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Abstract. Firstly, based on the traditional Bézier surfabe, traditional Bézier surface is
generalized by using the idea of power and comgiwiith the singular hybrid technology;,
and a singular hybrid Bézier surface is obtainedot only contains the original Bézier
surface, but also introduces new local control mpetaers with local control and
modification ability. Secondly, the properties w@fot cubic singular Bézier surfaces are
studied, and the geometric meaning of the mixedrpaters is studied and its influence on
the shape of the surface is discussed. In the thedsplicing conditions of two cubic
singular Bézier surfaces in parameter splicing@aeametric splicing are presented.
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1. Introduction

Surface modeling technology is the key technologynany fields such as CAD/CAM,
CG, computer animation, computer simulation, aitfi intelligence [1], computer
visualization, some aspects of computer image gsieg [2-3], and so on. In surface
design, people strive to use methods to ensurethigasurface has a higher smooth
continuity, but also convenient and flexible, eagycontrol and modify the designed
surface. Bézier surface method plays an importaigt in CAD/CAM technology and
many fields mentioned above, especially in compaided geometric design. Bézier
surface has many good properties [4-9]. Howeveth whe development of modern
geometry industry, the traditional Bézier itselfshaome shortcomings, such as not
smooth connection and inflexible local modificatievhich make it difficult to meet all
kinds of requirements in geometric modeling. At #ame time, many rational Bézier
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curves [10-11] have been proposed, which solvesptbblem of traditional methods.

However, the denominator appears in curves anaseigquations due to rationalization,
and consequently the gradual problem inevitablsestiln addition, improper application
of weights in rational methods may lead to bad mpatarization and even destroy the
surface structure behind [12]. For this reason, ynaon-rational Bézier curves and
surfaces with shape parameters [13-18] have beepoged by scholars, so that the
curves can achieve a certain degree of local adjiligy and good results, but their

parameters are unstable, which will make it difi¢a control and calculate the influence
of parameters on the surface.

The earliest concept of singular mixing technolegs put forward by Loe to improve
the flexibility of curves and surfaces and expamelrtdescriptive ability. Unlike physical
and chemical methods, singular mixing methods da@aose denominators in curves and
surfaces, and therefore do not cause progressblgepns. In addition, the mixing factor
of singular mixing technology has obvious geomeinitiitive significance. Therefore,
the research on singular mixing technology hasr#ét®al and practical value. Guicang
et al. [12] used the singular mixing technique @ference [19-21] to construct the
singular mixing Bézier curve. This novel curve domstion method not only retains the
good properties of all traditional Bézier curvest blso has good shape adjustability. In
this paper, on the basis of reference [12], thdittcmal Bézier surface is generalized by
using the idea of weight and singular mixing tedbgg, and a new form of singular
mixed Bézier surface is obtained, and its definitis given. The special properties of
bi-cubic singular mixed Bézier surface are emphiltianalyzed, the geometric meaning
of mixing parameters is understood, and its infagean the shape of surface is discussed
Finally, the bi-cubic singular mixed B The spliciognditions of the cubic singular mixed
Bézier surface in parameter splicing and geomspiicing.

2. Definition of singular mixed Bézier surfaces
Singular mixed Bézier surface is a generalized fofézier surface which is obtained by
using the idea of weight and the technique of dargmixing. Before introducing its
concept, we first review the definition of Bézierface.
A set of points{Pi_]-}|i =01,--,m;j=0,1,---,n in a given space is a surface
described by formula (1) called x n -order Bézier surface.
P(u,v) = XiZo Xj=0 PijJmiW)nj()(0 < u,v < 1) (1)

Type in thef,,;(t) = Cit" 1 - )" i=12.,n

The space grid composed of two adjacent pointeénihe segment connection point
column successively is called the feature grid [18]theory and practical use, bicubic
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Bézier Surface is of great significance, and bicubézier Surface is mainly used in the
actual shape design [22]. Therefore, this paperdes on the study of cubic Bicubic Bézier.
Surface is determined by 16 control verticf@§j}|i,j = 0,1,2,3, and its expression is (1).

P(u,v) = X7 Y=o Pi /3, (W5, ; (V) O<suv<1) 2)
type in the J5i(®) = Citt 1 -6)*i=10,1,23.

