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Abstract. The theory of three-way decision provides an éffedool for decision-making
under uncertainty and incomplete information whetwa-way decision is difficult to
make. In this paper, we try to transform an intmistic fuzzy set into a pessimistic
shadowed set or an optimistic shadowed set by usiagntuitionistic fuzzy parameters
and the classical shadowed set. Accordingly, thesipastic three-way decision or the
optimistic three-way decision of intuitionistic i)z set are investigated by means of the
proposed shadowed sets. In addition, a methoddalate the thresholds by the minimum
cost principle is proposed and some examples asmdor illustrating the validity of the
method.
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1. Introduction

The research of the three-way decision theorietosely related to the development of
decision theories. As an extension of the tradi#tidwo-way decision model, the three-
way decision model considers many uncertain fadtothe decision process. When the
processing information is insufficient to decideetiter to accept or reject the decision, the
delayed decision is introduced into the decisiordehas the third decision behavior.
Therefore, the three-way decision theory has bedalyapplied in face recognition [6],
medical diagnosis [12], recommendation system §hd many other fields.

Rough set theory [7], as a mathematical tool td dé&a ambiguity and inaccuracy,
has developed rapidly both in theories and apjpticat The most significant difference
between rough set method and other theories dealitty uncertain and imprecise
problems is that it does not need to provide aior prformation other than the data needed
to deal with the problem. In 2010, Yao [9, 14] pvsed the concept and method of three-
way decision based on the concept of the loss ifumdh order to further explain the
parameter problem of partition of three regiongadbability rough set. In 2017, Yao
constructed the three-way approximation of fuzzybyeusing the shadowed set proposed
by Pedrycz [8], and discussed the relationship betwfuzzy set, shadowed set and three-
way decision [15]. In 2020, Yao transformed thezfuget into the shadowed set and made
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three-way decision of the fuzzy set [13].

However, it is noted in this paper that the mentiiprgrade of fuzzy set [16] cannot
represent the neutral state because it representa/d opposites of fuzzy phenomenon at
the same time, so the three-way decision consttuestth fuzzy set and shadowed set
inevitably lose their non-membership grade and rothfarmation. As an extension of
fuzzy sets, intuitionistic fuzzy sets [1, 5] takdéa account both membership and non-
membership information, which makes intuitionistizzy sets have better expression
ability and flexibility than traditional fuzzy setghen dealing with uncertain information,
so they complement and develop Zadeh's fuzzy Shtvefore, by means of the shadowed
set and intuitionistic fuzzy parameters, we tramsfimtuitionistic fuzzy set into pessimistic
shadowed set and optimistic shadowed set, and pespoessimistic three-way decision
and optimistic three-way decision of intuitionisfitzzzy set. The three-way decision of
intuitionistic fuzzy set uses a pair of threshotdsderive three regions. We apply the
minimum cost principle to determine a pair of thads.

The rest of this paper is organized as followstiBe@ presents some basic results of
the intuitionistic fuzzy sets, intuitionistic fuzayumber and shadowed set. The definition
of the pessimistic three-way decision and optimithiree-way decision of intuitionistic
fuzzy set are proposed and investigated in théose8t In section 4, we give a method to
calculate the thresholds by the minimum cost ppilecand illustrate the validity of the
method with an example.

2. Preliminaries

In this section, we briefly review the concepts;liiing the intuitionistic fuzzy set,
intuitionistic fuzzy numbera —level set4, of an intuitionistic fuzzy sed on X and
shadowed set.

Definition 1. [1, 5] An intuitionistic fuzzy set is an object iaythe following form
A={( xpa(x),va(x))|x € X},
which is characterized by a membership function
Uag: X = [0,1],x € X - py(x) € [0,1],
and a non-membership function
v X = [0,1],x € X = vy(x) € [0,1],
with the condition
0<pus(x)+vy<1,x€X,
where p,(x) and v,(x) represent, respectively, the membership gradetlamchon-
membership grade af in A. Moreover, for each intuitionistic fuzzy sdt in X, write
ma(x) =1 —pa(x) —vax €X,
then m,(x) is called an indeterminancy gradeofto A.

Definition 2. [1] Let A = {{ x, ua(x),v4(x))|x € X} be an intuitionistic fuzzy set in the
universe X. Give an intuitionistic fuzzy number = (a4, @), the a — level set4, of
an intuitionistic fuzzy sefl on X is defined by

Ag = Aaya) = (Xlna(x) 2 a1, va(x) S az,x € X}
In particular, whena = (0,1) and (1,0), the level setd 4y and Ay of an
intuitionistic fuzzy set4 on X are respectively called the Support set and Cerefs
intuitionistic fuzzy set4, denoted asSupport(A) and Core(4).
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Definition 3. [10] An intuitionistic fuzzy number is wrote asa = (a4, a;), where
a, €[0,1],a, €[0,1] and 0 < a; +a, < 1.

Definition 4. [2] Let a = (a4, a,) be an intuitionistic fuzzy number. The scoraxotan
be evaluated by the score functiSnshown asS(a) = a; — 5.

