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Abstract. In this paper we have introduce two new conceptaeha edge stable sets&
edge independent sets in hypergraphs. We have graveecessary and sufficient
condition under which an edge stable set is a maxedge stable set. We have also
proved an important result that an edge stableofet hypergraph is a maximal edge
stable set of it if and only if it is a minimal ezlp—~dominating set of that hypergraph. A
characterization of edge independent set is algengby us and some results related to
edge independent set in hypergraphs have beendorove
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1. Introduction

Domination related parameters for graphs have lsaggied by several authors [5, 6].
These parameters can also be extended to hypesgeagghnew parameters related to
hypergraph have been introduced in [8, 9]. The dation in hypergraphs has been
studied in [2]. We introduce the concept of etigomination for hypergraphs in [10]. In
this paper we introduce two new concepts namely etigble sets and edge independent
sets for hypergraphs. We relate them with knowrcepts of edge domination and edge
h- domination. We also give characterization of matisets of the above types.

2. Preliminaries

Definition 2.1. (Hypergraph) [4] A hypergraphG is an ordered paifV(G), E(G))
whereV (G) is a non-empty finite set ait{G) is a family of non-empty subsets16G)
Otheir union= V(G).The elements oF (G) are calledvertice® the members of (G)
are callecedges of the hypergragh

We make the following assumption about the hypetgra

(1) Any two distinct edges intersect in at most vagex.

(2) If e;and @ are distinct edges with {jg| | > 1theneZ &g E &
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Definition 2.2. (Edge degree) [4).et G be a hypergraph andv V(G) then theedge
degreeof v = dy(v) = the number of edges containing the verteXhe minimum edge
degree among all the vertices of G is denoted:@3) and the maximum edge degree is
denoted aAg(G).

Definition 2.3. (Dominating set in hypergraph) [1] Let G be a hypergraph and
S c V(G) then S is said to be dominating sebf G if for everyv e V(G) - S there is
u €S >uand v are adjacent vertices.

A dominating set with minimum cardinality is calledinimum dominating seand
cardinality of such a set is callddmination numbeof G and it is denoted agG).

Definition 2.4. (Edge dominating set) [7]Let G be a hypergraph asd= E(G) then S
is said to be ardge dominating seif G if for everye € E(G) - S there is some fin
e and f are adjacent edges.

An edge dominating set with minimum cardinalitycaled aminimum edge dominating
setand cardinality of such a set is calkdige domination numberf G and it is denoted
asye(G).

Definition 2.5. (Sub hypergraph and partial sub hymrgraph) [3] Let G be a
hypergraph anar € V(G). Consider the subs&i(G) - {v} of V(G).This set will induce
two types of hypergraphs from G.

(1) First type of hypergraph: Here the vertex seV&)- {v} and the edge set
{e’/ e’ = e- {v} for some e € E(G)}. This hypergraph is called tteb hypergraph
of G and it is denoted d@s- {v}.

(2) Second type of hypergraph: Here also the vesedx=V(G) - {v} and edges in this
hypergraph are those edges of G which do not conka vertex v.This hypergraph is
called thepartial sub hypergraplof G.

Definition 2.6. (Edgeh—dominating set) [10]Let G be a hypergraph. A collection F of
edges of G is called adge h — dominating sef G if

(1) All isolated edges of G are in F.

(2) If fis not an isolated edge andlF then there is a vertex x infedge degree ofx 2
and all the edges containing x except f are in F.

An edge h — dominating set with minimum cardinaligycalled aminimum edge h —
dominating sebf G and its cardinality is calleetige h — domination numbef G and it
is denoted ag, (G).

Definition 2.7. (Minimal edge h—dominating set) [10]Let G be a hypergraph and F be
an edge h — dominating set of G. Then F is salsktaminimal edge h — dominating set
if for every edge €1 F, F —{e}is not an edge h—dominating set of G

Definition 2.8. (Edge cover in hypergraph) [11]Let G be a hypergraph and F be a set

of edges of G then F is said to beeslye covepf G if for every vertex x there is an edge
einFOxOe.

34



Edge Stable Sets and Edge Independent Sets in dtgpéis

Definition 2.9. (Minimal edge cover in hypergraph)[11] Let G be a hypergraph and F
be an edge cover of G then F is said to b@ramal edge coveof G if no proper subset
of F is an edge cover of G. Equivalently for everin F, F — {e} is not an edge cover of
G.

Definition 2.10. (Minimum edge cover in hypergraph)[11] An edge cover with
minimum cardinality is called minimum edge covef G.

Definition 2.11. (Edge covering number) [11lLet G be a hypergraph. The cardinality of
a minimum edge cover is called thdge covering numbeaf the hypergraph G and it is
denoted asi;(G).

3. Main results

Definition 3.1. (Edge stable setl.et G be a hypergraph and F be a set of edgestioéi
F is said to be aedge stable setf G if for every vertex x with edge degree af  there
is an edge,econtaining xJe,d F.