Definition 1. Let f(t) be a continuous function defined §i1], if f(t) satisfies the
following conditions

FO=1f1)=0f0) =1 =0k=12-,n 3)

f(t) is called the singular mixed function of order

The types of singular mixed functions can be variatlirally, and polynomials are the
simplest and most commonly used form of functiofise polynomial singular mixed
function with the smallest number of times is adlike smallest singular mixed function.

With the concept of singular mixing function, thefidition of bi-cubic singular mixing
Bezier surfaces can be obtained by introducing dbeesponding mixing parameter
{a;;}1i,j = 1,2 atthe corresponding control vertéR; ;}|i,j = 1,2 of Bézier surfaces.

Definition 2. Let f(t) be the smallest singular mixed function a]?(d) =1-f(t), then
the bicubic singular mixed Bézier surface is
Qw,v) =a(lu,v)P(u,v)+ (1 — a(u,v))L(u,v) O0<suv<l) 4
Among
themL(u,v) =

Py f)f () + PLof WF () + Poa fWf (W) + Poof Wf (W)  (0<u,v<1) (5)

a(uv) = ay, ff V) + a2 f W W) + @y f (W W) + azaf W (V)

0<uv<l, {ocl-,jis any real number}|i,j =12) (6)
The shape of the surface can be adjusted by charbim value of the blending
parametefa; ;}|i,j = 1,2. See Section 3 for details.

3. Properties of double cubic singular mixed Béziesurfaces
By defining 2,bi-cubic singular mixed Bézier sudacan be written
Qw,v) =a(u,v)P(u,v) + (1 — a(u,v))L(u,v)
3 3
= a(u) ) Y Pijlsiaols ;) + (1 - a(v))
0j=0

i=
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(P fODF (W) + Poaf WF (V) + Py f)F(0) + Pyof (W)f (v) (7)

It can be seen from the formula that the surfadehpes composed of 16 control
vertices{Pi_]-}|i,j = 0,1,2,3 of the control mesh. Therefore, it can be writeenthe
following basic representation:

Q(w,v) = X1 Dr(u, v) Py O<uv<l (8)
where Dy (u, v) is made up @ ;(v) f,a(u,v).f(w).f ().
Nature 1. The basis of double cubic singular mixed Béziefames is normative.

Proof: $A%,; Dy (w,v) = a(u, v) Big ino 3 ()3, (¥) + (1 - a(w,v))
(F@f@) + F@f @) + Faf @) + FOF () (©)

= a(u,v) (X0 /3 (W) (Xi=0)3,; () + (1 — a(w,v)) [fFW(f(v) + fw)) +

FAF@) + FW)] = auv) + (1 — a(w,v)) =1 0 <uv < 1)

From equation (7), it can be concluded that thes i@rmative basis [20].

Nature 2. WhenO < «;; < 1]i,j = 1,2, the value range of the basis of double cubic

singular Bézier surface if01]
Proof: When 0 < a;; < 1]i,j = 1,2, since f(t)is the minimum singular function,

0= f(t),j_f(t) < 1,0 <t <1 can be proved by equation (6)

0<a(uv)<1 (20)
Because when the range of mixing parameters vaoes0 to 1, (6) each item on the
right side of the equation is greater than 0, tihere
0<a(uv) (11)
It may also be assumed that the largest of thesedmarameters ig; 4

a(u,v) = ay, fDF ) + a2 f (W) + ag1 fWf @) + agof W (V) (12)

<autF W)+ FU) T+ FW W)+ FU) F)) = ana[f@F@) + F@)) +
FAOF@) +fOD] = aralf@) +fW] = az <1

So corresponding to control verte ;,P; 5,P; 1 P> 1,P; 2, other thanDy (u, v)
Dy(w,v) = a(u,v)/3,;(W)]s,;(v) 13)
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Because 00 < J5;(u),/;;(v) <1, we have 0<D;(u,v)<1 (14)

Corresponding to thé; 1 Dy, (u, v) = a(u,v)J31(wW)/31(v) + (1 — a(u,v))f(w)f (v)

Corresponding to thé; ;D (w, v) = a(u, v)/3,(W)/3.(v) + (1 — a(u, v))f(u)f(v)

Corresponding to thg 1 D (w,v) = a(u,v)/;, ,(W)/3:(v) + (1 —a(y, v))]_f(u)f(v)

Corresponding to the

PaD(w,v) = a(uv)], ,W)s2(v) + (1 — a(u,v))f @W)f©) (15)

Because the range of(u, v),/3;./3 ,f(u),j_f(u) is between 0 and 1, there is

0<D,(u,v)<1 (16)
To sum up, it is evident.