Definition 5. [4] Let a = (ay,a,) be an intuitionistic fuzzy number. The accuraayree
of a can be evaluated by the accuracy functidnshown asH(a) = a; + a,.

Definition 6. [11] Let a = (a;,a;) and B = (B, F2) be two intuitionistic fuzzy
numbers,S(a) = a; —a, and S(B) = B, — B, be two the scores of the intuitionistic
fuzzy numbersx and B respectively, andd(a) = a, + @, and H(B) = B, + 3, be
two the accuracy degrees of the intuitionistic juzmbersa and B respectively.

olf S(a) < S(PB), then intuitionistic fuzzy numbea is smaller than theintuitionistic
fuzzy numberpg, denoted bya < B.

e If S(a) = S(B), then

(1) f H(a) = H(B), then intuitionistic fuzzy numberae and g are equal, i.e.,
a, = B, and a, = f,, denoted bya = B;

(2) If H(ae) < H(B), then intuitionistic fuzzy numbewrx is smaller than the
intuitionistic fuzzy numberB, denoted bya < g;

(3) If H(a) > H(B), then intuitionistic fuzzy numberx is larger than the
intuitionistic fuzzy numberB, denoted bya > .

Definition 7. [8] A shadowed sef is defined by a mapping from a nonempty Xeto
the three-valued sefw, g, b}, that is, S: X — {w, g, b}. Objects ofX with membership
grade b constitute the core of and objects with membership gragiéorm the shadow
of S.

The core and the shadow of a shadowed set may pg.ewhen the shadow is an
empty set, a shadowed set degenerates to a setombept of a shadowed set is used to
formulate a three-way approximation of an intuiigtic fuzzy set. This is done by
changing fuzzy membership grade and non-membergtage into three values in
{w,g,b}. In other words, we use three-valued det,g,b} to approximate the
intuitionistic fuzzy parameter.

3. Three-way decision and three-way approximationfcean intuitionistic fuzzy set

In this section, in order to study the three-wagisien of an intuitionistic fuzzy set, we
give the transformation from an intuitionistic fyzget to a pessimistic shadowed set and
optimistic shadowed set [3].

Definition 8. Let A be an intuitionistic fuzzy set over a nonemptyXet

(1) Give two intuitionistic fuzzy parametews = (a;, @) and g = (B4,8,) with
a = (a,a;) > B = (B1,B2), we can build a pessimistic shadowed set indugethé
intuitionistic fuzzy setd on intuitionistic fuzzy parameter&x, ) as follows.

11



Guangpeng Ta and Zengtai Gong

b, us(x) = a1,va(x) < ay,

(A S)@p(X) =W, pa(x) < By, va(x) = B,
g, otherwise .

(2) Give two intuitionistic fuzzy parametes = (a;,a,) and B = (B4, 52) with
a = (ag,ay) > B = (B1,B,), we can build an optimistic shadowed set inducgdhie
intuitionistic fuzzy setd on intuitionistic fuzzy parameter&x, ) as follows.

b: .uA(x) = aq,
(A2 S)(gp(x) ={w, va(x) = By,
g, otherwise .

We called that (A= S),p and (A=S)gp are respectively pessimistic
shadowed set and optimistic shadowed set inducéaebintuitionistic fuzzy set, where
and = denote respectively two transformations from atwiiionistic fuzzy set to a
pessimistic shadowed set and optimistic shadowed se

Without special explanation, pessimistic shadowetdasd optimistic shadowed set
are generally referred to as the shadowed set @udhyg intuitionistic fuzzy sel about
intuitionistic fuzzy parameterga, ), which is expressed a§l & S) 4, -

In Definition 8, we use{w, g, b} to denote three distinct membership grades of
shadowed sets, representing the white, gray, amck libbjects of a shadowed set. By
Definition 8, we map membership grades closer ¢o hion-membership grades closer to
0to b (black), membership grades closer to 0 or non-neggfitip grades closer to 1 o
(white), and the rest tg (gray).

Remark 1. In Definition 8, whenu,(x) + v4(x) =1,a; +a, =1 and g; + 5, =1,
the intuitionistic fuzzy seft degenerates into a fuzzy set, and shadowed seteddy the
intuitionistic fuzzy se#d on intuitionistic fuzzy parameter@, ) degenerates into the
relation between fuzzy set and shadowed set.

Definition 9. Let A be an intuitionistic fuzzy set over a nonemptyXset
(1) Give two intuitionistic fuzzy parametes = (ay,a;) and B = (f1,52) with
a = (a,a,) > B = (B1,52), the pessimistic three-way approximation of anitianistic
fuzzy setA, namely, positive , boundary and negative regafnstuitionistic fuzzy set4
are defined by the following regions.
POS(q,)(A) = {x € X|(A > S)(qp)(x) = b},

BND(qp)(A) = {x € X|(A & S)qgp)(x) =g},
NEGgp(A) = {x €EX|(A > S)(gp)(x) =w}

(2) Give two intuitionistic fuzzy parametes = (a;,a,) and g = (B,,52) with
a = (a,ay) > B = (B1,B2), the optimistic three-way approximation of an itieistic
fuzzy setA, namely, positive , boundary and negative regafnstuitionistic fuzzy set4
are defined by regions.
POS(a,p)(A) = {x € X|(A = S)(qp)(x) = b},

BND(gp)(4) = {x € X|(A & S)qgp)(x) = g},
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NEG(a_B)(A) = {X € Xl(A = S)(a,ﬁ)(x) = W}

Remark 2. In Definition 9, whena = (1,0) and B = (0,1), the positive , boundary and
negative regions of intuitionistic fuzzy sét are given respectively by the following
regions.

