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1. Introduction 
In the classical theory of ordinary differential equations, it is well known that under 
certain assumptions, solutions of the problem 
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are differentiable with respect to the initial condition; that is, if ),( 0xtx denotes the value 

of the solution at ],[ bat ∈ , then the function ),( 00 xtxx ֏ is differentiable. The key 

requirement is that the right-hand sidef should be differentiable with respect tox . 
Moreover, the derivative as a function of t is known to satisfy the so-called variational 
equation, which might be helpful in determining the value of the derivative. 
       Similarly, under suitable assumptions solutions of a differential equation whose 
right-hand side depends on a parameter are differentiable with respect to that parameter. 
       In 1957, Kurzweil. introduced a class of integral equations called generalized 
ordinary differential equations (see [1]). His original motivation was to use them in the 
study of continuous dependence of solutions with respect to parameters. However, it 
became clear that generalized equations encompass various other types of equations, 
including equations with impulses (see [2]) dynamic equations on time scales (see [3]), or 
measure differential equations (see [2]) 
       In 2013, Alavikhas given the differentiability theorems for generalized ordinary 
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differential equations. Despite the fact that solutions of generalized equations need not be 
differentiable or even continuous with respect tot , we show that differentiability of the 
right-hand side with respect tox (and possibly with respect to parameters) still guarantees 
that the solutions are differentiable with respect to initial conditions (and parameters, 
respectively) (see [4]). Moreover, in the other equation with generalized ordinary 
differential equation under the condition of the theorem of equivalent was very good 
application, such as measure differential equations (see [5]). In [6], the authors have 
proved that measure functional differential equations (1) are equivalent to the generalized 
ordinary differential equations  
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And give a one-to-one relation between the solutions of equation (1) and impulsive 
measure functional differential equation (2) 
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And (2) can be written as follows 
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    Therefore, the equivalence relation between the impulsive measure functional 
differential equation and the generalized ordinary differential equation is established. So 
we can apply some theories of generalized differential equations to the following 
impulsive measure functional differential equation, 
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(4) 

where function nRttPf →+× ],[: 00 σ ,and Rttg →+ ],[: 00 σ is a left-continuous 

function, =Λ∈λ ;{ lR∈λ 0λλ − < }.ρ  

),],0,([]},[,:{ 00
n

t RrGtttOyyP −⊂+∈∈= σ and ).],,([ 00
nRtrtGO σ+−⊂ Here

00 ,([ trtG − + σ )], nR  denotes the set of all bounded regulated functions from 

],[ 00 σ+− trt  to nR . 

      We assume that the function lnRttPf +→Λ×+× ],[: 00 σ satisfies the following 

conditions: 
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(A1) The integral∫
+σ

λ0

0

)(),,(
t

t t tdgtxf exists for every Λ×∈Ox ),( λ . 

(A2) There exists a constant M > 0 such that the inequality 

∫∫ ≤
b

a

b

a t tdgMtdgtxf )()(),,( λ holds for every ,),( Λ×∈Ox λ  and ].,[, 00 σ+∈ ttba  

(A3) There exists a constant L>0 such that the inequality  

.)()()()),,(),,(( 2121 ∫∫ −+−≤−
b

a

b

a tt tdgyxLtdgtyftxf λλωλλ holds for every

,),(),,( 21 Λ×∈Oyx λλ and every ].,[, 00 σ+∈ ttba where R→+∞),0[:ω is an 

increasing function with .0)0( =ω (We assume that the right-hand side integral exists). 

For impulse operator },,2,1{,: mkRPI ln
k ⋯=→Λ× + the following conditions are 

assumed: 

(A4) There exists a constant ,01 >K such that .),( 1KyIk ≤λ  

for every },,2,1{ mk ⋯= and .),( Λ×∈ Ox λ  

(A5) There exists a constant ,02 >K such that 

).(),(),( 21121 λλλλ −+−≤− yxKyIxI kk for every },,2,1{ mk ⋯=  
and .),(),,( 21 Λ×∈Oyx λλ  

In this assumption, equation (4) is equivalent to the following integral equation 
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The aim of this paper is to obtain the differentiability of solutions with respect to 
parameters for impulsive measure function differential equations (4) by using the 
differentiability theorem of generalized ordinary differential equation. 
       This paper mainly includes three parts: the second part mainly introduces the 
basic concepts and lemma used in this paper. In the third part, by using the equivalence 
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relation between the functional differential equation with impulse measure and the 
generalized ordinary differential equation, the differentiability theorem of the relative 
parameters of the solution of the functional differential equation with impulse measure 
(4) is established. 
 