.Since the basis function corresponds to the cowémbex one to one, in order to unify
formally, the tensor product form of singular mix8e&zier surface equation can be
obtained by taking the subscript of the basis fioncks the subscript of the control
vertex.

Definition 3. The tensor product form of the equation of bicubitgular mixed Bézier
surface is
Qu,v) =X oXioDij(w,v,@)P;  (0<u,v<1) (1D

Nature 3. Bicubic singular mixed Bézier surface patchesh@f)e geometric invariance.
It can be seen from the formulas (8) and (9) thatsurface patch can be expressed as a
normative basis, so it has geometric invariancég [23

Nature 4. When0 < a;; < 1|i,j = 1,2, the surface patch (7) is convex. That is, the
surface patch (7) is located in the convex hulledained by 16 control vertices
{P,;}li,j =01,23.

This can be obtained by formula (8), (9), (16).

Nature 5. Bicubic Bézier surface patches (2) is .containgdioubic singularly mixed
Bézier surface patches (7)
If commanda; ; = 1|i,j = 1,2, then there are

a(u,v) = ay, fF ) + a2 f W W) + ay fWf @) + agof Wf (V)
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= FA)(F) + F0) + FAOF W) + F0)) = F@) + fw) = 1 (18)
Formula 6 has
Qu,v) =a(u,v)P(w,v) + (1 — a(u,v))L(u,v) = P(u,v) (19)

Therefore, singular hybrid Bézier surface patchetude Bézier surface patches,
which are its generalization. Because this singlidorid Bézier surface patch equation
contains freely adjustable mixed parameters, ifwessive ability is stronger than the
original Bézier surface patches, and it has manehle ability to control the shape of the
surface, as well as the potential ability to modiifg shape locally.

Nature 6. Bicubic singular mixed Bézier surface patchesh@i)e approximation property.
That is, when A, the surface approximates the sarfd its control polyhedron.
When a; ; — 0[i,j = 1,2, becausea(u,v) - 0, there is
Q(w,v) = a(u,v)P(u,v) + (1 — a(u,v))L(u,v) = L(u,v) (20)

L(u,v) is a bilinear singular surface patch determineddoy space point$Pi_j}|i,j =
1,2. When these four points are coplanar, the biliseggular surface patch is a plane patch
determined by them. Therefore, surface patches &ygmximation. Figure 6 can be seen
in detail.

Nature 7. Bicubic Singular Mixed Bézier Surface Patches héneefollowing endpoint

properties.
UThe four boundary lines are

Q(0,v) =
(@, f@) +@rof @) T3o)s; @)Po + (1 — a1 f(0) = @ f W) (Paf (V) +

PLaf )0 < v < 1) (21)
_ 3
Q1Y) = (@, (W) + aof () ) Ja; (WP + (1= @y f ()
=0
—ay o f )P, fW)+Poaf (@) <v<1) 22)

3
Q(w,0) = (&, 1f W)+ f (W) ) Jai WPy + (1= a1 f ()
i=0
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— 2 f (W) (Poaf(w) + Pyt fW))(0 < u < 1)
3

Q1) = (&, ,f (@) +zof (W) ) J3i WPy + (1 =ty ,f (W
i=0

—a,, zl_‘(u))(Pl, S+ P, 2}_‘(u))(o <u<1)

(@The four corners are
Q(0,0) = @11 Py + (1 — aq1)

Q(01) = ayPyz + (1 —a;, ,)Pi
Q(1,0) =az P30+ (1 —az1)Pz
Q(L1) = azP33+ (1 —ay,)Ps;

The transboundary tangent vectors of four edgeseapectively
a) First order tangent vector

200D~ (a, f) +ay, f D) Eieols, (W)(=3Py; + 3Py )

3
=3 (@, fO)+a, SO JW(Pr—Py)  O<v<T)
=0
% = (a, f(W) +a, 2%(”))(2?:013,]' (v)(—3P,; +3P3)
_ 3
=3 (@, fO)+a, fONO Jo;MPsy~Prp)  O<v<D)
=0
@ = (a fW+a 2%(“))(2?:0/3,1‘(u)(—?’Pi,o +3P; 1)

3
=3 (@, fO+a, @I JWPa—Pg)  O<us<)
i=0

BQ;ZJ) = (a, f(W)+a, 2]_‘(u))(Z?=0]3_i(u)(—3Pi_2 + 3P;3)

3
=3 (@, f)+a, SO Ji@Ps—Pz)  O<us1)
i=0
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b) The second order vector

Zo0n) (a, f() +a 2}(7]))(2?=0]3.j (©))(6Po,j = 12Pyj + 6P3) (33)

ou?