POS{(l,O),(O,l)}(A) = COT'E(A),

BN Dy(1,0,00,1);(A) = Support(A) — Core(4),

NEG{(l,O),(O,l)}(A) =X - Support(A)

Remark 3. In Definitions 8 and 9, whem,(x) + v4(x) =1,a; +a, =1 and B; +
B, = 1, the intuitionistic fuzzy sed degenerates into a fuzzy set, and the pessiraistic
optimistic three-way approximation of an intuitisic fuzzy setd about intuitionistic
fuzzy parameterga, B) degenerate into a three-way approximation of fisety

(1) Based on the pessimistic three-way approximaifan intuitionistic fuzzy se,
we can make pessimistic three-way decision. Thiat &ay, forx € X,
(P) if x € POSap(A), 1.6, Uax) = ay and vy < ay, then accepty;
(N) if x € NEGgp)(A), 1.8., faxy < B1 and vuyy = B,  then rejectx;
(B) if x € BND4g)(A), then neither accept nor rejeet
(2) Based on the optimistic three-way approximatiban intuitionistic fuzzy se#,
we can make optimistic three-way decision. Thafiois,x € X,
(P) if x € POS(ap)(A), 1.8, pax) = ay, then accepty;
(N) if x € NEGap)(A), .., Vax) = 2, then rejectx;
(B) if x € BND4g)(4), then neither accept nor rejeet

By Remark 2, we can construct a qualitative threg-decision of an intuitionistic
fuzzy set, which is illustrated with an example.

s . . . .. <0,1> <0.8,0.1> <0.2,0.75>
Example 1.Let’s consider the intuitionistic fuzzy sét= Tt +
1 2 3
<0.5,0.3> <1,0>
—+

. ~— Onanonempty set = {x1, x5, X3, %4, x5}. By Remark 2, we have
4 5

POS{(l,O),(O,l)}(A) = Core(A) = {XS},
BN Dy(1,0),00,1);(4) = Support(A) — Core(A) = {x1, X2, X3, X4},
NEG{(l,O),(O,l)}(A) = X — Support(4) = @.
Therefore, we can construct the qualitative threg-decision of the intuitionistic fuzzy
set A, which are accept; and neither accept nor rejeet, x,, x3 and x,.

When an object has a high membership grade or antowmembership grade, we
make a positive decision on it. When an objectehlmsv membership grade or a high non-
membership grade, we make a negative decision dm dther cases, we make delayed
decision, which needs further study.

4. Determining a pair of thresholds («, )

Intuitionistic fuzzy parameters = (a4, @) and B = (B4, 8,) play an important role in
the process of constructing a three-way decisiomrofintuitionistic fuzzy set. In this
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section, we take the minimum cost principle to datee a pair of thresholdéa, ).

We consider an action based model in order to oactsthree regions of an
intuitionistic fuzzy set. Let{a,, ag, a,} represent the set of three actions, whege ag,
and a,, denote the actions that change the membershie gmad the non-membership
grade tob, g, andw respectively. When the value fw, g, b} is used to approximate
the intuitionistic fuzzy number, different intuitisstic fuzzy numbers may correspond to
the same value igw, g, b}, which leads to the existence of errors. We asghatehe cost
is related to the error induced by these threeastilntuitively, there’s the greatest cost in
changing membership grade 0 and non-membershig dreab and there’s the least cost
in changing membership grade 1 and non-membershigeg0 tob. On the contrary,
there’s the least cost in changing membership goaaled non-membership grade 1uo
and there’s the greatest cost in changing memigegshide 1 and non-membership grade
0 to w. For an intuitionistic fuzzy sefl = {{ x, u,(x),v4(x))|x € X}, as we move
intuitionistic fuzzy number(u,(x, va)) from (0,1) to (1,0), the costs of changing
membership gradey,(x) and non-membership gradg(x) to b would decrease, and
the costs of changing membership gradgx) and non-membership gradg(x) to w
would increase. Foyg, there’s the least cost in changing membershigdegfa5 and non-
membership grade 0.5 tp and there’s the greatest cost in changing memipegsade 1
and non-membership grade 0 go or changing membership grade 0 and non-membership
grade 1 tog. When the membership grageg (x) from 0.5 increases to 1 or from 0.5
decreases to 0, and the non-membership grade) from 0.5 increases to 1 or from 0.5
decreases to 0, the costs of changing membershiegr,(x) and non-membership
grade v4(x) to g will increase. In order to formally describe theximum cost and
minimum cost, we assume that the following condgibold and define some notations as
follows.

