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Abstract. For anya positive integers of the Diophantine Equatadr (3a+4) = Z where
a= 15 (mod 48) there are only two infinite solutiqwsy, 2) = (1, 0, &+1)*%) wherea =
(12 +4Y-1 and &, Y, 2 = (1, 1, (4+4)"?) wherea = (12 +4)>-1 with x, y andz are non-
negative integers. In addition, at the point (xz¥B, 2)has non-negative integer solutions
and our answers are also applicable to the FiboaadcLucas numbers.
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1. Introduction
A Diophantine equation is an equation that involvesy unknown variables and seeks to
find integer solutions. Most mathematicians havadisid the renowned Diophantine

equation in the given form* +b’ =z when a and b are positive integers, have been
researchedrefer to, as an example [3, 5, 6, 8, 9, 11, 13).1844, Catalan [1] The

Diophantine equatio®* —b* =1 has(a,b,x,y)=(3,2,2,3 is the unique solution
for min{a,b,x,y} >1 where a,x,y,z are positive integers. In 2017, Priya and
Vidhyalakshmi [2], studied that on the Non-Homogeue Ternary Quadratic Equation
2(X2 + yz) - 3xy +(x+y)+ 1= z* has non-zero distinct integer solutions four défe
sets and interesting relations between the solatiomd special polygonal numbers. In
2022, Pakapongpun and Chattea [4] proved that(a+2)’ =2* where

a=3(mod2Q anda€eN has solution for(x,y,z):(l,o,\/a+ where

a:((lok— 2)2 —]) andk € Z. In 2024, Hashim [10] studied the all solutionstiod

equation in the Fibonacci and Lucas Numbers whieeeindicesi, j ,k which are
positive integers are defined by the following; =0, F, =1, F =F_,+F_, and
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L=2,L,=1,L,=L,+L,, for n=2 of the Diophantine equati¢h* + 2’ = z>.
Moreover, In 2024, Tadee [12] showed that the Déoyiime equationp® + g = z*> when
p =3 such that(x,y,z) =(F;,L,,Lg) is the unique solution. Inspiration in this paper,
focused on finding all solutions of the Diophantaguationa* +(3a+ 4)y = 7* where

a 515( mod 48) for alla € N when X, yand z are non-negative integers.

2. Some mathematical tools
(Catalan’s Conjecturg)l] The unique solution for the Diophantine equat@’ —b” =1
wherea, b, x,y € Z* with min{a,b,x,y} > 1is (3,2,2,3.

Lemma 2.1 [7]If X is an integer, thex? =0mod4or x> =1mod 4.

Lemma 2.21f the Diophantine equationa* +(3a+ 4)y = 7* where X, yand z are
non-negative integers ande N has unique solution at poirf¥, y) =(3,2) when
a=15(mod4§ then(x,y,z,a)=(3,2,76,15.

Proof Suppose thaa* +(3a+4)" =2* ;x,y,z € Z* U {0}, let x=3 and y =2 .

We get a°+9a2 + 24a + 16= 72 such that/a® +9a’ + 24a + 16=z.
Sincea =15( mod 4§ thus a = 48 m + 15;m € Z* U {0}. Let m=0 thena=15. It

implies thatz = 76. Therefore,(X, y,z,a) =(3,2,76,15.

3. Option pricing

Theorem 2.3For all a is a positive integer of the Diophantine equation
a*+(3a+4)" = 2> wherea=15(mod 4§ and x,y z are non-negative integers has

exactly two non-negative integer infinite solutiare as follows.
1. Xx=1 and y =0 have non-negative integer infinite solutions

(xy.2) =(1,04/a+ 1) wherea=(121+ 4"~ 1

2. X=1 and y =1 have non-negative integer infinite solutions

(x,y,z)= (1,1,\/4a—+19 wherea = (12t + 4)2 -1.

In addition,at the point(X, y) =(3,2) has non-negative integer solutions

Proof Letx,y,z € Z* U {0}and a* +(3a+4)’ = 2*

Case 1:let x=0 and y =0 obviously, has no solution becausg = 2 is impossible.

Case 2:let x>1 and y=0, we obtain the Diophantine equati@ —a* =1 has no
non-negative integer solution by Catalan’s Conjextu
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Case 3:let x=0 and y =1, we obtain the Diophantine equatigh= 3a + 5;a €
N.Since a=15mod4$ and 4|48, we get a=15(mod4, we have

3a+5=50 modJ. It implies thatz’ = 2(mod 4. By Lemma 2.1, which contradicts.