3
=6 (a, f(W)+a zf(v))(Z]s,j(V))(Po,j — 2P j+ Py ) O<sv<1)
=0

3% QQ1, P
LD = (@, fO) +ay f@)(EIeo)s;V) (6P ) — 12Py; + 6P3)) (34)

ou?

3
=6 (a, fW)+a, Zf(v))(Z]g_j(v) (Pj—2P,;+Py) (0<v<1)
=0

PO = (ay f)+ay, f () (T ai()(6Pp — 12Pyy + 6P,) (35)

ov?

3
=6 (a, f(W+a, Zf(u))(Z]z,i(u)(Pi,o —2P+Pp)  (O=sus<l)
i=0

POUD — (a, fW)+ay, of W) (T3 (W61 — 12P;5 + 6P5) (36)

ov?

3
=6 (a, ,f(W+a, zf(u))(zj3,i(u)(Pi,1 — 2P, +Pi3) O=u<1)
i=0

The torsion vector of four angles is

aza?,;?j)) = 9ay,1(Poo — Po1 — Pro + P11) (37)
T =9y, 1oz =Py, =Py, 4 ¥ Pr2) (39)
6233220) = 9a31 (P20 = Pp1 = P3o + P31) (39)
6263221) = 9a3,(P22 — Pp3 — P3p + P33) (40)

Using the properties of bilinear singular surfa@cphes and minimal singular mixed
functions, we can get property 7 by simple cal¢oiat

4. Effect of mixed parameters on curved surface sie
4.1. Geometric meaning of mixed parameters
Singular mixed Bézier surface is obtained by iniidg parameters on the basis of Bézier
surface.
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Singular mixed Bézier surface is obtained by inimdg parameters on the basis of
Bézier surface. The biggest difference betweemdt Bézier surface is the parameters
introduced. This parameter is similar to the weifgitor in rational surface. It is very
important to understand the geometric meaning isf garameter both in theory and in

application.
By property 7 and the deformations of pair A aréodlows
Q(0,0) = P11 = a1,1(Poo — P1,1) (41)
Q(0,1) = Pio = ay(Po3 — Pl, 2) (42)
e, 0)—P, =a, (P; (=P, ) (43)
Q(l: 1)_P2,2=a2’ 2(P3y 3_P2’ 2) (44)

It can be seen from this that poiQi(0,0) and pointP; ;P,, are the fixed points of
point a, 1, it can be seen from this that poi@t0,1) and pointP, ,P,; are the fixed

points of pointa;, ,, and it can be seen from this that pofh¢1,1) and pointP,,P; 3

are the fixed points of point, ,.If the four corners of a surface a@, Qg 1, Q1,0

and Q4,, and the directed distance between the two p@ntscorded byP; P, and

— —
P1P0 = —P0P1,then
Qo,0P P11Q
a, | = 00P11 _ P1,1Q00 (45)
’ PooP11  P11Popo
@, ,= Qo,1P12 — P12Q0,1 (46)
’ Po,3P1,2 P1,2Po3
_Q10P21 _ P210Q1p
o, =G0 Pl @7)

P3Pz P2,1P30

Q11P22 _ P22Q11
q, ,=%afa2 Pl (48)
’ P33P;; P 2P33

Theorem 1.If Qqpo, Qo1. Q10 and @y, are the four corners of singular mixed Bézier
surface patches (7), then there are
a4 (1 —ay,1) = P110Q0,0: QooPo,0 = Qo,0P1,1: PoCQoy0 (49)

120 (1 —a12) = P12Q0,1: Qo1Po3 = Qo1P12: Po3Qo1 (50)
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a, 1 (1 —ay1) = Py1Q1,0: Q10P30 = Q1,0P2,1: P300Q1,0 (51)

a, 5 (A —az2) = Py2011:Q11P33 = Q11P22: P3 3011 (52)

The proof of the theorem can be obtained from tiegipus deduction.

4.2. Effect of mixed parameters on curved surfacenape

The shape of a surface patch depends not only ercdhtrol vertex, but also on the
mixing parameters and singular mixing functionsn&aeally, when we choose a singular
mixing function, it will not change. Therefore, well focus on the influence of the
mixing parameters on the shape of the surfaces Hettuss it in several ways.

