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Abstract. The non-homogeneous cubic Diophantine equation represented by

( ) ( )( ) 233 1 zwyxyxyx =+++++  is analyzed for its non-zero distinct integer 
solutions. A few interesting relations between the solutions and  Polygonal numbers, 
Pyramidal  numbers are also presented. 
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1. Introduction 
Integral solution for the Homogeneous or Non- homogeneous Diophantine cubic equation 
is an interesting concept as it can be seen from ]3,2,1[ . In ]114[ −  a few special cases of 
cubic Diophantine equation with  four unknowns are studied.  In this communication we 
present the integral solutions of an interesting  cubic equations with four unknowns 

233 )1)(()( zwyxyxyx =+++++ . A few remarkable relations between the solutions 
are also presented. 
 
2. Notations 
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6,nCP  = Centered Pyramidal Number of rank n with sides m 
3n=  

 
3. Method of analysis 
The cubic Diophantine equation with four unknowns  to be solved for its non-zero 
distinct integral solution  is  

( ) 233 )1)(( zwyxyxyx =+++++                                       (1) 
The substuition of the  linear transformations  

vux += , vuy −=  ( )0≠≠ vu                                       (2) 
in (1) leads to 

 222 3 wvU =+                           (3) 
where 1+= uU                                          (4) 
Different patterns of solutions of (1) are presented below 
 
3.1. PATTERN-1 
Assume    

                
22 3baw +=                             (5) 

where  a  and  b  are non-zero distinct integers. 
Substituting   (5) in (3), we get 

 22222 )3(3 bavU +=+             (6) 
Employing the method of factorization, we get 

 22 )3()3()3)(3( biabiaviUviU −+=−+  
Equating the positive and negative factors, we get 

 )3( viU + = 2)3( bia +  

 )3( viU − = 2)3( bia −  
Equating the real and imaginary part, we get 

 22 3baU −=               (7) 
 abv 2=                           (8) 
 
In  view of (4) 

 13 22 −−= bau              (9) 
 
Substituting (8) and (9) in (2), we get the  distinct non-zero integer solutions of (1) are 
given below 

( ) 123, 22 −+−== abbabaxx  
( ) 123, 22 −−−== abbabayy  

262),( 22 −−== babazz  
 
PROPERTIES 
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1. ( ) ( ) 0164)1,(1,1, ,4 =+−++ atazayax  

2. ( ) 0412, ,32 =++− ataay  

3. ( ) ( ) ( ) 044),(,,, ,4 =+++++ ataawaazaayaax  

4. ( ) ( ) 0111,1, ,4 =+−− atawaz  

 
3.2. PATTERN-2 

Write  (5) as   1*3 22 wba =+                                                                                      (10) 
Now  write  1 as 

( )( )
4

3131
1

ii −+=                                                                                                     (11) 

Using  (10) and (11) in (3) and employing  the method of factorization, the  above 
equation (3) is written as  

( )( ) ( )( )( ) ( )22
33

4

3131
33 biabia

ii
viUviU −+−+=−+  

Equating the positive and  negative factors, we get 

( )( )2
3

2

31
3 bia

i
viU ++=+                                                                                  (12) 

( )( )2
3

2

31
3 bia

i
viU −−=−

                                                                                 
(13) 

 
Equating the real  and  imaginary parts, we get 

( )abbaU 63
2

1 22 −−=
                                                            (14) 

 

( )abbav 23
2

1 22 +−=
                                                                                                  (15) 

 Replacing  a,b by 2A,2B respectively, we get 

ABBAU 1262 22 −−=                                                                                                (16)
 

ABBAv 462 22 +−=                                                                                                   
(17) 

In  view of  (4), 
11262 22 −−−= ABBAu                                                                    (18) 

Substituting the above values  ofu and  v  in (2), we get 
( ) 18124, 22 −−−== ABBABAxx   

( ) 116, −−== ABBAyy    
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224124),( 22 −−−== ABBABAzz
 22 124),( BABAww +==

 represents the non-zero  distinct integral solutions of (1)  
 
