Journal of Mathematics and | nformatics
Vol. 23, 2022, 7-21 Journal of
I SSN: 2349-0632 (P), 2349-0640 (online)

Published 14 November 2022 Mathematics and

WWW.researchmathsci.org H
DOI: http://dx.doi.org/10.22457/jmi.v23a02210 I nform a t I cs

Analytical Investigation of Third-Order Time-Fractional
Dispersive Partial Differential Equations Using
Sumudu Transform Iterative Method
R.K.Bairwa'", Priyanka’ and Sanjeev Tyagi®

L?Department of Mathematics, University of Rajasthan
Jaipur - 302004, Rajasthan, India.
’Email: pkjakhar17@gmail.com
*Department of Mathematics, Government College
Thanagazi- 301022, Rajasthan, India. Ensitagi.jpr.2013@gmail.com
"Corresponding authotEmail: dr.rajendra.maths@gmail.com

Received 4 October 2022; accepted 12 November 2022

Abstract. This paper investigates the approximate analysohltions of third-order time-
fractional dispersive partial differential equatoim one-and higher-dimensional spaces
by employing a newly developed analytical methde Sumudu transform iterative
method. To express fractional derivatives, the @apperator is used. Furthermore, the
results of this investigation are graphically reygmreted, and the solution graphs reveal
that the approximate solutions are closely congeittehe exact solutions.
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1. Introduction

Fractional calculus is a discipline that has semmesexciting progress in recent years.
Differential equations with fractional order detivas are used to model a wide range of
systems, with significant applications in the feeldf viscoelasticity, electrode-electrolyte
polarization, heat conduction, electromagnetic wadiffusion equations, etbue to its
wide range of applications, researchers have rgcéatused a lot of emphasis on the
exact andchpproximatesolutions of fractional differential equations.drder to solve the
fractional order differential equations, a numbdr different approaches have been
developed. Various analytical and numerical methbdse been proposed for the
solutions of linear and nonlinear fractional pdrifferential equations, such as the
Adomian decomposition method (ADM) [25], the Lamaé&domian decomposition
method (LADM) [4,13,20], the iterative Laplace tsform method (ILTM) [5,21,22], the
Homotopy analysis Sumudu transform method (HASTM)6],[ the homotopy
perturbation transform method (HPTM) [14e fractional differential transform method
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(FDTM) [1], the modified fractional differential ansform method (MFDTM)[12]the
fractional variational iteration method (FVIM) [1%nd so on.

In 1993, Watugala suggested the Sumudu transfortimothéSTM) [24] to address
engineering problems. Weerakoon [26] utilized tmsthod to solve partial differential
equations. The inverse formula of this transforns Veder discovered by Weerakoon [22].
The Sumudu transform method was employed by Denaray. [11] to discover exact
solutions to fractional differential equations. Retty, Wang and Liu developed the
Sumudu transform iterative method (STIM) [23] bymtmning the Sumudu transform
with an iterative technique to find approximate lgigal solutions to time-fractional
Cauchy reactions-diffusion equations. The Sumudnsform iterative method was used
to successfully solve fractional Fokker-Planck eiques [2], generalized fractional
biological population models [3], solving fractidndiffusion equations [6], fractional
Schrédinger equations [7], etc.

In the present study, we will investigate thedwling third-order time-fractional
dispersive partial differential equations with difént dimensions:

0] The one-dimensional third-order time-fractional pdissive partial differential
equation of the form, is given by [20]

a 3
07u(x,t) +a6u(x,t) N o u(x,t)
o’ ox ox°®
u(x,0)=f(x), (2

whereg, (X,t)is a source term.

(i) The two-dimensional third-order time-fractionalkpiérsive partial differential
equation of the form, is given by [20]

=g,(xt),0<a<l,a>0t>0 1)

0u(x yit) , Ou(xy.t) LU YL)_
C +d - X; 1t ’
o’ ox° o ey 3)

O<a<l1lc>0d>0t> 0,

u(x,y,0)=g(x.y), (4)
whereg, (X, y,t)is a source term.