1. « =a

1, 1 1,2-@ =a

2,1 L2 =1

2

From property 5, we can see that the singular mswathce is the Bézier surface,
and the four corners of the surface patch areahedontrol vertices of the feature mesh,
as shown in Figure 1.

ino

Figure 1.

Q) a 0,a a =a

2,1 2, 2=1

1,1 1, 2 =

When a mixed parameter is 0, the surface will bawdrto the control vertex
corresponding to the mixed parameter as shownguar€&i2. When the parameter is 1, the
surface will be drawn to the control vertex cormsging to the parameter at the outmost
part of the control mesh. That is to say, the serfaehavior of the area corresponding to
the parameter is similar to that of the Bézieratefas shown in Figure 3 in case 3.
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Figure 2:

a =a

@ a,,=la, ,=a, 2,2=0

In this case, the surface passes through fouragrints, as shown in Figure 3.

Figure 3:

=qa =0

a 2, 2

4) a, ,=-1La

1 1,2 %, 1

At this point, the surface is pulled out of the wex hull of the control mesh and a
region opposite to the original direction is formasishown in Figure 4.

41



Peipei Ji, Guicang Zhang and Kai Wang

Figure 4.

®)a, =2« a

1,2 %, 1

At this time, the surface is also pulled out of tmnvex hull of the control mesh,
because the parameters are positive at this timehes direction of the surface being
stretched is the same as that of the original sarflaat is, the direction of the control grid
is the same, as shown in Figure 5.

0.5

Figure 5:

(6)a1,1=a =«

1, 2 2,1

In this case, the singular mixed Bézier surfaceobexs a bilinear singular surface
patch. The surface approximates the surface optighedron formed by the control
mesh. See Properties 6 and Figure 6.
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(7) a,, =« =a

1, 2 2, 1 2, 2

At this time, according to formula (6), there are

a(u,v) = ay 1 fA)f W) + @y fAF W) + a1 fOF (V) + @y f W f ()
= a(f)f @) + FAf @) + FQf @) + FQf @)

= a[fWF W)+ fFW) + F@F W) + F@)] = a(f W) + fw) =a  (53)

According to Formula (4)

Qu,v) =aPu,v)+ (1 —a)L(u,v) (54)
It can be seen from the above formula that theaserht this time is a partitioned surface
that divides bilinear singular surface patches A Bninto a partitioned surface with a
fixed ratio of C as shown in Figure 7.QO0 is thenpan.(u,v), Q1 and Q2 are the
corresponding points o (u,v) and mixed surface, where the corresponding pairgs
the points with the same parameters, then there are

o= Qo Q2 — QoQ2 (55)
QoQ1  QoQ2+Q20Q1
So there are
a:(1—a) =0QpQ2: Q201 (56)

Therefore, we call the singular mixed Bézier swefat this time a bi-linear singular
surface patchl(u,v) and surface patcl®(u,v)as a fixed ratioa of the partitioned
surface.
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Figure 7:

When the segmentation parameters vary with thetpain the surface and change
according to regular pattern in formula (6), thealsingular mixed Bézier surface patches
are obtained. From here we can see the true meahimiged surface.

In this casea becomes a whole parameter, and the shape of tifecsuran be
adjusted as a whole by changing its value as sliowigure 8.
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(d) a=-2
Figure 8:
Other cases can be discussed similarly, but net her

5. Splicing of surface patches
5.1. Parameter splicing of singular mixed Bézier staces
If the two curved surfaces patch@s(u, v) and Q,(u,v) are determined by the control

vertices andl_’|i,j =0,1,2,3 and the mixed parametess ;|i,j = 1,2 and (}i,j|i,j =12

respectively, then their equations are as follows:

Q:(wv) =
a(u,v) Yo Yoo Pijl3i(Wis;(v) + (1 —awv)) Lw,v) (0<u,v<1) (57)
Q:(w,v) =
a(u,v) XX, ﬁi,j]z,i(”)]z,j(v) +(1—a@v)Lwv) (O<uv<l) (58)

Because of the directionality of the curved surfdlcere are three forms of stitching:

u -direction andu -direction splicingu -direction andv -direction splicing,v
-direction andv -direction splicing.Limited to space, this questionly discusses the
splicing of directiaend directionuu. The other two splicing methods can be discussed
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similarly.
Therefore, if the two surfaces are to be camtus in position ot?, there should be a
public boundary, namely

Q:1(w,1) = Q2(w, 0) (59)
Formulas (23) and (24) can be sorted out.