Ap > 0: cost of changing membership grade to

6, > 0: cost of changing non-membership grade bto

A, > 0: cost of changing membership grade utp

6,, > 0: cost of changing non-membership grade vto

Ag > 0: costs of changing membership grade 1 or @to

64 > 0: costs of changing non-membership grade 1 or §;to

0: costs of changing membership grade 0 and nonbeeship grade 1 tov,
costs of changing membership grade 0.5 and nanbeeship grade 0.5 tg,
costs of changing membership grade 1 and non-reshilp grade 0 td.

For an intuitionistic fuzzy sefl = {( x, u,4(x),v4(x)) | x € X}, in order to calculate
the costs of changing membership gradgx) to one of{w, g, b} and non-membership
gradev,(x) to one of{w, g, b}, respectively, we can use a semantic distancetifumc
from [0,1] and{w, g, b} to [0,1] in order to scale the maximum cogis 6, 1,,, Oy, 44
and 6.

Let d:[0,1] X {w, g,b} = [0,1] denote a normalized semantic distance function
between values in [0,1] and values{w, g, b} [4].

Definition 10. Let A = {{ x, us(x),v4(x))|x € X} be an intuitionistic fuzzy set on

nonempty se. The distances of membership gradg(x) to one of{w, g, b} and non-
membership grade/, (x) to one of{w, g, b}, respectively, are defined as follows.
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d(pa(x),b) =1 —pys(x),
d(pa(x), g) = abs(2pa(x) — 1),
d(pa(x),w) = pa(x),

d(Va(x), b) = v4(x),
d(va(x), g) = abs(2va(x) — 1),

d(a(x),w) =1 —vy(x),
where abs denotes the absolute value.

(4.1)

For an intuitionistic fuzzy sefl = {( x, 1,4 (x),v4(x)) | x € X}, in order to calculate
the costs of changing membership graggx) to one of{w, g, b} and non-membership
grade v4(x) to one of {w,g,b}, respectively, we can proportionally allocate the
maximum costsi,, 6, 4., Ows Ag and Oy using the distance function in Definition 10.
Therefore, we can simply multiple the maximum cobis the distance between
membership gradeu,(x) and one of {w,g,b} and the distance between non-
membership grade,(x) and one of{w, g, b}.

Definition 11. Let A = {( x, us(x),v4(x))|x € X} be an intuitionistic fuzzy set on
nonempty setX. For an object x € X with membership gradei,(x) and non-
membership gradev,(x), the costs of changing membership gradgx) to one of
{w, g, b} and non-membership grade,(x) to one of{w, g, b} are defined respectively
as follows.

Clap|ua(x)) = d(ua(x), b)Ap,

Claglua(x)) = d(ua(x), g)Ag,

Clay|pa(x)) = d(ua(x), w)dy,

Clap|va(x)) = d(va(x), b)bp,

Claglva(x)) = d(va(x), 9)by,

Claw|va(x)) = d(va(x), w)b,,.

In order to make the calculation meaningful, we ché® normalize the distance
between membership gradeg (x) and one of{w, g, b} and the distance between non-
membership grade,(x) and one of{w, g, b} so that the largest distance is 1 and the
shortest distance is 0, as given by Egs. (4.1)s lkasy to verify that the distances
d(ua (%), b), d(ua(x),w), d(va(x),b), and d(vy(x),w) are normalized but the
distancesd(u,(x),g) and d(v,s(x),g) need some explanations. M (x) =1 or
ua(x) = 0, then d(us (x), Pmax = 1, and if us(x) = 0.5, then d(us (%), g min = 0.
The discussion ofi(v,(x), g) is the same as the discussiondtfi, (x), g), and we will
not repeat it. So the distancd$u,(x),g) and d(v,(x),g) are also normalized.

For an objectx € X with membership grade,(x) and non-membership grade
v4(x), according to Definitions 10 and 11, the costshzfnging membership grade, (x)
to one of {w,g,b} and non-membership gradeg(x) to one of {w,g,b} are given
respectively as follows.
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C(apla()) = dua(), )y = (1 = pa(e),

C(aglna(e) = d(ua(x), 9)Ag = abs(2ua(x) = Dy,

C(@nlia() = d(a(), Wihy = Ka() A, “2)
C(aplva(x)) = d(vs(x), DBy = V4 (X)),

C(aglva()) = d(va(x),9)0y = abs(2va(x) = Dy,

C(awlva() = dus(), Wby = (1 = Vo).

Let ¥: X — {a,,ay4, a,} represent a transformation from an intuitionigtizzy set
to a shadowed set. For anye X, we havey(x) € {ay, a4, a,}, which represents an
action we take forx. The set of all transformations are representet’by

Definition 12. Each ¢ € ¥ induces a three-way approximation of an intuitgtiui fuzzy
set. LetA = {{ x,us(x), v4(x))|x € X} be an intuitionistic fuzzy set on nonempty set
X . The overall cost of a three-way approximationtloé intuitionistic fuzzy se#
constructed by is defined as follows.