The main objective of this work is the expansiofigh® Sumudu transform iterative
technigue (STIM) to create an approximate analytizdution for third-order time-
fractional dispersive partial differential equasonith initial conditions in one-and-
higher dimensions.

2. Basic definitions of fractional calculus and Sumud transform theory
In this section, we give some basic definitionstations, and properties of fractional
calculus and Sumudu transform theory that will bedulater in this paper.

Definition 1. The fractional derivative ofi(X,t) in the Caputo sense is defined as [15, 17]
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aau(x,t)
ot? I’(m

j (t=7)" ™ (x,7)dn,

m-1<a<mmiN,
Definition 2. The Sumudu transform is defined over the set oftfans

(®)

{f(t)|DM,pl>0,p2> 0, |f ()|<Me%' if t0 ¢ Bx| om)}
by the following formula [8, 24]

S[f(0)] =F(a) =Te't f(wt) dt, w(-p, p,). (6)
Definition 3. The Sumudu transform of the Caputo fractional @ is defined as [11, 23]

where u™ (X,0) is the k-order derivative dfi (x,t) with respect ta att = 0.
3. Basic idea of Sumudu transform iterative method

In order to illustrate the key concept of this noeth[23], we consider the general
fractional partial differential equation with irdticonditions of the type

aagf)(t)+Ru(xt)+Nu(xt) g(x,t),m-1<a<m,mON, (8)
M (x,0)=h (x), k=0,1,2,.m- 1 )
07u(x,t)

where is the Caputo fractional derivative of order m—1<a<mmlN,

defined by equation (SR is a linear operator and may include other fraetiaterivatives
of order less thamr , N is a non-linear operator which may include otfractional

derivatives of order less than and g (x,t) is a known function.
Applying the Sumudu transform on both sides ofatignm (8), we have

8[%} + SR (1) + Nu( )] = S o(x D] (10)
By using the equation (7), we get

S[u(x ] = 3 wu(x0) + & Sa(x 0] - SRUX Y +NUX ). (1)
On taking inverse Sklj?nudu transform on equatiol, (& have

u(x,t)=S™ {aﬁ (f w*ul (x,0)+ 9[g (x,t)]ﬂ

~S™[ af S[Ru(x t) + Nu(x, )] ].

(12)

9
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Furthermore, we apply the iterative method propdse®aftardar-Gejji and Jafari [10],
which represents a solution in an infinite seriesamponents as

u(x,t) = iui (x,t). (13)
As Ris alinear (IJ_;(JJerator, so we have
R(Zui (x,t)j =2 Rlu(x1)], (14)
and thel_r(ion—linear o;grator N is decomposed asvsl|

Substituting the results given by equations froB) tb (15) in the equation (12), we get

i u(x,t)=S" {af’ (mj w  *u™(x,0)+ S[g (x,t)]ﬂ

_S‘l[af’s[g R[u (x,H)] + N[u, (x.1)] +Z{N []Z(;uj (x,t)J ~N [le;)u] (x,t))H] .

(16)
We have formulated the recurrence relations as

Uy (x,t) = S‘{af’ (fa)“”ku(k) (x,0)+S(g (x.t ))ﬂ

U (x,1) = =S & S R(Uy (x,1)) + N (Uy (x,1)) ]|

Upeg (X, 1) = —S—{wﬂslzR(um(x,t)) —{N {Zm: U, (x,t)] -N [fuj (x,t)j}ﬂ ,m=>1

17)
Therefore, the approximate analytical solution éguations (8) and (9) in truncated
series form is determined by

u(x,t) D,Lim ium(x,t). (18)
% m=0

In general, the solutions in the preceding serigskty converge. The classical approach
to the convergence of this type of series was pexviby Bhalekar and Daftardar-Gejji
[9] and Daftardar-Gejji and Jafari [10].

4. Solution of third-order time-fractional dispersive partial differential equations

In this part, the reliable method described absvesed to solve homogenous and non-
homogenous third-order time-fractional dispersivartipl differential equations with
initial conditions in one and higher-dimensionahcgs.