(@ fW) + a2 f W) Tihofsi WP+ A~y f@)—a, ,f@)(P, f)+

P, 21_‘ (W) (60)
—_ 3 —_ -
=(a, JW+a, ,fW) Z]B,i WP+ (1 —ag1f(u) — a2 f (W) (P f (W)
i=0

+P, LfW)

®,

B

Sigayy,
L7y

LR

NO = N w A o o

O<u,v<l
Figure 9: €° continuous stitching curved surface

In order to achieve?, ¢? continuity of this surface, In addition to satisky the above
formula, it should also satisfy

= 01(1,1) = 2= Q4 (1,0 (61)

Namely

(az1f(w) + az,zf(u)) 2?:0]3,1’(11)(})1'.3 —Pi3) (62)

= @1 f(W) + @y f (W) X Ja WPy —Pp)  (0<wuv<1)
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Figure 10: C* continuous stitching curved surface
In order to achieve&? -continuity of this Bézier surface, In additionthe satisfactions (59)
and (61), they should also be satisfied.

L0 1) =20, 0)  (0<uvs1) (63)

Namely

3
(@, @) +azaf @) ) J3i ((Pry = 2Pz + Pi)
i=0

(@1 f (W) + @1 f (W) Do Jai (W (Pio — 2Py + Pip) (0 <u,v < 1)(64)

Figure 11: C* ¢* continuous stitching curved surface
From these stitching conditions, we can see thastiiching conditions of singular
hybrid surfaces are much looser than those of Bé&ridaces, that is to say, the stitching
conditions of singular hybrid surfaces are muchaerftexible and have more degrees of

freedom than the original surfaces [22].
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6.2. Geometric stitching of singular hybrid Bézieisurfaces
Parametric continuity is always related to paramsdéection, because there is no intrinsic
arc length parameter on the surface like a cunekenthe parametric continuity of a
surface always hold only under certain parametethe common joints of two surfaces
are non-regular; although they are A along thisneation line, it is possible that there are
common tangent planes not everywhere along theesumso they are not smooth. It is
known from experience and intuition that the smamthnection of two surfaces along the
lowest order of the common connection line, i.e finst order smooth, requires only a
common tangent plane exists along the junctiorhaut requiring them to bé&? .It can be
seen that parameter continuity can not accuratedgsare the smoothness of surface
connection, which is too restrictive and unnecegsdare following is a description of the
geometric continuity that can accurately measugesthoothness of surface joints.

The zero order geometric continuity of two surfades G° continuity, is consistent
with ¢° continuity.

The first-order geometric continuity of two surfacee. G° -continuity, is also called
tangent plane continuity, it is specifically defihas:

Definition 3. Two surfaces havé® continuity along their common connecting lines, if
and only if they have common tangent plane or comsuwface normal everywhere along
the common connecting lines.

Therefore, for two surfaceB(s,t), Q(u,v) with common isoparametric lineg;
and Q,, are parallel at any point on the common isopardméhes, so the common
tangent plane requirement becomes the

Pe(P;,Qy, Q) =0 (65)
Or represent one vector as a linear combinatiadgheobther two vectors
Pe=0w0, + g, Hw >0 (66)

G continuity is also called curvature continuityerdn , Kanmann and Zhang Guicang
[24-25] all show that G continuity requires commumormal curvature in all directions
along the public connection line. It can be spealfiy defined as

Definition 4. Two surfaces havé? continuity along their common connection line, if
and only if they have tangent planes along the comoonnection line, and have common
principal curvature, and if the two principal cutwas are not equal, they have common
principal direction.
Pts = gQuy + 11Qyy + aQy, + bQ, (67)
Pee = 9% Quu + 290 Quy + 1% Quy + ¢Qy + dQ, (68)
Therefore, for two surfaces (57) and (58), tHe connection withC® is the satisfiable
48



Double Cubic Singular Blend Bézier Surfaces

formula (60), for them to bes:-connected, it is not only necessary to satisfgnida (60) ,
and according to Definition 3 and Formula (66xhHbuld be satisfied.