2. Preliminaries 
In this section, we mainly introduce the relevant knowledge of generalized ordinary 
differential equation and Kurzweil integral. 
 
Definition 1. A matrix-valued function mnRbabaU ×→× ],[],[: is called Kurzweil 

integrable on [a,b], if there is a matrix mnRI ×∈ , such that for every 0>ε , there is a gauge
δ on [a,b] such that 

εατατ ≤−−∑
=

−

k

i
iiii IUU

1
1)),(),((

                                 
(6) 

for everyδ -fine partition D. In this case, we define ∫ =
b

a t ItUD ),(τ . 

An important special case is the Kurzweil-Stieljes integral of a function nRbaf →],[:
with respect to a function Rbag →],[: , which corresponds to the choice

)()(),( tgftU ττ = and will be denoted by ∫∫ =
b

a

b

a t tdgtftUD )()(),(τ . 

 
Definition 2. ,)),((, GttxRRG n ∈×⊂ ,],[ 2 nRbaGF →×：  

A function Gbax →],[: is called a solution of the generalized ordinary differential 
equation 

),( txFD
dt

dx
t=                                           (7) 

whenever 

.)),(()()( ∫+=
a

s t txFDaxsx τ  

Definition 3. A function nRGF →： belongs to the class ),,,( ωhGFFFF  if there exists a 

non-decreasing function Rbah →],[: and a continuous, increasing function 

R→+∞),0[:ω with 0)0( =ω such that )()(),(),( 1212 shshsxFsxF −≤−       (8) 

for all Gsxsx ∈),(),,( 12 and 

)()()(),(),(),(),( 121212 shshyxsyFsyFsxFsxF −−≤+−− ω              (9) 

For all Gsysysxsx ∈),(),,(),,(),,( 1212 . 
 
Remark 1. In the definition 2, let ),( txF be replaced by ),,( λtxF , then the equation (7) is 
equivalent to 
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),,( λtxFD
dt

dx
t=  

Now, definition 2 can be redescribed as follows 

A function nRbax →Λ×],[: is called a solution of the generalized ordinary differential 
equation 

),,( λtxFD
dt

dx
t=  

whenever 

.),),((),(),( ∫+=
s

a t txFDaxsx λτλλ Then definition 3 can be redefined as follows 

Let ),],0,([]},[,:{ 00
n

t RrGtttOyyP −⊂+∈∈= σ and ).],,([ 00
nRtrtGO σ+−⊂  

nRttOF →Λ×+× ],[: 00 σ belongs to the class ),,,],[( 00 ωσ httO Λ×+×YYYY  if the 

following conditions is satisfied: 
       There exists a nondecreasing function ,],[: 00 Rtth →+σ and increasing function

R→+∞),0[:ω with 0)0( =ω such that 

.)()(),,(),,( 1212 shshsxFsxF −≤− λλ                             (10) 

for all ),,,( 2 λsx Λ×+×∈ ],[),,( 001 σλ ttOsx and~ 

)()()(),,(),,(),,(),,( 122121221112 shshyxsyFsyFsxFsxF −−+−≤+−− λλωλλλλ
for all Λ×+×∈ ],[),,(),,,)(,,(),,,( 0021221112 σλλλλ ttOsysysxsx  
 
Lemma 1. If nRbaf →],[:  is a regulated function and Rbag →],[: is a nondecreasing 

function, then the integral∫
b

a
sdgsf )()( exists. 

