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Abstract. Let > be an alphabet. For two strings X, Y, and a constrained string P over the
alphabet ’, the constrained longest common substring problem for two strings X and Y
with respect to P is to find a longest string Z which is a substring of both X and Y and has
P as a subsequence. In this paper, we propose an algorithm for the constrained longest
common substring problem for two strings with a constrained string.
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1. Introduction

Let > be an alphabet and S a string over . The size of S, denoted |S], is defined as the
number of letters in S. A subsequence of a string S over an alphabet > is obtained by
deleting zero or more letters of S. A substring of a string S is a subsequence of S consists
of consecutive letters in S. The longest common subsequence (LCSSeq) problem for two
strings is to find a longest string which is a subsequence of both strings. The longest
common substring (LCSStr) problem for two strings is to find a longest string which is a
substring of both strings. Both the longest common subsequence problem and the longest
common substring problem have been well-studied in the last several decades. More details
on the studies for the first problem can be found in [1-4,6,9-11,14-15] and the second
problem can be found in [7-8,17].

Tsai [16] extended LCSSeq problem to the constrained longest common
subsequence (CLCSSeq) problem. For two strings X, Y, and a constrained string P, the
constrained longest common subsequence problem for X and Y with respect to P is to find
a string Z such that Z is a longest common subsequence for both X and Y and P is a
subsequence of Z. Clearly, the LCSSeq problem is a special CLCSSeq problem with an
empty constrained string.
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Motivated by Tsai's extension of LCSSeq problem to CLCSSeq problem, we
introduce the constrained longest common substring problem for two strings and a
constrained string in this paper. For two strings X and Y and a constrained string P, the
constrained longest common substring (CLCSStr) problem for X and Y with respect to P
is to find a string Z such that Z is a longest common string of both X and Y and has P as a
subsequence. Clearly, the LCSStr problem is a special CLCSStr problem with an empty
constrained string. The other related problems and the research on them can be found in
[12] and [13]. In this paper, we, using some ideas in [5], design an O(|X| |Y| |P[) time
algorithm for CLCSSStr problem for two strings X and Y and a constrained string P.

2. The recursions in the algorithm
In order to present our algorithm, we need to establish some recursions to be used in our
algorithm. Before establishing the recursions, we need some notations as follows. For a
given string S = 518> ... Sy over an alphabet Y . The ith prefix of S is defined as Si = 515 ... S;,
where 1 <i <. Conventionally, Sq is defined as an empty string. The | suffixes of S are the
strings of s1S; ... Si, $253 ... SI, ..., S1-181, and s, Let X = X1X2 ... Xmand Y = y1ys7 ... ¥n be two
strings and P = p1p2 ... pr a constrained string. We define Z[i, j, k] as a string satisfying the
following conditions, where 1 <i<m,1<j<n,and 1<k<r,

(1) itis a suffix of X;,

(2) it is a suffix of Yj,

(3) it has Py as a subsequence,

(4) under (1), (2) and (3), its length is as large as possible.

Claim 1. Let U = us®u2® ... un «$ be a longest string which is a substring of both X and Y
and has Py as a subsequence. Then h_k = max{|Z[i, j, K]| : 1 <i<m, 1<j<n}, where kis
fixed such that 0 <k <r.

Proof of Claim 1. For each i with 1 <i<m, each j with 1 <j <n, and a fixed k with 0 <k
<r, we, from the definition of Z[i, j, k], have that Z[i, j, k] is a substring of both X and Y
and has Py as a subsequence. By the definition of U¥, we have that |Z[i, j, K]| < |U = h_k.
Thus max{|Z[i, j, k]| : 1 <i<m,1<j<n,1<k<r}<h_k, wherekis fixed such that 0 <
k <r.

For a fixed k with 0 <k <r, since U = u;"u,* ... un «¥ is a (longest) string which is
a substring of both X and Y and has Py as a subsequence, there is an index s, where 1 <s <
m, and an index t, where 1 <t < n, such that un & = Xs and un kK= y: such that U* = u;* u*
... Un_¥ is a suffix of both X and Y and has Py as a subsequence. From the definition of
Z[i, j, k], we have that h_k <|Z][s, t, K]| < max{|Z[i, j, K]| : 1< i<m, 1 <j<n}, where k is
fixed such that 0 <k <r.

Hence h_k = max{|Z[i, j, k]| : 1 <i<m, 1<j<n}, where k is fixed such that 0 <
k <, and the proof of Claim 1 is completed.

Claim 2. Suppose that X; = X1X2 ... Xi, Yj = Y12 ... ¥j, and P = p1pz ... px, Wwhere 1 <i<m, 1
<j<nand 1 <k<r. If Z[i, j, K] = z12» ... za is a string satisfying conditions (1), (2), (3),
and (4) above. Then we have only the following possible cases and the statement in each
case is true.
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Case 1. x; = yj = px. We have that |Z[i, j, K]| = |Z[1 - 1, ] - 1, k - 1]| + 1 in this case.

