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Abstract. The non-homogeneous quadratic Diophantine equation represented by

( ) ( ) 222 132 zyxxyyx =+++−+  is studied  for its non-zero distinct integer solutions. 
Four different sets of  distinct integer solutions to the above equation are obtained. A few 
interesting relations between the solutions and special polygonal numbers are presented. 
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1. Introduction 

The Diophantine equation offer an unlimited field for due to their variety [ ]31 − . In 

particular, one may refer [ ]144 − for  quadratic equations with three unknowns. This 
communication concerns with yet another interesting homogeneous quadratic equation 

with three unknowns given by   ( ) ( ) 222 132 zyxxyyx =+++−+  for determining its 
infinitely many non-zero  integral points. Also, a few interesting relations among the 
solutions are presented. 
 
2. Notations 

• =nmt ,  nth term of a regular polygon with m sides 
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3. Method of analysis                

The ternary quadratic Diophantine equation  to be solved for its non-zero distinct integral 

solution  is  

( ) ( ) 222 132 zyxxyyx =+++−+                                       (1) 
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Introduction of the  linear transformations ( )0≠≠ vu  

vux += , vuy −=                                                      (2) 

in (1) leads to 

 222 7 zvU =+               (3) 

where 1+= uU                                                                             (3a) 

Different patterns of solutions of (1) are presented below. 

3.1. PATTERN-1 

Assume        

22 7baz +=    (4) 

where a and b  are non-zero distinct integers. 

Write  1 as 

( )( )
16

7373
1

ii −+=
                                                                                                     

(5) 

Using (4) and (5) in (3) and employing  the method of factorization  (3) is written as  

( )( ) ( )( )( ) ( )22
77

16

7373
77 biabia

ii
viUviU −+−+=−+  

Equating the positive and negative factors, the resulting equations are 

( )( )2
7

4

73
7 bia

i
viU ++=+

                                                                                  
(6) 

( )( )2
7

4

73
7 bia

i
viU −−=−

                                                                                  
(7) 

Equating the real  and  imaginary parts in  (6), 

( )abbaU 14213
4

1 22 −−=  

( )abbav 67
4

1 22 +−=
 

Replacing  ba,  by BA 2,2  respectively, we get 

ABBAU 14123 22 −−=
 

ABBAv 67 22 +−=
  

In  view of (3a) 
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114213 22 −−−= ABBAu
 

Substituting the values of  u  and v  in (2), we get 

( ) 18284, 22 −−−== ABBABAxx                                                                            (8)
 

( ) 120142, 22 −−−== ABBABAyy                                                                         (9)
 

Thus (8),(9) and(4) represents non-zero distinct integral solutions of (1) in two 

parameters. 

Properties observed are as follows 

1. ( ) ( )( )11,1,6 22

,18 2 −−− ααα zxt
 
is a nasty number. 

2. ( ) ( ) ( ))3mod021,1,2 ,18 ≡+−+ AtAzAy  

3. ( )( )1,39 +− AAx  is a nasty number 

4. ( ) ( ) ( ) ( )3mod0141,1,1, ,18 ≡−−+− AtAzAyAx  

5. ( ) ( ) ( ) ( )5mod2161,1,1, ,66 ≡+++++++ AtAAzAAyAAx  

3.2. PATTERN-2 

Write  1 as 

( )( )
64

731731
1

ii −+=
                                                                                                

(10) 

Using (4) and (10) in (3) and employing  the method of factorization(3) is written as  

( )( ) ( )( )( ) ( )22
77

64

731731
77 biabia

ii
viUviU −+−+=−+  

Equating the positive and  negative factors, the resulting equations are 

( )( )2
7

8

731
7 bia

i
viU ++=+

                                                                               
(11) 

( )( )2
7

8

731
7 bia

i
viU −−=−

                                                                               
(12) 

Equating the real  and  imaginary parts in  (11), 

( )abbaU 427
8

1 22 −−=  
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( )abbav 2213
8

1 22 +−=
 

Replacing  ba,  by BA 4,4  respectively, we get 

ABBAU 84142 22 −−=
 

ABBAv 4426 22 +−=
  

In  view of (3a) 

184142 22 −−−= ABBAu
 

Substituting the values of  u  and v  in (2), we get 

( ) 180568, 22 −−−== ABBABAxx                                                                        (13)
 

 ( ) 188284, 22 −−+−== ABBABAyy                                                                    (14)
 

Thus (13),(14) and(4) represents non-zero  distinct integral solutions of(1) in two 

parameters. 