10
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Example 1. Consider the following homogenotisird-order time-fractionablispersive
partial differential equation in one dimensionahsp[16,19,20]

27u(x,1) N 26u(x,t) N %u(x,t) _

=0, 0<a<1t>0 (29)
ot 0x 0X

with the initial condition

u(x,0) = sinx . (20)
Taking the Sumudu transform of the above equati9, fve have

a 3
S 07u(x,t) __g 2au(x,t)_lra u(>;,t) ' 12
ot? 0X 0X
By using equation (7), we have
3
S[u(x,t)] =u(x, 0)—0.)”8{ 20Ukt | 0 u();’t)) (22)
16)4 oX
Applying inverse Sumudu transform to the equatz2) (we obtain
3
u(x,t)=S*[u(x,0)] - S‘l[af’s( Zauéx’t) N lg();’t)n , (23)
X X

Substituting the results from equations (13) to) (h5the equation (23) and making use
of the result given by the equation (17), we deteenthe components of the STIM
solution as follows

Up(X,t) = S'l[U(X, O)] = sinx, (24)
u(x,t)= —S_l[af’S(Z% +a_u30D = — COSX ta | 5
ox 0X M(a+1)
U, (x,t) = —S‘l(af’s(2a(u° ) 9 (uoju’)J}S‘l(af’S( 2%+6_US<JD
0x 0X X ox
=-— |nX—Za , (26)
(2a+1)
ox ox
+ S—l(afs(za(uo tu) 0°(u, + ul)n
ox ox®
= cosx—a , 27)
M3a+1)

and so on. The remaining components may be obtaingtarly.

11
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Thus, the series-form approximate analytical sotutian be obtained as

u(xt)= ,Li[QOZN:Ur(X’ t) = Uy (X, 1) + U (X, t) + U, (X,t) + U (X,t)+ ...

2a t40’
=sinx| 1- + - ..
MNaa+1) I(a+1)
(28)
[ ta t30’ t5a j
—COSX

fa+D) T@+D) r@+n

The same result was obtained by Pandey and Mi¢bjauging HASTM, Shalet al. [20]
using LADM, Ravi Kanth and Aruna [19] using FDTMdAMFDTM.
If we puta =1,in equation (28), we have

u(x,t) =sin(x—t).

(29)
This result was earlier achieved by Wazwaz [25gighe ADM approach.

(b)

Figure 1. The surface shows the solutioix,t) for Example 1(a) The exact solution
(b) The approximate solution at =1.
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Example 2. Consider the following homogenotisird-order time-fractionablispersive
partial differential equation in two-dimensionabsp [20]

97u(x, y,t) N 6‘°’u(x,y,t)+ ux,yt)_

3 3 =0, O<a<1t>0, (30)
ot? 0X oy

with the initial condition

u(x,y,0)=cosk+y) (31)
Taking the Sumudu transform of the above equaBo), fve have

a 3 3
S 07u(x, y,t) __s d u(x,sy,t)+a u(x,gy,t) . (32)
ot” 0X oy
By using equation (7), we have
3
S[u(x y.t)] =u(x,y,0)-af'S 0 U(X'sy’t) +63u(x’3y’t) : (33)
0X oy
Applying inverse Sumudu transform to the equat8),(we obtain
3 3
u(x, y,t)=S*{u(x,y,0) - S‘l{af’s[a ug)((,gy,t) +9 u((;;,sy,t )H , (34)

Substituting the results from equations (13) to) (h5the equation (34) and making use
of the result given by the equation (17), we deteenthe components of the STIM
solution as follows

Up(X, ¥,t) = S™*{u(x,y,0)] = cosk+y ) (35)
u,(x, y,t) = —S‘l{a)”s[%i;o + %?;ﬂ =-2sinx+ y)l'(;i[:rl) , (36)
u,(X, y,t) = —S‘l{a)"s{ag(g(’x: W , 63(3‘;: ul)ﬂ + S‘l{afs{f;; + %3;30ﬂ

- _4c0s+y m | 37)

3 3
Uy(X, y,t) = -S_{w"s{a (uogliﬁuz) N 0 (u0+ugl+u2)ﬂ

X ay
. S_l{ a,,s{a%uo ) | 63(uo+uoﬂ

3 3

0X ay

:85in(X+ ym ) (38)

and so on. The remaining components may be obtaingtarly.
Thus, the series-form approximate analytical sotutian be obtained as

13
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u(x, y,t)=y[r;ZN)ur(x Y1) = U (6, Y, )+ U (Y )+ U, (G £ U GGy |

4> 1a*
=cosk+y) - + - ..
NrN2a+1) T (4+1)
27 g 32> 59
—-sin(x+vy)

- + —..
MNa+1) M&a+1) r@+1)
The same result was obtained by Shadd. [20] using LADM.