Case 2. xi = Yj # p«. We have that |Z[i, j, K]| = |Z[i - 1, j - 1, K]| + 1 in this case.
Case 3. X # Vi, Xi# P, and y;j = px. This case cannot happen.
Case 4. Xi £ Yj , Xi # Pk, and y; # pk. This case cannot happen.
Case 5. X # Vj, Xi = pk, and y;j # pk. This case cannot happen.

Proof of Claim 2. The five cases can be figured out in the following way. Firstly, we have
two cases of Xx_j=y_jorx_i#Yy_j. When x_j=Yy_j, we just can have two possible subcases
of Xi = yj = px Or X; = y; # px. When Xi #yj, we just can have three possible subcases of x_;
# pand y;j = px, Xi # P and y;j # pk, or Xi = px and y; # px. Next, we will prove the statements
in the five cases.

Case 1. Since Z[i, j, K] = z1z> ... za is a suffix of both X; and Yj, we have that z, = y; = xj =
Pr. Let W =wiw, ... wp = Z[i - 1, j - 1, k - 1] be a string satisfying the following conditions,

- itis a suffix of X;_1,

- it is a suffix of Yj.1,

- it has Pk-1 as a subsequence,

- under three conditions above, its length is as large as possible.
Note that z1z> ... za-1 is a string which is a suffix of both X;.1 and Y;j.1 and has Px.1 as a
subsequence. By the definition of W = wiw; ... wp, we have thata - 1 <b. Namely,a<b +
1.

Note that wiws ... Wz, is a string satisfying following conditions,

- it is a suffix of X;,

- it is a suffix of Yj,

- it has Py as a subsequence.
By the definition of Z[i, j, K] = 212> ... za, we have thatb + 1 <a. Thusa=b + 1 and |Z]i, j,
Kll=|Z[i-1,j-1,k-1]| + 1.

Case 2. Since Z[i, j, kK] = z1z> ... za is a suffix of both X; and Y;, we have that z. = yj = xi #
pk. Let U =uiuz ... uc = Z[i - 1, j - 1, k] be a string satisfying the following conditions,
- itis a suffix of Xi.1,
- itis a suffix of Yj.1,
- it has Py as a subsequence,
- under three conditions above, its length is as large as possible.
Note that z1z; ... z,-1 is a string which is a suffix of both X;.1 and Yj.1 and has Px
as a subsequence. By the definition of U = uiu ... uc = Z[i - 1, j - 1, k], we have thata - 1
<c.Namely,a<c+ 1.
Note that usU> ... Uc is a string satisfying the following conditions,
- itis a suffix of Xi.1,
- itis a suffix of Yj.1,
- it has Py as a subsequence.
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Thus uauz ... ucy;j is a string which is a suffix of both X; and Y;j and has Pk as a subsequence.
By the definition of Z[i, j, K] = z1z> ... z,, we have thatc + 1 <a. Thusa=c + 1 and |Z[i, j,
KlIl=1|Z[i-1,j-1, k]| +1.

Case 3. By the definition of Z[i, j, k], we have z, = x; and z. = y;. So, this case cannot
happen since xi# y;.

Case 4. By the definition of Z[i, j, k], we have z, = x; and z. = y;. So, this case cannot
happen since Xxi # V;.

Case 5. By the definition of Z[i, j, k], we have z, = x; and z. = y;. So, this case cannot
happen since Xxi # V;.

Therefore, the proof of Claim 2 is completed.

The following Claim 3 which will be used in our algorithm demonstrates the
implications of the conditions that there is not a string which is a suffix of both X; = x1 X2
LXiand Yj=y1 Y2 ... yjand has P = pip2 ... pk as a subsequence.

Claim 3. Suppose there is not a string which is a suffix of both X; = XX ... Xxiand Yj =y
Y2 ... yjand has Pk = pip2 ... p« as a subsequence.

[1]. If xi = yj = px, then there is not a string which is a suffix of both Xi.1 = Xi1Xz ... Xi-1 and
Yj-1=Y1y2 ... Yj-1and has Px-1 = p1p2 ... Pk-1 as a subsequence.

[2]. If xi = y; # px, then there is not a string which is a suffix of both Xi.1 = X1 X2 ... Xj-1 and
Yj-1=Y1Y2...yj-1and has Px = p1 p2 ... px as a subsequence.

