in the alphabet ', are s strings, and Y4 = y[q, 1]y[q, 2] ... Y[q, nq], where
y[q, b] with g is an integer such that 1 < g <tand 1 <b < nq are elements in the alphabet
>, are t strings. In the following Algorithm A, W is an (m1 + 1)(mz + 1)-+(ms+ 1)(ny + 1)
(n2+1) ... (n¢+ 1) dimensional array and the cells W(i, i, ..., Is, j1, j2, ..., Jt), where 1 < iy
<m;1<ipa<my, .., 1<is<mgand1<ji<ng, 1<j><ny, ..., 1 <ji<ngstore the lengths
of strings such that each of them satisfies the following conditions.

(1.1) It is a subsequence of Xa[i1] = x[1, 1]x[1, 2] ... X[1, i1].

(1.2) It is a subsequence of X;[iz] = x[2, 1]x[2, 2] ... X[2, _2].

(1.s) It is a subsequence of Xs[is] = X[s, 1]x[s, 2] ... X[s, is].

(2.1) ltis a suffix of Y1[j1] = y[1, 1]y[1, 2] ... Y[1, ji].

(2.2) Itis a suffix of Ya[j2] = y[2, 1]y[2, 2] ... Y[2, j2].

(2.t) Itis a suffix of Y[j:] = y[t, 1]y[t, 2] ... Y[t, jdl.
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(3.1) Under the conditions above, its length is as large as possible.

ALG A(X1, X2, ooy Xm, Y1, Yo, ..., Yo, m, n, W)
1. Initialization:
W(iy, iz, ..., Is, j1, j2, .oy Jt) < 0, where 0 <iz<my, i2=0,i3=0, ..., is=0,

j1=0,j2=0,j3=0, ..., jt =0.

W(il, iz, ey is, jl, jz, ey ]t) ~— 0, where iy = 0,0< i< mo, i3 = o0, .., is = 0,

jlz 0,j2: 0, j3: 0, ---,jt: 0.

W(il, iz, ..., Is, jl, jz, ey ]t) — 0,whereiy=0,i2=0, ...,i52=0, 0<is<ms,

j1=0,j2=0,j3=0, ..., j;=0.

W(i, 2, ooy s, j1 2 oo J1) < O, Where i1 =0, i2=0,i5=0,is=0, ...

0§j1§n1,j2= 0,j3=0, ...,j1=0.

W(il, iz, vy is, jl, jz, veey ]t) “«— O, where iy = 0, i= 0, i3 = 0, iz = 0,

jl:010§j2§n21j3:01 1Jt:0

W(il, iz, vy is, jl, jz, veey ]t) “«— 0, where iy = 0, i = 0, i3 = 0, iz = 0,

j1=0,j2=0,j3=0, ..., 0<ji<n.
maxLength = 0.
lastindexOnY1 = n.

21.for0;—1tom

2.2.

2.8.
3.1
3.2.

3.t

for 0, — 1 tom;

for 6 «— 1 toms
fort;<—1tonm
fort, < 1ton;
for i< 1ton
if y[1, t1], Y[2, t2], ..., Y[t, ©] are not the same
W(el, 92, vy 95, Ty, T2y vuny ’Et) —0

else
Seto:=Vy[1, 1] = V[2, 2] = X][t, ]
if o = Xx[1, 61] = X[2, 62] = = X[s, 05]

W(01, 02, ..., Bs, 11, T2, ..., To) «—

1i5:01

1i5:01

1i5:01

W(el-l, 0,-1.., 0—1, T1—1,T2-1...,’Et-1)+1
else if 6 ZX[1, 01], 0 £X[2, 02], ..., o £X[S, 6],

W(01, 02, ..., B, T1, T2, ..., T0) «—
W(0:-1,0,-1...,0s—1, 11, 12, ..., Tt)

else o #X[n(1), ix ], 0 #X[n(2), ix2], ..., ©

+

X[(r), ix ], Where 1 <m(1) < m(2) < -~ < n(r) <,
1<r<(s—1),andforanyee{l, 2, ..,s}-{n(1),

n(2), ..., n(r)}, o = X[e, O¢],
W(el, 92, . es, T1y T2y weey Tt) «—

W1, ..., Ozy-1, Oxy - 1, Oxcy + 1, +ry Oz -1, Oz - 1,
022 + 1, oy O -1, O - 1, Ony + 1, .oy 0S5 T1, T2, ooy T)
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if W(64, 62, ..., 05, T1, T2, ..., ) > maxLength
maxLength = W(64, 0, ..., 6, 11, T2, ..., T)
lastindexOnY1 =1,
4. return A substring Y1 between (lastindexOnY1 - maxLength) and lastindexOnY1.

Because of Claims 1-5 in Section 2, we have that Algorithm A is correct. We also have
the following result on the time and space complexities of Algorithm A.

Theorem 1. Both the time complexity and the space complexity of Algorithm A are
O(my mz Mg Ny Nz - nN) = O(M+Y),
where M = max{mj, my, ..., ms, N1, Ny, ..., Ni}.

4. Conclusion

In this paper, we introduce the longest common subsequence and substring problem for
multiple strings. We propose an algorithm to solve the problem. In the future, we will
design new algorithms to improve the time and space complexities of our algorithm and
find the applications of our algorithm in the real world.
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