If we puta =1,in equation (39), we have
u(x,y,t)=cosk+y+ 2)

(40)
This result was earlier achieved $lyah et al. [20] using the LADM approach.

uey.th

ufyt

(b)

Figure 2. The surface shows the solutiofx, y,t) for Example 2{a) The exact solution
(b) The approximate solution @t =1,y =1.

14



Analytical Investigation of Third-Order Time-Framtial Dispersive Partial Differential
Equations Using Sumudu Transform Iterative Method

Example 3. Consider the following homogenotisird-order time-fractionablispersive
partial differential equation in two-dimensionabsp [16,18,19]

7u(x, y,t) +263u(x, yy, U,y it) _

3 3 0, O<as<1t>0 (41)
ot” ox ay

with the initial condition

u(x,y,0)= cosk+y) (42)
Taking the Sumudu transform of the above equatdj, fve have

a 3 3
S 27u(x, y,t) __s 26 u(x,3y,t)+6 u(x,3y,t) . (43)
ot” ox ay
By using equation (7), we have
3
S[u(x, y.t)] =u(x,y,0)-af'S 22 u(x’?,y’t) + 03u(x,3y,t) : (44)
ox oy

Applying inverse Sumudu transform to the equatif) (we obtain

u(x, y,t)=S*[u(x,y,0) - S‘{w"s{ 263u(x,3y,t) + ou (x,gy,t )H . (45)
0x oy

Substituting the results from equations (13) to) (h5the equation (45) and making use
of the results given by the equation (17), we dritee the components of the STIM
solution as follows

Up(X y,t)=S?[u(x,y,0)] = cosk+y ) (46)
_ 9%, du . t“
u(x y,t)=-S {w"s{z ax30 + aysoﬂ =-3sinfk+y )m , (47)
B} 0°(u, +u,) . 0%(u,+u,) } 0%u, 0%
Y1) =-ST of S| 2—2 2 +—20 +S7 of S| 2—2+—2
t20
=-9 + 48
cosf Y)m (48)
. 0%(u, +u,+u,) 0°(u,+u,+u
Uy (X, y,t)=-S 1{c«f’s{z 06x31 2+ 06y31 )
+ S—l a)as 263(u0 + ul) + as(uo + ul)
ox° ay*
] t3[7
=27 sinf+ , 49
sinf Y)m (49)

and so on. The remaining components may be obtaingtarly.

15
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Thus, the series-form approximate analytical sotutian be obtained as

U0 Y2t) = M U, (6 Y20 = Uy (6 0+, 0y )+ U,y £ Uy Gy £ -

B 9t2t7 8140’
=cosk+y) - + - ..
N2a+1) T (da+1) (50)
5
. 37 271>
—-sin(x+vy)

Ma+) M&+1)
The same result was obtained by Pandey and Miditfausing HASTM, Prakash and
Kumar [18] using FVIM, Ravi Kanth and Aruna [19]ing the FDTM and MFDTM.
If we put @ =1,in equation (50), we have
u(x,t)=cos k+y+ 3) (51)

This result was earlier achieved by Ravi Kanth Angha [19] using the FDTM
and MFDTM.

ulxyt)y

(b)