Properties observed are as follows 

1. ( ) ( ) ( )3mod1841,1, ,10 ≡+−− AtAyAx  

2. ( ) ( ) ( ))3mod011,12,12 ,26 ≡−−−+− BtBBzBBy  

3. ( ) ( ) ( ) ( )3mod0281,1,1, ,50 ≡−−+− AtAzAyAx  

4. ( ) ( ) ( ) ( )5mod0281,1,1, ,58 ≡−−+− AtAzAyAx  

5. ( ) ( )3mod1271, ,10 ≡++ AtAy  

3.3. PATTERN-3 

(3)  is  written  in the form of ratio as 

0,
7

≠=
−

=+
n

n

m

Uz

v

v

Uz
                                                                                     (15) 

which is equivalent to the  system of equations, 

07 =−+ mvnUnz                                                    (16) 

0=−− nvmUmz                                                    (17) 

Applying the method of cross multiplication  for solving (16) and (17), we have 

227 nmU −=  

mnv 2=  
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227 nmz +=                                                                                                                  (18) 

In  view of (3a) we get  

17 22 −−= nmu    

Substituting the values of  u  and v  in (2) 

( ) 127, 22 −+−== mnnmnmxx  

( ) 127, 22 −−−== mnnmnmyy                                                                               (19) 

Thus (18) and (19) represent the integer solutions to (1) 

Properties observed are as follows 

1. ( ) ( ) mtmmymmx ,381,1, =+−+  

2. ( ) ( ) ( )11mod011,1, ,30 ≡+−+ mtmzmy  

3. ( ) ( ) ntnnynnx ,64,12,12 =−−−  

4. ( ) ( )2mod021, ,16 ≡+− ntmy  

5. ( ) ( ) ( )3mod211,1, ,34 ≡+−+++ mtmmzmmx  

3.4. PATTERN-4 

 (3)  is  written  in the form of ratio as 

0,
7 ≠=
−

=+
n

n

m

Uz

v

v

Uz
                                                 (20) 

which is equivalent to the  system of equations 

0=−+ mvnUnz                                        (21) 

07 =−− nvmUmz                                                    (22) 

Applying the method of cross multiplication for solving (21) and (22), we have 

22 7nmU −=  

mnv 2=  

22 7nmz +=                                                                                                                  (23) 

In view of (3a) we get, 

17 22 −−= nmu  

Substituting the values of  u  and v  in (2) 
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( ) 127, 22 −+−== mnnmnmxx  

( ) 127, 22 −−−== mnnmnmyy                                                                               (24) 

 Thus (23) and (24) represent the integer solutions to (1) 

Properties observed are as follows 

1. ( ) ( )( )11,1,6 22

,6 2 −−− ααα zyt is a nasty number. 

2. ( ) ( )( )311,31,66 ++ mzmy  is a nasty number  

3. ( ) ( )5mod081, ,10 ≡+++ mtmmx  

4. ( ) ( ) ( ) mtmzmymx ,4391,1,1, =+++  

5. ( ) ( ) ( )3mod011,1, ,6 ≡+−+ mtmzmx  

4. Conclusion 

In this paper, we have obtained infinitely many non-zero distinct integer solutions to the 

ternary quadratic Diophantine equation represented by  

                                              ( ) ( ) .132 222 zyxxyyx =+++−+  

As quadratic equations  are rich in variety, one may search for other choices quadratic 
equation with variables greater than or equal to 3 and determine their properties through 
special numbers.
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