PROPERTIES 

1. ( )[ ] ( )2461,16 =w  is a Nasty Number 

2. 
( ) ( ))mod01,1( ,22 ntSnny nn ≡++−

 
3. ( ) ( ) ( )2mod12,1,1 ,50 ≡−−− BtBzBw  

4. ( ) ( ) ( )13mod013161,1, ,34 ≡−−−+−+ AA tPRAAyAAw  

 
NOTE: 
We note that,  if we  replace  ba, by 12,12 ++ BA  respectively in (14) and (15) we get 
the different set of distinct non-zero integer solutions of (1) given by 

( ) 5816124, 22 −−−−== ABBBABAxx  
 ( ) 51688, −−−−== ABBABAyy    

1024248124),( 22 −−−−−== ABBABABAzz
 4124124),( 22 ++++== BABABAww  

 
PROPERTIES 

1. ( )[ ] ( )2661,16 =w  is a Nasty Number 

2. ( ) ( ))3mod1411,)1,( ,6 ≡−−− AtAyAw  

3. ( ) ( )3mod0611,)1,( ≡+− AwAx  

4. ( ) ( )5mod0511,)1,()1,( ,26 ≡+−++ AtAwAzAx  

 
3.3. PATTERN-3 
We can also  write  1 as, 

( )( )
49

341341
1

ii −+=
                                                                                                

(19) 

Using  (5)  and  (19) in (3) and employing  the method of factorization, we get 

( )( ) ( )( )( ) ( )22
33

49

341341
33 biabia

ii
viUviU −+−+=−+  

Equating the positive and  negative factors, we have 

( )( )2
3

7

341
3 bia

i
viU ++=+   
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( )( )2
3

7

341
3 bia

i
viU −−=−  

Equating the real  and  imaginary parts , 

( )abbaU 243
7

1 22 −−=
                                                                                              (20)

 

( )abbav 2124
7

1 22 +−=
                                                                                             (21) 

Replacing   a,b by 7A ,7B respectively, we get 

ABBAU 168217 22 −−=                                                                 (22)
 

ABBAv 148428 22 +−=
            (23) 

In  view of (4) 

1168217 22 −−−= ABBAu                                                                 (24)
 Substituting  (23) and (24) in (2), we get 

( ) 115410535, 22 −−−== ABBABAxx  
 ( ) 11826321, 22 −−+−== ABBABAyy  

23364214),( 22 −−−== ABBABAzz  
22 14749),( BABAww +==  

 represents  the  non-zero distinct integral solutions of (1). 
  
PROPERTIES 

1. ( )[ ] ( )21461,16 =w  is a Nasty Number 

2. 
( ) ( )159mod0165)1,(1,)1,( ,86 ≡−−++ AtAwAyAz

 

3. 
02364)( ,4 =++ AtAAz

 
4. ( ) ( )2mod01061, ,72 ≡+− AtAx  

 
3.4. PATTERN-4 
(3)  is  written  in the form of ratio as 

0,
3

≠=
−

=+
n

n

m

Uw

v

v

Uw
                         (25) 

which is equivalent to the  system of equations, 
03 =−+ mvnUnw                                                    (26) 

0=−− nvmUmw                                        (27) 
 
Applying the method of cross multiplication, for solving (26) and (27)  we have 
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223 nmU −=  
mnv 2=  

223 nmw +=  
In view of (4), 

13 22 −−= nmu    
Substituting the values of  u  and v  in (2), we get the non zero distinct integer solutions 
of (1) is  given by 

( ) 123, 22 −+−== mnnmnmxx  

( ) 123, 22 −−−== mnnmnmyy  
226),( 22 −−== nmnmzz  

223),( nmnmww +==    
 
PROPERTIES 

1. ( ) ( ) 041,1, =−+−+ mPRmmymmx  

2. ( ) ( ) ( )mPRtmmymmx mm mod041,1, ,12 ≡++−+++  

3. ( ) ( ) 0715)1,()1,(1,1, ,4 =+−+++ mtmwmzmymx  

4. ( ) ( )mPRtmmzmmymmx mm mod08)1,(1,)1,( ,20 ≡++−+++++  

 
3.5. PATTERN-5 
One may write  (3) in the form of ratio as 

0,
3 ≠=
−

=+
n

n

m

Uw

v

v

Uw
                         (28) 

which is equivalent to the  system of equations 
0=−+ mvnUnw                                        (29) 