Example 3.2. Consider the hypergraph G whose vertex set V(G)},=2{ 3, 4, 5, 6} and
E(G) ={a, & 6 €65 €5}

e, 4
Figure 1.
Let F = {g, &5 &5} then F is an edge stable set of G.

Remark 3.3.We may note that if G is a hypergraph with minimedye degree 2 then

a set F of edges is a edge stable set iff E(Gls-aR edge cover of G.

We may also note that any subset of an edge stable also an edge stable set however
a superset of an edge stable set need not be arstdie set.

Example 3.4.Consider above example in this hypergraph T =ef@s 5} is not an edge
stable set of G.
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Example 3.5.Let G be the finite projective plane with+r + 1 vertices andFr + 1
edges(r= 2). Edge covering number of this hypergraph iSince the complement of a
minimum edge covering set is a maximum edge stable(in a hypergraph with
mirr21imum edge degree 2). Edge stability number of the hyper plane @3s-r + 1) —r
=r-2r+1.

Definition 3.6. (Maximum edge stable sethet G be a hypergraph. An edge stable set
with maximum cardinality is called maximum edge stable sdthe cardinality of a
maximum edge stable set is calledge stability numbeof a hypergraph and it is

denoted ag;(G).

Remark 3.7. Let G be a hypergraph with minimum edge degreg(kx2). Let 1<j <
k. Let F={ee ..... ,6} be any set of j edges. Let x be any vertex ofStce
edge degree of x > j there is an edge h contaiing O F.

O Fis an edge stable set of G.

0A(G)zk-1.

Definition 3.8. (Maximal edge stable setllet G be a hypergraph. An edge stable set F is
said to be anaximal edge stable siét- [0 {e} is not an edge stable set for every edge e
in E(G) - F.

Example 3.9.Consider the hypergraph in above example. Let [E,=e{ e} then F is a
maximal edge stable set.

Now, we stat and prove a necessary and sufficemtition under which an edge
stable set is a maximal edge stable set.

Theorem 3.10.Let G be a hypergraph and F be an edge stablefggatthen F is a
maximal edge stable set iff the following two cdiudis are satisfied.

(1) F contains all the isolated edges of G.

(2) For every edge e in E(G) — F there is a vexteix e Jedge degree ofyx 2 and all
the edges containing except e are in F.

Proof: Suppose F is a maximal edge stable set. Supposeishan isolated edgd¥F
then FO {f} is also an edge stable set. This contradibts thaximality of F. Therefore, f
OF. Thus, F contains all the isolated edges of G.

Next, let edE(G) — F then e is not an isolated edge of G. New, {e} is not an edge
stable set of Glthere is a vertexp{dedge degree ofxx 2 and all the edges containing
Xoare in FO {e} but F is an edge stable set of G. Therefdnere is an edge h containing
xoOhOFO h=e.

Also it follows that all the edges containingexcept e are in F. Thus, the conditions (1)
and (2) are satisfied.

Conversely suppose conditions (1) and (2) arefwatis

Let eDE(G) — F then e is not an isolated edge of-Geofndition (1)).

By the given conditions there is a vertex(o0 e, edge degree of % 2 and all the
edges containingyexcept e are in F. Thus, all the edges contaixjrage in FO {e}.

0 FO {e} is not an edge stable set of G.
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O Fis a maximal edge stable set of G. |

Theorem 3.11.Let G be a hypergraph and F be an edge stablefggtthen F is a
maximal edge stable set of G iff F is an edge bmidating set of G.

Proof: Suppose F is a maximal edge stable set of G.dfamiisolated edge of G then by
above theorem i@ F.

Suppose e is not an isolated edge ahdre Again by the above theorem there is a vertex
x in e Jedge degree of x 2 and all the edges containing x except e are ifhEs, F is
an edge h — dominating set of G.

Conversely suppose F is an edge h — dominatingf€gtthen by definition of edge h —
dominating set conditions (1) and (2) of the abtinmrem are satisfied. Therefore, F is a
maximal edge stable set of G. |

The above result can be improved as follows.

Theorem 3.12.Let G be a hypergraph and F be an edge stablefsgtthen F is a
maximal edge stable set of G iff F is a minimaletig- dominating set of G.

Proof: Suppose F is a maximal edge stable set of G. Bgltbge theorem F is an edge h
— dominating set of G. Letlé F. If e is an isolated edge of G ther=+ — {e} is a set of
edges which cannot be an edge h — dominating satibe €1 F;

Suppose €1 F and e is not an isolated edge of G. Suppese FF— {e} is an edge h —
dominating set of G. Sincel& F;, there is a vertex x in @edge degree of x 2 and all
the edges containing x except e are jrthen all the edges containing x are in F. This
contradicts the fact that F is an edge stableTdais, F — {e} cannot be an edge h —
dominating set of G. Thus, F is a minimal edgedominating set of G.