Ceotar () = Xxex (CP(X)ua(x)) + CW(X)|va (9(64)1):))’-)

By finding a transformation with minimum overallstpwe can obtain an optimal
three-way approximation of intuitionistic fuzzy sétherefore, we have the following
optimization problem

argminCeorar (%),

where arg selects an argument @,;,; that produces the minimum overall cost.

By assuming that the cost is positive, accordinggo(4.3), if actiomp(x) generates
the minimum cost for each € X, then we get the minimum overall cost for the erse
X. We should choose an actigi(x) € {a,,, a4, a,} using the following three rules so
that the overall cost is minimal. That is to say,

(B) if Claplpa(x)) < Clawlua(x)) A Claplua(x)) < Claglua(x)),

Clap|va(x)) < Cawlva(x)) A C(ap|va(x)) < C(aglva(x)),
then we take actiom,, i.e., changing membership gragg(x) and non-membership
gradev,(x) to b,
W) if Clawlpa(x) < Claglua(x)) AC(ay|ua(x)) < C(aplua(x)),
Clawlva(x)) = Claglva(x)) A C(aw|va(x)) < C(ap|va(x)),
then we take actiom,,, i.e., changing membership gragg(x) and non-membership
gradev,(x) to w,

(G) otherwise, we take actioay, i.e., changing membership gragg(x) and non-
membership grade,(x) to g.

According to Egs. (4.2), for rules (B), (G), and)We only need to consider two
cases, namely, membership gradg(x) = 0.5, non-membership grade, (x) < 0.5, and
membership grade, (x) < 0.5, non-membership grade, (x) > 0.5.

Case 1.Membership gradet,(x) = 0.5, non-membership grade, (x) < 0.5.
Rule (B): The first condition of rule (B) is equieat to (1 — us(X)Ap < ua(x)A,,.
Due to A, + 4, > 0, puu(x) = 4,/(1p + 14,,) is obtained by calculation. The second
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condition of rule (B) is equivalent to1 — u, (x))A, < (2ua(x) — 1)4,. Because oft;, +
2 >0, us(x) = (Ap + 44)/(4p + 244) is obtained by calculation. Let; = (4, +
A /(A +22g) and y; = A,/(Ap +4,), we have p,(x) = a; and py(x) =y .
According to the assumption of positive costs,> 0.5 is obvious. Thereforey, (x) >
max{a,,y;} is established. The third condition of rule (B)eiguivalent tov,(x)6, <
(1 —-v4(x))6, . Because off,+86, >0, vu(x)<86,/(6,+86,) is obtained by
calculation. The fourth condition of rule (B) istegalent to v, (x)6), < (1 — 2v,(x))6,.
Because ofg, + 26, > 0, v,(x) < 6,/(6, + 26,) is obtained by calculation. Let, =
04/(0p +26,) and y, =6,,/(6,+6,), we have vy(x) <a, and vy(x) <7y, .
According to the assumption of positive costs, < 0.5 is obvious. Thereforey,(x) <
min{a,,y,} is established. Accordingly, rule (B) can be sifigd into the following form

(B) If pua(x) = max{aq,y1} and v4(x) < min{a,,y,}, then we can take action
ap.

Since ¢; > 0.5 and a; < 0.5 imply u,(x) > 0.5 and v4(x) < 0.5, we do not
need to considem,(x) > 0.5 and v4(x) < 0.5. The simplified rule (B) uses four
thresholdsay, @,,y; and y,. In order to further simplify the rule (B) so thaly two
thresholds are required, we must add some conditionthe costs [15]. By comparing
actionsa, and a, we take forx, we get the thresholds; and «,. If membership
grade is greater than or equald®9 and non-membership grade is less than or equal to
a,, then actiona,, is better than actiom,. By comparing actions;, and a,, we take
for x, we get the thresholdg, and y, , and indicate whether or not actiay is taken.
When u,(x) =y, and v4(x) <y,, we take actiona,, and the action we take with
respect tox requires further study in other cases. Wheyix) = 0.5 and v,(x) < 0.5,
intuitively speaking, it is reasonable to expeetttbne would prefer action;, to action
a,,- Therefore, in order to simplify rule (B), we assithat the thresholg; should be as
small as possible and threshgld should be as large as possible, namely> y, and
a, < y,, which are equivalent to the following assumptionghe costs:

(s1) ApAy +AgA, — 444 =0,
(s2) 6,0y, + 046, — 046, = 0.

Since the thresholdx = (a4, ;) is an intuitionistic fuzzy number, we assume that

a, + a, < 1, which is equivalent to the following assumptianthe costs
(s3) Ap/0p < Ay4/0y.
Under assumptions (s1), (s2) and (s3), we getdit@afing simplified rule (B).

(B) If py(x) =2 a; and vy(x) < a,, then we take actiorn,, in which two
thresholds are used.

Rule (W): When u,(x) = 0.5 and v,(x) < 0.5, intuitively speaking, it is
reasonable to expect that one would prefer actipnto action a,,. Therefore, rule (W) is
not applicable foru,(x) = 0.5 and v4(x) < 0.5 under assumptions (s1), (s2) and (s3).

