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Abstract. The hyperbola represented by the binary quadrafimtiony?=110 x*-29 is
analyzed for finding its non-zero distinct integaiutions. A few interesting relations
among its solutions are presented. Also knowingirdagral solution of the given
hyperbola, integer solutions for other choicetygerbolas and parabolas are presented.
Also, employing the solutions of the given equatigpecial pythagorean triangle is
constructed
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1. Introduction

Diophantine equation of the forg? = Dx? + 1, where D is a given positive square-free
integer is known as pell equation and is one ofdldest Diophantine equation that has
interested mathematicians all over all the wosidce antiquity, J.L Lagrange proved
that all positive pell equatiog? = Dx? + 1 has infinitely many distinct integer solutions
where as the negative pell equatich= Dx? — 1does not always have a solution. In [1],
an elementary proof of a ceriterium for the solligbof the pell equationx? — Dy? =

—1 where D is any positive non-square integer has gesented. For examples the

equationg/” =3x*-1,y*=7x*—-4 have no integer solutions, whereas

y> =65x* —1 ,y* = 202> -1 have integer solutions. In this context, one nefgrr

[2-12]. More specifically, one may refer “The omiencyclopedia of Integer sequences”
(A031396, A130226, A031398) for values of D for ainithe negative pell equation
y2 = Dx? -1 is solvable or not. In this communication, theatag pell equation given
by y=110¥-29 is considered and infinitely many integer sols are obtained. A few
interesting relations among the solution are preskrAlso knowing an integral solution
of the given hyperbola, integer solutions for othkoices of hyperbolas and parabolas
are presented. Also employing the solutions ofdgiven equation, special pythagorean
triangle is constructed.

2. Method of analysis
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The negative Pell equation representing hyperbdeuconsideration is

y? =110x* - 29 (1)
whose smallest positive integer solution is

Xy = 1 Yo = 9
To obtain, the other solutions of (1), considerb# equation

y? =110x* +1
whose general solution is given by

i gn fn

"T o0t 2

where

)n+1

fn = 21+ 2v110)"" + (21- 24110
)n+1

On = (21_ 2\/1_m)n+1_(21_ 2110 n=-1,0,1, 2......

Applying Brahmagupta lemma between the solutionéxgfy,) and(X,,Y,), the other
integer solutions of (1) are given by

1 9
Xy =—f +——0, 2
2 2\/110g @
9 110
n+ =_fn-'-— n ©)
Vi =5 21 og

Thus (2) and (3) represent the non-zero distirtegier solutions of (1)
The recurrence relations satisfied by the valuexgf and y,,, are respectively.

Xn+3 - 42Xn+2 + Xn+1 =0
yn+3 - 42yn+2 + yn+l = O
A few numerical examples are given in the followtagle 1:

Table 1. Examples

n Xn+1 yn+l
-1 1 9

0 3¢ 40¢

1 1637 1716¢
2 6871t 72068¢

2.1. A few interesting relations among the solutions are given below
> 2yn+2 - 21Xn+2 + Xn+1 = O

> 638y, ,,-28103%,, +669% ,, =0
> A2ni2 = Xna ~Xne3 =0
> 84yn+1 - Xn+3 + 881Xn+1 = 0
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4Yn+2 ~Xn+3 + Xn+1 =0

84y, ~881X 3 + X,y =0

Xn+2 ~2Xn41 = 2Yn41 =0

Yn+2 ~220Xn4q —21ypsg =0

Yn+3 ~9240n+1 ~881yn+1 =0

66990, —18236818+1 —3820Yp40 =0
6699043 — 76547817841 ~160346¥p42 =0
33495/,,41 —210105%,,1 +4400y,» =0
66990yy,+3 — 8028402478141 +1681724@/ 49 = 0
281039,,, —6699,,, +7018%,,, =0
6380x.,, —1888594,,, + 4499, ,, =0
2Yni2 = X 21X, =0

669Kn+3 —28103%n4+2 —638y41 =0

21y, 220K, = Yo =0

Your = 2WYpir = 2¥0ir =0

Ynes ~ 220K, =21y, =0

669K,,11 —28103X42 +638y43 =0
13398141 56207842 +14036G 43 =0
Yn+1 —881yn43 +924K 43 =0

Yn+2 ~21yn+3 2243 =0

70180+3 —281039,4 669944 =0
1403601 —13398/,,13 +562078/,4» =0

Yn+1~42Yn+2+ Yne3 =0

V VV V VYV V V V VYV VYV VYV V V VY VVYVYY VYV VY

2.2. Each of the following expressions represents a Nasty number
6
> @[116+818>(2n+2 _18X2n+3]

6
> m[4872+ 34338,,,, ~18%,,.,]

6
> 2_9[58+ 220%,, _18y2n+2]

6
60¢

[1218+8580%,,., —18Y,,.;]
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> 5[5109&360140(%2 ~18y,,.,]

> [116+ 34338,,,, —818X,,.,]

n+3 818y2n+2]

> % [58+8580x,,.., —818y,,..]