Conversely suppose F is a minimal edge h — domigatet of G. Since F is an edge h —
dominating set of G it is a maximal edge stableo§&. (By the above theorem) =

Definition 3.13. (Edge independent sef)et G be a hypergraph and F be a set of edges
of G then F is said to be adge independent set G if no two edges of F are adjacent.

Example 3.14.Consider the hypergraph in above example. Let & =f} then F is an
edge independent set.

Example 3.15.Let G be the finite projective plane with-fr + 1 vertices and Fr + 1
edges. Any two edges in this hypergraph intersedttaerefore any edge independent
subset must have only one edge in it.

First, we prove an important characterization afesthdependent set.

Theorem 3.16.Let G be a hypergraph and F be a set of edges dhén F is an edge
independent set of G iff for every vertex x wittgpedlegree 2 there is at most one edge
which contains x and which is in F.

Proof: Let F be an edge independent set of G then E(Gis-aFstrong edge cover of G.
Let x be a vertex with edge degre@. By the characterization of strong edge covergh
is at most one edge which contains x and whiclisSmE(G) — F.
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Conversely suppose the condition holds. Suppose #re two edges g and h of F which
are adjacent. LetX g n h. Then x is a vertex of edge degee2 and there are two edges
namely g and h containingg O F and HJ F. Which is a contradiction.

O No two edges of F are adjacent.

O Fis an edge independent set. [ |

Proposition 3.17.If G is a hypergraph and F is an edge independdrif<s then F is an
edge stable set of G.

Proof: Let x be a vertex of Gledge degree ofx 2. Suppose all the edges containing x
are in F. Since edge degree o&X2 there are at least two edges say e and f which
contains x. Now, e, flIF and by above statement e and f are adjacent edgies
contradicts the edge independence of F. ThusaFk exige stable set of G. [ |

Remark 3.18.Note that every subset of an edge independens et edge independent
set but a superset of an edge independent sehoebe an edge independent set.

Definition 3.19. (Maximal edge independent setlet G be a hypergraph and F be an
edge independent set of G then F is said torhexdmal edge independent #dt O {e}
is not an edge independent set of G for every edty&(G) — F.

Example 3.20.Consider the hypergraph in above example. Let le;==e{} then F is a
maximal edge independent set.
Note that it is not a maximal edge stable set of G.

Theorem 3.21.Let G be a hypergraph and F be an edge indeperdtenf G then F is a
maximal edge independent set iff F is an edge datinig set of G.

Proof: Suppose F is a maximal edge independent set otz [LE(G) — F then K] {e}

is not an edge independent set. Therefore, therdvar edges in E1 {e} which are
adjacent. One of these edges must be e becausmfedge independent set. Let f be the
other edge. Thus e is adjacent to some membdrfBifius, F is an edge dominating set.
Conversely suppose F is an edge dominating set.dfeGe OE(G) — F. Then e is
adjacent to some member f of F. Therefore, e aaue fedges of El {e} e and f are
adjacent.

0 FO {e} is not an edge independent set of G.

Thus, F is a maximal edge independent set of G. |

Acknowledgement: We are thankful to referee for valuable comments.
REFERENCES

1. B.Acharya, Domination in hypergrapisiKCE J. Graphs. Combirn4(2) (2007) 111
- 126

2. A.Behr and L.Camarinopoulos, On the domination gbdrgraphs by their edges,
Discrete Mathematic€,87 (1998) 31 - 38

3. C.BergeGraphs and Hypergraph&lorth-Holland, Amsterdam, (1973).

38



10.

11.

Edge Stable Sets and Edge Independent Sets in dtgpéis

C.Berge,Hypergraphs North-Holland Mathematical Library, New York, \Vo#5
(1989).

T.Haynes, S.Hedetniemi and P.SlatBomination in Graphs Advanced Topics,
Marcel Dekker, Inc., New York, (1998).

T.Haynes, S.Hedetniemi and P.Slatéyndamental of Domination in Graphs
Marcel Dekker, Inc., New York, (1998).

D.Thakkar and V.Dave, Edge domination in hypergrdpternational Journal of
Mathematics and Statistics Inventjd{9) (2017) 13-17.

D.Thakkar and V.Dave, More about edge dominatiomyipergraph, submitted.
D.Thakkar and V.Dave, Regarding edge dominatiorhypergraph,international
Journal of Mathematics Trends and Technolat(3) (2017) 108-114.

D.Thakkar and V.Dave, Edge h-domination in hypgsgrénternational Journal of
Mathematical Archive8(8) (2017) 51-59.

D.Thakkar and V.Dave, Edge cover in a hypergrajpiternational Journal of
Mathematics and its Applications(4-E) (2017) 761-768.

39