(G) We take actioma, in other cases.

For Case 1 withu,(x) = 0.5 and v4(x) < 0.5, under the assumptions (s1) (s2) and
(s3), we can only apply either rule (B) or rule ¢é&sed on two thresholds, > 0.5 and
a, < 0.5.
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Case 2.Membership gradei,(x) < 0.5, non-membership grade,(x) > 0.5. In this
case, we first consider rule (W).

Rule (W): The first condition of rule (W) can bepeassed agi,(x)4, < (1 —
2p4(x)) A4, Which is equivalent tqu, (x) < 44/(4,, + 244). The second condition of rule
(W) can be expressed ag, (x)A,, < (1 — ua(x))A,, Which is equivalent tqu(x) <
/Ay +4y), 6., pa(x) <vyy. Let By =1,/(Ay +244), we have u,(x) < p; .
According to the assumption of positive cogts,< 0.5 is obvious. Thereforey,(x) <
min{f;,y,} is established. The third condition of rule (Wndae expressed afl —
va(x))0y < (2v4(x) — 1)6,, which is equivalent tov,(x) = (6,4 + 6,,)/(26,4 + 6,,).
Let g, = (64 + 6,)/(264 + 6,,), we havev,(x) = ,. According to the assumption of
positive costs,8, > 0.5 is obvious. The forth condition of rule (W) candagressed as
(1 =v4(x))6,, < vu(x)6y, Which is equivalent tas,(x) > 6,,/(0p + 0y,), i.€., va(x) >
¥, . Therefore, v,(x) = max{f,,y,} is established. Accordingly, rule (W) can be
simplified into the following rule.

W) If pyu(x) <min{By,y,} and v4(x) = max{B,,y,}, then we can take action
Ay,

Since f; < 0.5 and B, > 0.5 imply pu(x) < 0.5 and v,4(x) > 0.5, we do not
need to considep, (x) < 0.5 and v4(x) > 0.5. The following discussion of rule (W) is
similar to that of rule (B) in case 1. In orderftwther simplify the rule (W) so that only
two thresholds are required, we must add some tondion the costs. By comparing
action a,, and actiona, we take forx, we get the thresholdg; and g,. If
membership grade is less than or equgBtoand non-membership grade is greater than
or equal tog,, then actiona,, is better than actiom,. By comparing actiora,, and
action a;, we take forx, we get the thresholdg, andy,, and indicate whether or not
action a,, is taken. Whenu,(x) <y; and v,(x) > y,, action qa,, is taken, and the
action we take with respect to requires further study in other other cases. When
ua(x) < 0.5 and v4(x) > 0.5, intuitively speaking, it is reasonable to exp#eit one
would prefer actiona,, to actiona,. Therefore, in order to simplify rule (W), we ass
that the threshold;; should be as large as possible and threshgléghould be as small
as possible, namelyp; <y; and B, =y,, which are equivalent to the following
assumptions on the costs:

(s4) ApAy + g4, — 444, =0,
(s5) 6,0, + 6,6, —046,, = 0.

Since the threshol@® = (8,, ;) is an intuitionistic fuzzy number, we assume that

B1 + B> < 1, which is equivalent to the following assumptiontbe costs
(s6) Ag/64 < A/,
Under assumptions (s4), (s5) and (6), we get thefing simplified rule (W).

W) If pyu(x) < By and vy(x) = B,, then we take actiorw,,, in which two
thresholds are used.

Rule (B): Whenpu,(x) < 0.5 and v4(x) > 0.5, intuitively speaking, it is reasonable
to expect that one would prefer actiar), to action a;,. Therefore, rule (B) is not
applicable foru,(x) < 0.5 and v,(x) > 0.5 under assumptions (s4), (s5) and (s6).

(G) We take actiona,, in other cases.

For Case 2 withuy (x) < 0.5 and v4(x) > 0.5, under the assumptions (s4) (s5) and
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(s6), we can only apply either rule (W) or rule (@&)sed on two threshold$ < 0.5 and
B, > 0.5.

By combining the assumptions (s3) and (s6) in dasad 2, we havel, /6, <
Ag/8g < Ay /6.

By combining rules of the case 1 and 2, under fiseimptions of positive costs, (s1),
(s2), (s4), (s5) and,, /6, < A,4/6, < 4,,/6,,, we can derive the following three rules.

(B) If py(x) =a; and vy(x) < a,, then we take actiomy,, i.e., changing
membership gradey, (x) and non-membership gradg(x) to b,

W) If pu(x) < B, and vy(x) = B,, then we take actiom,, i.e., changing
membership grade, (x) and non-membership gradg(x) to w,

(G) We take actiona, in other cases, i.e., changing membership grage) and
non-membership grade, (x) to g.