 

Lemma 2. Let nnRbabaU ×→× ],[],[: be a Kurzweil integrable function. Assume there 

exists a pair of functions nRbaf →],[:  and Rbag →],[: , such thatf is regulated,g  
is nondecreasing, and 

,)()()(),(),( sgtgfsUtU −≤− τττ ].,[,, bast ∈τ                      (11) 

Then .)()(),( ∫∫ ≤
b

a

b

a t dgftUD τττ  

 
Lemma 3. Assume that nnRbabaU ×→× ],[],[:  is Kurzweil integrable and 

mnRbau ×→],[:  is its primitive, i.e.  

∫+=
s

a t tUDausu ),,()()( τ ],[ bas ∈                         (12) 
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If U is regulated in the second variable, then u is regulated and satisfies  
),,(),()()( ττττττ UUuu −++=+ ),,(),()()( ττττττ UUuu −−+=− Moreover, if 

there exists a nondecreasing function Rbah →],[: such that 

,)()(),(),( shthsUtU −≤− ττ ].,[,, bast ∈τ  

then .)()()()( shthsutu −≤−  

 
Lemma 4. Let ),0[],[: +∞→bah be a nondecreasing left-continuous function, 

,0,0 ≥> lk Assume that ),0[],[: +∞→baψ is bounded and satisfies  

∫+≤
ξ

ττψξψ
a

dhlk ),()()( Then ,)( ))()(( ahhlke −≤ ξξψ  for every ],[ ba∈ξ . 

 

Lemma 5. Assume that matrix-valued function nnRbabaA ×→× ],[],[: and there exists a 

nondecreasing function Rbah →],[: satisfies 

,)()(),(),( shthsAtA −≤− ττ ].,[,, bast ∈τ                        (13) 

Let nRbazy →],[:, be a pair of functions such that 

∫+=
s

a t ytADazsz )](),([)()( ττ . Then z is regulated on [a,b]. 

 

Lemma 6. Assume that matrix-valued function nnRbabaA ×→× ],[],[:  is Kurzweil 

integrable and satisfies (12) with a left-continuous functionh , Then for every ,0
nRz ∈  

the initial value problem ],),([ ztAD
dt

dz
t τ= .)( 0zaz =                              (14) 

has a unique solution .],[: nRbaz →  
 
Lemma 7. Let ,Nm∈ ,0210 σ+<<<<≤ ttttt m⋯ consider a pair of functions 

nRttPf →+× ],[: 00 σ and Rttg →+ ],[: 00 σ ,whereg is regulated, left continuous on

],,[ 00 σ+tt  and continuous at .,, 21 mttt ⋯ Let nRttPf →+× ],[:
~

00 σ and 

,],[:~
00 Rttg →+ σ such that )()(

~
tftf = for every },,/{],[ 2100 mtttttt ⋯σ+∈ and

gg −~ is constant on each of the intervals ].,(],,(],,(],,[ 012110 σ+− tttttttt mmm⋯ Then 

the integral ∫
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Lemma 8. Let ,Nm ∈ σ+<<<<≤ 0210 ttttt m⋯ , nn

m RRIII →:,, 21 ⋯ , 
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),],0,([]},[,:{ 00
n

t RrGtttOyyP −⊂+∈∈= σ ，)],,([ 00
nRtrtGO σ+−⊂ ,0>r

nRttSf →+× ],[: 00 σ  and Rttg →+ ],[: 00 σ is a regulated left-continuous function 

which is continuous at .,, 21 mttt ⋯ For every Sy ∈ , define 
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Moreover, let Rdd m ∈,,1⋯ be constants such that the function Rttg →+ ],[:~
00 σ given 

by 
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satisfies 1)(~ =∆+

ktg for every }.,,2,1{ mk ⋯∈ Then )],,([ 00
nRtrtGy σ+−∈  

is a solution of the problem 
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if and only if,y is also a solution of the problem 
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2. Main result 
In this part, we discuss differentiability theorems of solutions with respect to parameters 
for equation (4). 