Case 4:let x=0 and y>1, we obtain the Diophantine equatiafi—(3a+4)’ =1
have no non-negative integer solution by Catal@usjecture.
Case 5:let x=1 and y =0 becomes = va + 1;a € N. Since a=15( mod 4§ and

a=48m+15. It implies thatz=4/3m+1, considerk?=3m+1 such that
k*=1(modJ. It implies that3|(k—1) or 3|(k+1). Consider3|(k-1) becomes
m =3t} +2t;;t; € Z* U{0}. Thereforea=(12, + 4)2—1. Consider3]|(k+1)
becomesn = 3 t? — 2t,;t, € Z* U {0}. Therefore,a=(12t, - 4)2 -1

Case 6:Let x=1 and y =1 becomes = 2Va+ L;a € N.Since a=15(mod 4§
and a=48m+15. It implies thatm Considerk?®=3m+1 such that
k*=1(mod3. Itimplies that3|(k—1) or 3|(k+1). Consider3|(k - 1) becomes. It
implies thatm = 3 t2 + 2t,;t; € Z* U {0}. Thereforea= (12, + 4’ - 1. Consider
3|(k+1) becomesn = 3 t? — 2¢;t; € Z* U {0}. It implies thata = (12t, + 4)2 -1
Case7:x=1landy=1,

Subcase 7.1Let x=1 and Yy >1, consider y is even number such that= 2k; k €
Z*.

It implies that [(3a+ 4)k -{Z(Sa;aful)kﬂ —(ﬁj =7

SinceLk is rational number which contradicts.
2(3a+4)

Consider y is odd number such that= 2k + 1; k € Z*.

It implies that (3a + 4)[ﬁ+ (3a + 4)”} = z2

Since is rational number which contradicts.

Subcase 7.2et x>1 andy =1
Consider y is even number such that= 2k; k € Z*.

2 2
It implies that(a)2k +3a+4=7 then(ak +%j —(%} +4= 72
a
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, 3 , ,
SmceF is rational number which contradicts.
a

Consider y is odd number such that = 2k + 1; k € Z*.

2k+1

It implies that(a)™  +3a+4=2* then a[a2k +3+£} = 72

a

) 4 . ) )
Since — is rational number which contradicts.
a

Subcase 7.3let x>1 andy>1
Let (x,y)=(3,2), by lemma 2.2, thereforex, y,z,a) =(3,2,76,15.

Corollary 2.4. The Diophantine equatior* +(3a+ 4)” = z* wherea =15( mod 4§
when a is a positive integer anfl, y) =(1,0) has a unique

(x,y,z,a,t)=(1, 0, 4,15, Y for all x, yand z are non-negative integers
Proof: Suppose thak, yand z are non-negative integeaiad a is a positive integer.

By theorem 2.3.5(X, y, z) = (1,0,\/a+ wherea = (12t + 4)2 -1 t ezt u{o}

Lett =0 thena=15. Sincez=va+1=+15+1= \/TGZ £, Therefore,
(x,y,z,at)=(10,4,159

Corollary 2.5. The Diophantine equatiora* +(3a+ 4)” = z* wherea =15( mod 4§
when a is a positive integer anglx, y) = (1,1 has a unique

(x,y,z,a,t)=(11, 8,15, P forall x,yand z are non-negative integers
Proof: Suppose thak, yand z are non-negative integeasd a is a positive integer.

By theorem 2.3.6(X, Y, z) = (1,1,\/ &+ 19 wherea = (12t + 4)2 -1t ez u{o}.

Let t =0 thena=15. Sincez=+4a+4 = \/( 4) 15+ 4=+/ 64= ¢ Therefore,
(xy,z,at)=(118,150

4. Conclusion and discussion

For all X, yand z are non-negative integers aadis a positive integer at the point
(%) D{(l, 0 ,(13( 3 2} of the Diophantine equatio@* +(3a+4)” = z* where
a=15( mod 4§ have only five suitable the written solutionsfie t Fibonacci and
Lucas numbers  as follow§x, y,z) =(1,0,4 =(L, F, L,).

(09.2) =(10=(L F, ). (x%.2)=(10.78= (L F, L),
(xy,2)=(11,9=(L L, F;)and(xy.,2)=(3,2,7§=(L, L, Lo)-
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Moreover, we found thafx, y) =(3,2), between 1 tao have all solutions are given

table below.

a* +(3a+ 4)y =2 Solution of equation
(15) +(49" =22 (xv,2)=(3,2,79
(63 +(193" =7 (xy,2)=(3,2, 53§
(255 +(769" = 2 (xy.2)=(3,2, 4,143
(399)" +(1,20)" =22 (xy.2)=(3,2, 8,060
(783" +(2,353" = Z* (x,y,2)=(3,2, 22,03}
(1,023 +(3,07} =7 (xy.z)=(3,2, 32,86%
(1,599" +( 4,808 =22 (xy.2)=(3,2, 64,12)
(1,939 +( 5,809 = 2* (xy.2)=(3,2, 85,31%
(2,703" +( 8,113 =2 (xy.2)=(3,2, 140,76%
(3,139" +( 9,409 = 22 (xy,2)=(3,2, 175,78%
(4,099 +(12,28Y =7 (xy,2)=(3,2, 262,33p
(4,629 +(13,87F =2 (xy,2)=(3,2, 314,63p
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