According to the three simplified rules, the optitransformation is given by
ap, pa(x) 2 ay,v4(x) < az,
woptimal(x) =4 Ay, Ha(X) < B1,v4(x) = By,
ag, otherwise ,
where
Apt+ig 6y 05+6y
M =3 %2 = grae P = 112a P2 = 20 4ey
b g b g w g gTtw

(4.4)

Let a = (a1, a,) and B = (B4,8,), it can be easily verified that = (o, a;) >
B = (B, B2) by Definition 6. Therefore, we can conclude thaiessimistic three-way
approximation of an intuitionistic fuzzy set = {{ x, us(x),v4(x)) | x € X} induced
by the optimal transformation. In fact, the pesstinishadowed set is given as follows.
b, ua(x) = a,va(x) < a,
(A S)@p(X) =W, pa(x) < B1,va(x) = B2,
g, otherwise .
An optimistic three-way approximation of an intaitistic fuzzy set A=
{( x,p4(x),v4(x)) | x € X} induced by the optimal transformation is definedfact,
the optimistic shadowed set is given as follows.
b, pa(x) = ay,
A= S)Ep®) ={w,  va(x) = B,
g, otherwise .

Our derivation not only gives a pessimistic shadbwet and optimistic shadowed
set, but also determines a pair of threshaldsf) according to the minimum cost
principle.

In the special casd, =4, =4,, >0 and 6, =6, =6, >0, the assumptions
(s1), (s2), (s4), (s5) and, /0, < 44/6, < A,,/0,, hold. According to Egs. (4.4), we get
a,=2/3,a, =1/3,8;, =1/3 and B, = 2/3. Therefore,a = (2/3,1/3) and B =
(1/3,2/3), it can be easily verified that = (2/3,1/3) > B = (1/3,2/3) by Definition
6.

In the special cas#, = 4, = 24, > 0 and 6, = 6,, = 26, > 0, the assumptions
(s1), (s2), (s4), (s5) and, /0, < A,/6, < A,,/6,, hold. According to Egs. (4.4), we get
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a, =3/4,a, =1/4,8, =1/4 and B, =3/4. Therefore,ax = (3/4,1/4) and B =
(1/4,3/4), it can be easily verified that = (3/4,1/4) > B = (1/4,3/4) by Definition
6.

Example 2.Let’s consider the intuitionistic fuzzy set
<0,1> <0.8,0.1> <0.2,0.75> <0.5,0.3> <1,0> <0.75,0.22> <0.21,0.77>
A= + + + + + +
X1 X2 X3 X4 X X6 X7

on a nonempty seX = {xy,x,, X3, X4, X5, X¢, X7}. 5Based on the minimum cost principle,
the required threshold€a, B) are determined by constructing the optimal thregrw
approximation of an intuitionistic fuzzy set. Wewmse thati, = 0.4 4, = 0.6,4, =
0.2,6, =0.6,0, = 0.4 and 6, = 0.2. It follows that 1,4,, + 144, — 444, = 0.28 >
0,0,6,, + 646,, — 0,6, = 0.2 > 0,ApA,, + AgAp, — A4, = 0.2 > 0,6,6,, + 6,6, —

046, =0.28>0 and 4,/6, =2/3 < 14/8, =1<A,,/6,, =3/2. Thus, they satisfy
assumptions (s1), (s2), (s4), (s5) akgy0, < 4,/6, < 4,,/0,,. According to Egs. (4.4),
we get the parameters as follows.

_ Mothg _ 02404 06 _ .
L7 ap+225 — 04+2x02 08
6 0.2 0.2
ay == =22-92,
0p+20,  0.6+2x02 1
0.2 0.2
ﬁl = g = = —= 0.2’
Awt2lg ~ 0.6+2x0.2
0g+6, 0.2+0.4 0.6
B =-1——= =—=0.75.

T 20446y,  2x02+04 08
Therefore, ¢ = (0.75,0.2) and B = (0.2,0.75), and it can be easily verified that =
(0.75,0.2) > B = (0.2,0.75) by Definition 6.
The pessimistic shadowed s@t & S)(0.75,0.2),(0.2,0.75); S & pessimistic three-way
approximation of an intuitionistic fuzzy set is givby
b, us(x) =0.75,v4(x) < 0.2,
(A &> 8)(0.75,02),002,0753 (%) = (W, ua(x) <0.2,v4(x) = 0.75,
g, otherwise .
According to Definition 9, we have
POS{(O.75,0.2),(0.2,0.75)}(A) ={xeX[A> S){(0.75,0.2),(0.2,0.75)}(x) = b} = {x3, x5},
BND{(0.75,0.2),(0.2,0.75)}(A) ={xeX|A> S){(0.75,0.2),(0.2,0.75)}(x) =g} = {x4, %6, X7},
NEG{(0.75,0.2),(0.2,0.75)}(A) ={xeX|(A> S){(0.75,0.2),(0.2,0.75)}(x) =w} = {x1, X3}
Therefore, we can construct the pessimistic thrag-gecision, which are accep}
and xs, rejectx; and x; and neither accept nor reject, xo and x.
The optimistic shadowed s€#l = S)((0.750.2),(0.2,075) @S an optimistic three-way
approximation of an intuitionistic fuzzy set is givby
b, pus(x) = 0.75,
(A 2 S)(0.75,02),00.2,0.753 () = (W, v4(x) = 0.75,
g, otherwise .
According to Definition 9, we have
POS((0.75,0.2),002,0.75);(4) = {x € X|(A & S)((0.75,02),(02,0.75)}(X) = b} = {x2, X5, ¢},
BND((0.75,0.2),(0.2,075);(A) = {x € X|(A & S)((0.75,0.2),02,075)}(*¥) = g} = {Xa},
NEGy(0.75,0.2),002,0.75)} (A) = {x € X[(A & S)((0.75,0.2),(02,0.75)} (*) = W} = {x1, X3, %7}.
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Therefore, we can construct the optimistic threg-wacision, which are accept
X2, x5 and xg, reject xq,x; and x, and neither accept nor rejecj.