Figure 3. The surface shows the solutiof, y,t) for Example 3 (a) The exact solution
(b) The approximate solution @ =1,y =1.
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Example 4.Consider the following non-homogenouthird-order time-fractional
dispersive partial differential equation in one-dimsional space [19,20]

a 3
9 l;g(’t) +9 g(é’t) =-sinzxsint - 77° cogix cos , 8a< 1> (52)
X

with the initial condition

u(x,0) = sinzmx. (53)
Taking the Sumudu transform of the above equab@y, fve have

a 3
S w =~-S[sinzxsint + 77° cosx cos|~S 0 u(>;,t) (54)
ot 0x

By using equation (7), we have

3
S[u(x,t)] =u(x, O)—w”S[ Sinzzx sirt + 71° cosix Cds] —gf’s{a :();'t)} (55)
X
Applying inverse Sumudu transform to the equatks),(we obtain

u(x,t)=S*[u(x,0) - S‘l[af’s[ sinzx sirt +77° cosix cdsﬂ
—S‘{w"s{ a3u()§’t)ﬂ- (56)

o0x

Substituting the results from equations (13) to) (h5the equation (56) and making use
of the result given by the equation (17), we deteenthe components of the STIM
solution as follows

Up(X,t) = S™*{u(x,0)] - S‘l[af’s[ sin7Ix sirt + 77° Co$rx cdsﬂ

ta+1 ta+3 ta’+5
- + - ..
MNa+2) Ta+4) Ta@+6)

ta ta+2 ta+4
- 773 COS7TX

=sinnx—sinnx(

(57)

f@+l) T@+3) T@+5)

a

u,(x,t) = —S‘l{af’s{azo ﬂ = JT° COSTIX
0x MNa+1)

t2a+1 t2a+3 t21+5
- + -..
Fr2a+2) N2a+4) T (r+ 6)

—773 COSﬂX(

(58)

+710 sinnx(

120 {20+2 fo+4
- + =y
Fr2a+1) r(2a+3) I (x+ 5)

17
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U, (%, t) = —S‘l{afs{as(uo—:ul)ﬂ + S‘l{a)"s{iﬁ’ﬂ =-n° sinnxL
0X ox MN2a+1)

t30/+1 t?ﬂ+3 t37/+5
+77° sin7rx - + -
(I’(Ba+2) MN3+4) I (Ir+ 6) ]

t3ﬂ t3ﬂ+2 t37+4
+7T° COSTIX - + -,
(F(3a+1) NMx+3) @+ 5 j

(59)

and so on. The remaining components may be obtaingtarly.
Thus, the series-form approximate analytical sotutian be obtained as
N
u(xt)= LimZu,(x,t) = Uy (X, 1) + U, (X, 1) + U, (X, 1)+ u (X, )+ ...
r=0
tﬂ+l ta+3 tﬂ+5
- + - ...
MNa+2) Ta+4) Ta+6)

ns ta ta+2 ta+4
—=JT COS/TX - + - ..
MNa+l) T(@+3) T@+5)

tl] t20+1 t2ﬂ+3 tm+5
+7T COSTIX T coszx[ J

=sinm<—sinm<(

ra+l) r+2) T@+4) T @+6)
t20/ _ t2a+2 N t20/+4 _
Fr2a+l) r(+3) F(@+5)

t2¢7 t3a+l t37+3 t37+5
=71 SinJIX———— + 71° sin7ix - + - ...
r2a+1) F(@+2) F@@+4) r (&+ 6)

t3a t3a+2 t37+ 4
+1T cosnx(

+7° sinnx[

f@a+l) T@+3) r@+5 )
(60)

The same result was obtained by Sk&hl. [20] using LADM, Ravi Kanth and Aruna
[19] using FDTM and MFDTM.

If we puta =1,in equation (60), we have
u(x,t) = sinzx cos 16

This result was earlier achieved by Wazwaz [25hgishe ADM approach.

18
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et}

et}

(b)

Figure 4. The surface shows the solutioix, t) for Example 4 (a) The exact solution
(b) The approximate solution &t =1.

5. Concluding remarks

In this paper, we have used the iterative Sumualusform method to find series form
approximate analytical solutions to third-order difnactional dispersive partial
differential equations in one and higher dimensidri®e time fractional derivatives are
considered in the Caputo sense. Moreover, the tsesiil this study are presented
graphically, and the solution graphs demonstratg the approximate solutions are
closely connected to the exact solutions.
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