0Q2(w,0) _ 001 (1) 001 (w,1)
00:040) _ 1) (3 90108 | g ) 90aCe) (69)

Namely

(@1 f (W) + @yof (W) Do J3,: (W (Piy — Pig) (70)

3
= (@ f) + @2 f (@) Y 2@ (Pis = Pia) + 9l(@2
i=0
3
~ 02)f (@) ) J3i(Prs = Prz) + (@ f ()
i=0

3
+ @ f (@) ) [P = Pi)] 0 Su < 1)
i=0

Figure 12: G continuous stitching curved surface
The conditions forG? -connection of two surfaces (57) and (58) are basedatisfying
formulas (60) and (69), and then according to fda®(67) and (68), they should also be
satisfied.

8% Qp(,0) — 8% Q1(u,1)

2% Q1 (w1) 20, (1) 20, (w1)
oudv W) ousv + W ov? +a(w) ou +b(w) ov (O=us<1

(71)
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0% Q,(w, 0)
o2

R 1 92 1
7 @) —%‘ 1 290 80D

0% Q,(w, 1)

+ 2% (u
W) o

+ew) 22 ) 22D 0 < u < 1) (72)

The two formulas above are sorted out as follows

3
3 (@ 11f @)+ @1 f ()) Jo@I(P i1 = Pio)
i=0
3
+3 (@t @) @ ) Jai (P — Prg)
i=0
_ 3
= gw)(B(az1f () + az,f(u)) Z]é,i(u)(Pis —Pi;) +3(az;
i=0
3
~ 02)f @) ) J3i (P = Pi))
i=0
. 3
+6 (W) (az1f(u) + azzf(u)) Z]g,i(u)(Pi,1 = 2Pip + Pi3) + (a1 f(w)
i=0
) 3
+ @ f @) ) TP
i=0
) 3
() (@, f () + 0f () ) J3,4@) Py = Pig) + bW (@2,
i=0

3
— 02)f (@) ) J3i(WP:s)
i=0

— (@, —ay Df WP f W)+ Py f (W)= (1= a1 f(w) — azz f W)(Pas

—Po)f (W) (0<u<1)
(73)
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3
6 (€ 12f()+ @1 f (W) ) J3@(Pio=2Pis+ Piy)
i=0
= 92 (W) (3(az1
3 3
- az,z)f”(u) Z/s,i(u)Pis + 6(052,1 - az,z)f’(u) EJé,i(u)Pis
i=0 i=0
3
¥3 @, S +a, o f @) JP;
i=0

— (@, ;—a, Df @(Porf W)+ Pyyf (W)

-2 (0‘2} 17y, Z)U,(u))z (Pyp — Pop) — (L —ap f(u) — az,zf(u))(Pz,l

- Pz,z)f”(u))

3
+2g(u) (wWB(azif(w) + az,zf(u)) Z]é,i(u)(Pis —P;y) +3(az,
i=0
3
~02)f (@)) Ji @ (Pr3 — Pi2)
i=0
. 3
+6 % (W)(@o1f (W) + az2f (W) ) J3i WPz = 2Py + Pys)
i=0
) 3
(@ f (W) + 02 f (@) Y 51 (Pis = Pi2) + (@) (a2,
i=0
3
~ 0)f (@) ) J3i(0P;s)
i=0

3
H@a f@) + aaf (@) ) Joi (P
i=0

(@, =, ) @WPfW+Pys f W)= (A —azaf(w) —azy f W)(Pzy

— P2p)f (W) O=sus1
(74)
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Figure 13: G2 continuous stitching curved surface
From the formulas (70), (73) and (74) above, it barseen that the stitching conditions of
geometric continuity are much looser than thospashmetric continuity, and there are
many parameters that can be freely selected, éntaticly increases the degree of freedom
of surface design control. However, too many frammeters in the actual surface design
work also make people confused, increasing trodolén the actual application, we often
adopt a simplified way. Thg(uw). (). a(u). b(w). c(u) andi(u) functions can be
taken as constants. When(u) =1,g(u) =a(u) =b(u) =c(uw) =du) =0, the
condition of geometric continuity is the conditiohparameter continuity.

7. Conclusion

In this paper, a singular mixed Bézier surfacedsstructed. The special properties of
bicubic singular mixed Bézier surface are analyrgubrtantly, the geometric meaning of
the mixed parameters is understood, and the infkieri the mixed parameters on the
shape of the surface is discussed. Finally, theisglconditions of bicubic singular mixed

Bézier surface in parameter splicing and geomspiicing are given.
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