Egs. (4.4) can be modified as follows.
_1+Ag/2p _ Bg/6) Ag/A _ 0g/0u+1

a, = a, = = = :
L7 a42ag/2” 2 1+29g/9b.ﬂ1 1+2/1g//1‘,‘,’ﬂ2 204/6,,+1

(4.5)

We can see that the ratidg /4, and 6,/6, determinea = (a;,a,) and ratios
Ag/2Ay and 6,/6, determine B = (f,p,) . For different maximum costs
Aps O, A, 04, Ag and 0, if the ratios A,/4,, 6,/0,, A4/, and 6,/6,, remain
unchanged, themx = (ay,a,) and B = (B,82) remain unchanged by Egs. (4.5).
Therefore, it is possible for different maximumtsa® determine a pair of equal thresholds

(e, B)-

5. Conclusions and remarks

In this paper, we investigate the method that &umtianistic fuzzy set transforms into a
pessimistic shadowed set or an optimistic shadmeedn addition, the pessimistic three-
way decision and optimistic three-way decisionnfiitionistic fuzzy set are proposed by
the defined shadowed sets. The results show thatutionistic fuzzy set could be divided

into three parts and it has obvious advantagesdisihn making.

Acknowledgments. The authors would like to thank the anonymous esfeiand the editor.
This work is supported by the National Natural 8ceeFoundation of China (12061607).
Also, the authors are thankful to the reviewerslieir valuable suggestions.

Conflict of interest. The authors declare that they have no conflichtefest.
Authors’ Contributions. All the authors contributed equally to this work.
REFERENCES

K.T. Atanassov, Intuitionistic fuzzy setsuzzy Sets and Syster26(1) (1986) 87-96.
S.M. Chen and J.M. Tan, Handling multicriteria fuzdecision-making problems
based on vague set thedRyzzy Sets and Syster@g(2) (1994) 163-172.

3. Z.T. Gong and G.P. Ta, Semantics of the soft shided by intuitionistic fuzzy set
and its three-way decisiodournal of Shandong UniversitfNatural Science) (in
Chinese), Impress.

4. D.H. Hong and C.H. Choi, Multicriteria fuzzy decisimaking problems based on
vague set theoryuzzy Sets and Systerh&4(1) (2000) 103-113.

5. T. Krassimir and K.T. Atanassov, More on intuitisti¢ fuzzy setfFuzzy Sets and
Systems33(1) (1989) 37-45.

6. H.X. Li, L.B. Zhang, B. Huang and X.Z. Zhou, Seqtiainthree-way decision and
granulation for cost-sensitive face recognitignowledge Based Syster84, (2016)
241-251.

7. Z. Pawlak, Rough set€ommunications of the ACMB8(11) (1995) 88-95.

8. W. Pedrycz, Shadowed sets: representing and pingedsizzy sets, IEEE
Transactions on System, Man and Cybernefigél) (1998) 103-109.

9. Y.Y. Yao, Three-way decision: an interpretationraies in rough set theoriRough

N e

21



10.

11.

12.

13.

14.

15.

16.
17.

Guangpeng Ta and Zengtai Gong

Sets and Knowledge Technolog§$89 (2009) 642-649.

Z.S. Xu, Intuitionistic fuzzy aggregation operatolSEE Transactions on Fuzzy
Systems15(6) (2007) 1179-1187.

Z.S. Xu and R.R. Yager, Some geometric aggregat@nators based on intuitionistic
fuzzy sets|nternational Journal of General Systen3§(4) (2006) 417-433.

Y. Yang, J.H. Hu, Y.M. Liu and X.H Chen, A multiped hybrid decision support
model for medical diagnosis and treatment basedsiomlarities and three-way
decision theoryExpert System$86 (3) (2019).

J.L. Yang and Y.Y. Yao, Semantics of soft sets thinee-way decision with soft sets,
Knowledge-Based Syster84 (2020) 105538.

Y.Y. Yao, Three-way decisions with probabilisticugh sets)nformation Sciences,
180(3) (2010) 341-353.

Y.Y. Yao, S. Wang and X.F. Deng, Constructing sheatb sets and three-way
approximations of fuzzy seiformation Science€12-413 (2017) 132-153.

L.A. Zadeh, Fuzzy setfnformation and Control8(3) (1965) 338-353.

H.R. Zhang and M. Fan, Three-way recommender systemed on random forests,
Knowledge-Based Systerfg, (2016) 275-286.

22