Proof of Claim 3. We next will prove the statements in the two cases.
[1]. Now we have that X; = y; = px. Suppose, to the contrary, that there is a string W1 which
is a suffix of both Xi.1 =X1X2 ... Xi-1and Yj-1=y1 ¥ ... yj-1and has Px.1 = p1 p2 ... Pk-1 @S
a subsequence. Then Wix; is a string which is a suffix of both X; = x1Xz ... Xi and Y; = y1y-
... yjand has Pk = p1p2 ...p« as a subsequence, a contradiction.
[2]. Now we have that x; = y; # pk. Suppose, to the contrary, that there is a string W, which
is a suffix of both Xi.1 = XXz ... Xj-1and Yj-.1 = y1y> ... yj-1 and has Px = pip2 ... px as a
subsequence. Then W-x; is a string which is a suffix of both X;i= x1x2 ... Xjand Yj = y1y- ...
yj and has Pi = p1 p2 ... pkas a subsequence, a contradiction.

Therefore, the proof of Claim 3 is completed.

3. The algorithm
Now we can present our algorithm. We assume that X = X1X2 ... Xm, Y = Y1y2 ... Yo, and P =
p1p2 ... pr. Let M be a three-dimensional array of size (m + 1)(n + 1)(r + 1). It can be thought
as a collection of (r + 1) two-dimensional arrays of size (m + 1)(n + 1). The cells M[i][j][K],
where 0 <i<m, 0<j<n,and 0 <k <r, store the lengths of longest strings such that each
of them is a suffix of both X; and Y; and has P as a subsequence.

If either i <k or j <k, there is not a string which is a suffix of both X; and Y;j and
has Px as a subsequence. This situation is represented by setting M[i][j1[k] = -oc, where o
should be a larger number, for example, 100mnr. Now we can fill in the boundary cells in
array M.
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Stepl.Ifi=0and k=0o0rj=0andk =0, the length of a string which is a suffix of both
Xi and Yj and has Py as a subsequence is zero. Thus M[0][j][0] = 0, where 0 <j <n, and
M[i][0][0] = O, where 0 <i<m.

Step 2. If k=0 or P is an empty string. The CLCSStr problem for two strings X and Y and
a constrained string P becomes the LCSStr problem for two strings X and Y. The cells of
MIi][j][0], where 1 <i<mand 1 <j <n, can be filled in by the following rules. If x; = yj,
then M[Ii][j][0] = M[i - 1] - 1] + 1. If xi #Y;, then M[i][j][O] = O. The reasons that the rules
work here can be found in [18].

Step 3. If i = 0 and k > 1, there is not a string which is a suffix of both X; and Yj and has
P« as a subsequence. Thus M[O][j][k] = -oo, where0<j<nand 1 <k<r.

Step 4. If j = 0 and k > 1, there is not a string which is a suffix of both X; and Y;j and has
P« as a subsequence. Thus M[i][0][k] = -oo, where 0<i<mand 1 <k <r.
Next, we will fill in the remaining cells M[i][j][K], where i >1,j>1,and k> 1.

Step 5. Ifi>1,j>1,k>1,and x; = y; = px, then Mi][jI[k] = M[i - 11[j - 1][k - 1] + 1.
Step 6. Ifi>1,j>1,k>1,and xi=y; # px, then M[iI[I[K] = M[i - 11[j - 1][K] + 1.

Step 7. For all the other cases, M[i][j][K] = -oo.

Notice that Claim 1 implies that if a longest string which is a suffix of both X =
Xmand Y =Y, and has P = P, as a subsequence exists then its length is equal to max{ |Z[i,
hr:1<i< m 1<j<n}=max{M[i][jl[r] : 1 <i<m, 1<j<n}. Hence, alongest string
which is a substring of both X and Y and has P as a subsequence can be found in the
following way.

Step 8. Define one variable called maxLength which eventually represents the length of a
longest string which is a substring of both X and Y and has P as a subsequence and its
initial value is 0.

Step 9. Define another variable called lastindexOnY which eventually represents the last
index of the desired string which is a substring of Y and its initial value is n.

Step 10. Visit all the cells of M[i][j][r], where 0 <i<mand 0 <j <n, in the last two
dimensional array created in the algorithm above by using a loop embedded another loop.
During the visitation, if M[i][j][r] > maxLength, then update maxLength and lastindexOnY
as M[i][j]1[r] and j, respectively.

Step 11. After finishing the visitation of all the cells of M[i][j][r], where 0 <i<mand 0
< j < n, we return the substring of Y between (lastindexOnY - maxLength) and
lastindexOnY.

The correctness of the above algorithm is ensured by Claim 1, Claim 2, and Claim
3. It is clear that both time complexity and space complexity of the above algorithm are
O((m + 1)(n + 1)(r + 1)) = O(m n r). We implemented our algorithm in Java and the
program can be found at
“https://sciences.usca.edu/math/~mathdept/rli/CLCSubStr/CLCSStr.pdf”.
4. Conclusion
In this paper, we introduce a new problem called the constrained longest common substring
problem for two strings X and Y and a constrained string P. We propose an algorithm with
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time complexity and space complexity of O(JX||Y||P|) to solve the problem. In future, we
will design new algorithms to improve the time and space complexities and find the
applications of our algorithm in the real world.
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