> 2n+3 818y2n+4]
> 2554( [51098+ 220x,,., —34338/,,.,]
> n+d 3433&/2n+3]

> 2%[58+ 36014%,,,, —34338),,.,]

> 6i[12760+ 220y,,,, ~8580y,,.,]

[535920+ 220y,,., —360140y,,.,]

26796(

> @ [12760+8580y,,., - 360140/, ..]

2.3. Each of the following expressions represents a cubical integer

> i [(818(3n+3 - 18X3n+4) + 3(81&(n+1 - 18Xn+2 )]

> ﬁ[ 34338(3n+3 18X3n+5) 3(34338(n+1 _18Xn+3 )]

> 2_9 [(22(»(3n+3 - 18Y3n+3) + 3(220xn+1 - 18yn+1 )]

1
60¢
1
2554¢

> % [(3433&,,., -818x,,.. )+ 334338, ,, 818, )|

1
60¢<

(8580(3n+3 - 18y3n+4) + 3(8580(n+1 - 18yn+2 )]

[(36014O(3n+3 —18Y30:5 ) + 3(360140(n+1 —18y,.3 )]

(220)(3n+4 - 818y3n+3) + 3(220)(n+2 - 8:I-8yn+l )]
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> % [(8580(3n+4 - 81SY3n+4) + 3(8580(n+2 - 8:|-8yn+2 )]

—l(a601400,,, ~818y,...) +3(36014x,., ~818y,, )

1
2554¢

- ll6580c,,., ~343385,,.,)+ 38580 ., - 34338,

> i [(360140<3n+5 -34338y, .. ) +3(36014(, ,, — 34338/, ]

[(220)(3n+5 - 3433&/3n+3) + 3(220)(n+3 - 3433&/ml )]

> —638([220y3n+4 -8580y,,., ) +3(220y,., -8580y,., )]

1
26796(

r (185803015 ~360140/3114) + 3B580n+3 - 36014014

>

[(220y,,.5 ~360140,.;) +3(220y,,, ~360140,,,)]

2.4. Each of the following expressions represents a bi-quadr atic integer

12 [(47444x4n+4 —~1044x4n+5) + 4(818Xn+1 — 18X 42 ) —6728],
58
1

24362
) 92 (6380<4n+4 52 an+4) + 42200141 =184 ) 1682}

(836473684744 — 4389484n+6) + 4(34338¢41 —18%n+3 ) —118681913

- 9,_ (5225228444 ~10968/41,45) + 48580411 ~18yn+2)° —74176]z

1
25548

i199160 £ —AT4A44& 40 16) +4(3433% 40 818 142)2 —678
5 n+5 n+6 2 3

[(920121686Qn+4 —~459889,1+6) + 436014841 ~18y1143)° —1305298411

(133988145 — 498169411+4) + 4(220¢,42 —818/141)° - 74176]2

6092
1 2
2—[24882&4n+5—2372&4n+5)+4(8580<n+2—818/n+2) —16821

(21932526045 - 4981694146) + 436014849 —818/143)? —74176]2

6092
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1 {(5620780gms— 877301562,,,)+ (4 220,- 343@532}

25549 | ~1305502802
1 |(5225220,,,— 20911842, )+ (4 858Q,— 34388)°
609 | -741762 '
1 [(1044406®4n+6 ~99580F41,+6) + 436014843 —34338/143)? —168Jr

202

L@ [(14036004n+5 ~547404004744 )+ 4220y 49 —8580/p41 )2 —8140880}.')
638

1 [(58951209,,,,- 965031144, )+ (4 220,- 360340)°
267960 ’

~14360512320
1 |(54740400,,,— 2297693209, + (4 8580, 360%4Q)°
6380 | 81408800 |

3. Remarkable observations

3.1. Employing the linear combinations among the sohgiof (1), one may generate
integer solutions for other choices of hyperbolach are presented in the table2 below:

Table 2: Hyperbola
Hyperbol: (Xn ’Yn)