03 =−− nvmUmw                                                                (30) 
 
Applying the method of cross multiplication for solving (29) and (30), we have 

22 3nmU +=  
mnv 2=  

22 3nmw +=   
In view of  (4), 

13 22 −−= nmu  
Substituting the values of  u  and v  in (2),  we have 

( ) 123, 22 −+−== mnnmnmxx  

( ) 123, 22 −−−== mnnmnmyy   

262),( 22 −−== nmnmzz  
223),( mnnmww +==  
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represents the distinct non zero integral  solutions of (1) 
 
PROPERTIES  

1. )2(mod07)1,()1,( ≡+− mwmx  

2. ( ) ( )7mod0421,)1,( ,6 ≡++−+−+ mm tPRmmymmz  

3. ( ) ( ) ( ) 036)1,1(1,11,11,1 ,12 =+−+++++++ mtnwnznynx  

4. ( ) ( ) 053)1,(1,1, ,4 =+−++ mtmwmymx  

3.6. PATTERN-6 
Introduction of the  linear transformations 

TXU 3+= TXv −=                                                                                                  
(31) 

in (3) gives, 
222 124 wTX =+                                                                                                          

(32) 
which is satisfied by, 

22 62 baX −=
 abT 4=  

baw 124 2 +=
 Substituting  the values of  X,T  in (31), we get 

abbaU 1262 22 +−=
                                                                                                  (33) 

abbav 462 22 −−=
                                                                                                     (34) 

In view of (4), 

11262 22 −+−= abbau
                                                                                             (35) 

Substituting  (34) and (35) in (2),  we get the distinct non- zero integer solutions of (1) is 
given by  

( ) 18124, 22 −+−== abbabaxx  
( ) 116, −== abbayy  

( ) 22

22

124,

224124),(

babaww

abbabazz

+==

−+−==

 
 
PROPERTIES

 1. ( ) 0316),(, ,4 =+−+ ataazaax  

2. ( ) )2(mod116)1,()1,(1,)1,( ,26 ≡+−+++ atawazayax  

3. ( ) ( ) ( ) )2(mod02881,1,1, ,4 ≡+−++ atazayax  
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4. ( )[ ] ( )2461,16 =w  is a Nasty Number 

 

3.7. PATTERN-7    

Introduction of the  linear transformations
 

TXU 3+= TXv −=
 in (3) gives, 

222 124 wTX =+
 which can be written as 

1*124 222 wTX =+
                                                                                                    (36)  

     Write 1 as 

16

)122)(122(
1

ii −+=
                                                                                             (37) 

Substituting    (37) in   (36) and employing the method of factorization, 
we get 

abbaX 63 22 −−=
 abbaT 23 22 +−=
 Substituting  the values of  X,T  in (31),we get 

22 124 baU −=                                                                                                              (38) 
abv 8−=                                                                                                                         (39) 

In  view of (4), 
1124 22 −−= bau                                                                                                         (40) 

Substituting  (39) and (40) in (2),  we get the distinct non- zero integer solutions of (1) is 
given by, 

( ) 18124, 22 −−−== abbabaxx  
( ) 18124, 22 −+−== abbabayy  

( ) 2248, 22 −−== babazz
 ( ) 22 124, babaww +==  

 
PROPERTIES 
1. ( ) 01616))1(,()1(, ,46, =+++−+ an tCPaaayaaax  

2. ( ) ( )2mod0428,12 ,4 ≡−−+ btbaw  

3. ( ) ( ) ( )[ ] ( )28641,11,11,16 =−++ zyx is a Nasty Number 

4. ( ) ( ) ( ) ( ) ( )4mod0401,1,1,1, ,74,42 ≡++−+++++++ aa ttaawaazaayaax  

4. Conclusion 
To conclude one may search for other choices of solutions to  (1) along with the 
corresponding  properties. 
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