Theorem 1. Assume that GO ⊂ is a closed subset, ]},[,:{ 00 σ+∈∈= tttOxxP t , 

Λ×∈ Pφ , and Rttg →+ ],[: 00 σ  is a nondecreasing function, function
lnRttPf +→Λ×+× ],[: 00 σ  satisfies conditions (A1)-(A3), operator  

ln
k RPI +→Λ×:  is continuous differentiable and satisfies (A4), (A5) and 

)],,([],[ 0000
nRtrtGttOG σσ +−→Λ×+×：  given by (17) has values inG .  

If Λ×∈Oy ),( λ is a solution of the impulsive measure functional differential equation, 
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Then the function Λ×→×+ ORttx l],[:),( 00 σλ given by 
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is a solution of the generalized ordinary differential equation 

].,[),,,( 00 σλ +∈= ttttxGD
dt

dx
t                       (16)

 
where Ox∈ and )],,([],[ 0000

nRtrtGttOG σσ +−→Λ×+×： is given by 

),,(),,(),,( λλλ txItxFtxG +=                          (17) 
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for every Ox∈ and

],[ 00 σ+∈ ttt , .Λ∈λ  

Proof: Let ),,()),,((
~ λλ syfsyf ss = and )),,((),(~

00 λλλ tyty =  
Then the function Oy ∈~ is a solution of the impulsive measure functional differential 
equation 
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Let ),,()),,((

~ λλ txGtxF = and ),),,((),(~ λλλ txtx = then, by using lemma7 and lemma 

8, the following function Ottx →Λ×+ ],[:~
00 σ given by 
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is a solution of the generalized ordinary differential equation 
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t  
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(see Lemma 4.15 and Theorem 4.16  in [6] for the detailed proof of process). 
 
Remark 2. By the theorem1, equation (4) is equivalent to generalized ordinary differential 
equation. thus, according to Theorem 4.1, Theorem 4.4 and Theorem 5.1 in the literature 
[4], it seems reasonable to expect that the derivative ),()( 0λλ txtZ =  is a solution of the 

linear equation 
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This provides a motivation for the following theorem. 
 
Theorem 2. Let lnRttPf +→Λ×+× ],[: 00 σ be a continuous function which derivative

xf , λf exist and continuous on Λ×+× ],[ 00 σttP and satisfies (A1)-(A3), function
ln

k RPI +→Λ×: is continuous differentiable and satisfies the condition (A4), (A5), if

Rttg →+ ],[: 00 σ is a left continuous function and lR∈0λ , 0>ρ , 

};{ 0 ρλλλ <−∈=Λ lR , Ottx →+×Λ ],[: 00
0 σ , for every Λ∈λ ,  

the initial value problem of the impulsive measure functional differential equations (4) is 
equivalent to the initial value problem 
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t =+∈= ，，                          (18) 

And (18) has a solution defined on ].,[ 00 σ+×Λ tt  Let ),( λtx  be the value of that 

solution at ],[ 00 σ+∈ ttt . 

Moreover, let the following conditions be satisfied: 
1. For every fixed ],[ 00 σ+∈ ttt , the function ),,(),( λλ txFx ֏ is continuously 

differentiable on Λ×O . 

2. The function 0x is differentiable at 0λ . 

Then the function ),( λλ tx֏ is differentiable at 0λ , uniformly for all ],[ 00 σ+∈ ttt . 

Moreover its derivative 
),()( 0λλ txtZ = , ],[ 00 σ+∈ ttt is the unique solution of the generalized differential 

equation  
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Proof: According to the assumptions, there exist positive constants 1A , 2A , 3A , 4A , 1B ,

2B , 3B , 4B such that 

)(),,(),,(,),,( 31 yxAtyftxfAtxf txtxtx −≤−≤ ωλλλ
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According to lemma 3, every solutionx is a regulated and left-continuous function on 
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Because of the function
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Consequently, 
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Finally, Gronwall's inequality leads to the estimate 

σσεσελϕ )))()((( 00)12(),( ththeMr −+++≤∆
 

Since� → 0�,we have that if Δ� → 0	and ∥ �
 − �� ∥→ 0,	then ��, Δ�� → 0 uniformly 
for � ∈ ���, �� + ��, � ∈ Λ. 
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