Flo zw

110X 2 - Y2 =1480160 Xp = 81841 ~18%142

Yi = 22042 — 858041
Xy, = 34338 +1 —18%n+3
Yy = 220%04.3 — 36014041

2 | 110X 2 - Y2 = 2611002240

Xn =220x0+1 ~18yn+1

Y = 220y+1 ~1980Kn+1

Xy =858Kn+1 —18yn+2

Y = 220yp+2 —89980¢n+1
X5 =360140n+1 —18yp+3
Y =220ypn+3 — 37771841
Xp =3433%7+2 —818n+3
Y;, = 858043 — 36014G42

3 | 110x2 - Y2 =370040

4 | 110x2 -2 =163187640

S | 110x2 -2 =28721061640

6 1 110x2 Y2 =1480160
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7| 120x2 - Y2 =163187640 X =220¢0+2 ~818yn+1
Yn =8580yn+1 ~198%Kn42
8 | 1102 -2 =370040 Xp =8580+2 ~818yn+2
Yy, =8580y1,42 — 899804 2
9 | 110x2 -¥2 =163187640 Xp =360140+2 ~818yn+3
¢ | 110xZ - Y2 = 28721061640 Xn = 220443 ~34338/n41
Yy, = 36014041 ~1980+3
i 110X 2 - Y2 =163187640 Xp =8580¢n+3 —34338/n+2
Yy = 36014042 ~ 89980+ 3
} | 110x3 - ¥ =370040 Xp =360140+3 ~34338/n+3
Yo =36014Q/,3 ~377718& 5
é 110X 2 = Yp? =1790993600 Xp =220yn+2 ~8580yn+1
Y = 8998041 ~ 1980+ 2
5 | 110x2 - Y2 =315931271@000 | *n = 22%n+3~360140/n4;
Y, = 3777180p+1 ~1980y14+3
£ | 110X 2 -Y,2 =1790993600 Xn =8580yn+3 = 360140/
Y, =377718F 42 —89980/114.3

3.2. Employing the linear combination among the soluiari (1), one may generate
integer solutions for other choices of parabolachlare presented in the table 3 below:

Table 3: Parabola

S. Parabol (xn 'Yn)
No
1| 6380¢,, -2 =1480160 Xy =818%n+p ~18Xn43 +116

Y, = 220%45 — 85804,

2| 267960, - Y2 = 2611002240 | Xn =34338n+p ~18Xpn4g +4872

3 | 3190, - ¥,2 =370040 Xn =2206n+2 ~18yon+2 +58
Yr, = 220y541 ~ 198041
4| 66990, -Y;2 =163187640 X =8580¢n+2 ~18y2n+3 +1218

Y, = 220yp42 —8998011
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5 | 2810398, -Y;2 = 28721061610 Xn =360140¢n.1 ~18y2n+4 +51098
Vi = 220yp+3 — 377718641

6 | 6380x,, - Y2 =1480160 Xp = 343380043 —8180n+4 +116
Y, = 858043 — 3601404142

7| 66990, - Y2 = 163187640 X = 220143 ~818yn+2 +1218
Yn =8580yn+1 —1980n+2

8 | 3190, -2 = 370040 Xn =8580n+3 ~818ypn+3+ 58

Yp, = 8580y,42 — 8998042

9 | 66990K, -Y2 =163187640 | Xn =3601400n.3 ~818yzn44 +1218

1€ 1 28103, - Y2 = 28721061640 | Xn = 2202n+4 ~ 343382042 +51098

111 66990, - Y2 =163187640 Xn =8580n+4 ~34338/n43 +1218
Y = 36014042 ~ 8998043

121 3100¢,, - ;2 =370040 Xn =3601400n+4 —34338/2n+4 + 58
Yo = 360140/, - 377718K

13 1 701800, - Y2 =1790993600 | Xn = 220y2n+3 ~8580y2n+2 +12760

Yn =89980yn+1 ~1980yp+2

141 29475600, - Y,2 =3159312714) Xn = 220y2n+4 ~360140/2n.2 +535920
Y, = 37771841 — 198043

15 1 70180%,, -2 =17909936@ | Xn =85802n+4 ~ 3601402043 +12760
Y,y = 37771842 — 8998043

4. Conclusion
In this paper, we have presented infinitely manyeger solutions for the hyperbola
represented by the negative pell equay'%r:ll(kz—zg. As the binary quadratic

Diophantine equations are rich in variety, one nsaarch for the other choices of
negative pell equations and determine their integelutions along with suitable
properties.
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