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Abstract. The non-homogeneous quadratic Diophantine equation represented by
2(x2 +y? ) —3xy+(x+y)+1=z2 isstudied for its non-zero distinct integer solutions.

Four different sets of distinct integer solutions to the above equation are obtained. A few
interesting relations between the solutions and specia polygonal numbers are presented.
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1. Introduction

The Diophantine equation offer an unlimited field for due to their variety [1—3]. In
particular, one may refer [4—14]for quadratic equations with three unknowns. This
communication concerns with yet another interesting homogeneous quadratic equation
with three unknowns given by 2(x2 + yz)— 3xy +(x+y)+1=2* for determining its
infinitely many non-zero integral points. Also, a few interesting relations among the
solutions are presented.

2. Notations
. ton = " term of aregular polygon with m sides

= n(1+ —(n — l)gm — 2)j

3. Method of analysis
The ternary quadratic Diophantine equation to be solved for its non-zero distinct integra

solution is

2(x2 + y?)-3xy + (x+ y)+1= 22 n
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Introduction of the linear transformations (u ZV# O)

X=U+V,y=u-v 2
in (1) leadsto

U?+7v? =2? €)
whereU =u+1 (3a)

Different patterns of solutions of (1) are presented below.
3.1. PATTERN-1

Assume

z=a’+7p%* (4

whereaand b are non-zero distinct integers.

Write 1as

[B+iv7)z-iv7)
16

1=

©)

Using (4) and (5) in (3) and employing the method of factorization (3) iswritten as
(U +i\/7vXU —iﬁv): (3+i\/i)((f_iﬁ)(aﬂﬁb)z(a—iﬁb)z

Equating the positive and negative factors, the resulting equations are

U+i\/7v:£3+j1—ﬁ)(a+ix/7b)2 (6)
U—iﬁv=£3_‘il—ﬁ)(a—iﬁb)2 @
Equating thereal and imaginary partsin (6),

U= %(e;a2 ~ 21b? —14ab)

v:%(a2 -7b’ +6ab)

Replacing a,b by 2A,2B respectively, we get
U =3A%-12B* -14AB
v=A?-7B” +6AB

In view of (3a)
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u=3A*-21B? -14AB-1
Substituting thevalues of U and Vv in (2), we get

x = x(A B) = 4A% - 28B2 -8AB -1 ®

y=y(AB)=2A% -14B? - 20AB -1 ©
Thus (8),(9) and(4) represents non-zero distinct integral solutions of (1) in two

parameters.
Properties observed are as follows

6t

=

- x(a'2 ,1)— 2(0'2 ,1)— 1) is anasty number.

18,02

N

2y(AL)+ Z(AL) -ty , +2=0(mod 3))
(9-3%(A, A+1)) isanasty number
x(A2)- y(A2)+ z(AL) -t , —14 = 0(mod3)

>

o

x(A A+1)+ y(A A+1)+ Z(A A+1)+t, , +16 = 2(mod5)

3.2. PATTERN-2
Write 1 as

iz i)

1=

(10)

Using (4) and (10) in (3) and employing the method of factorization(3) iswritten as

U +iv7vu —iv7v) = (1+i3ﬁ6)9_i3ﬁ)(a+iﬁb)2(a—iﬁb)z

Equating the positive and negative factors, the resulting equations are

U +iv7 :KHTSﬁ)(aHﬁb)z (1)

U—iﬁv=£1_iT3"/7)(a—i\/7b)2 (12)

Equating thereal and imaginary partsin (11),

= %(a2 ~7b? - 42ab)
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v :é(?,a2 — 21b? + 2ab)

Replacing a,b by 4A4B respectively, we get
U =2A% -14B* -84AB
vV =6A7-42B? + 4AB
In view of (33
u=2A?-14B*-84AB-1
Substituting the values of U and Vv in (2), we get
x = x(A B) = 8A? -56B? —80AB -1
y = y(A B) = -4A% + 28B% -88AB -1
Thus (13),(14) and(4) represents non-zero distinct integral solutions of(1) in two

parameters.
Properties observed are as follows

x(A2)- y(A2)-t,, , +84=1mod3)

2. y(2B-1B)+2(2B-1,B)-t,, —11=0(mod?3))
3. x(A1)-y(AD)+z(A1) -ty . —28=0(mod3)

4. x(A2)-y(AD)+ (A1) -ty , — 28 = 0(mod5)

5 y(A1)+t,, +27 =1(mod3)

=

3.3. PATTERN-3
(3) is written intheform of ratio as

v - z-U - n
which is equivalent to the system of equations,
nz+nU -7mv=0
mz-mU -nv=0
Applying the method of cross multiplication for solving (16) and (17), we have
U =7m’-n?

Vv =2mn
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z=7m?+n? (18)
In view of (3a) we get
u=7m’-n*-1
Substituting thevaluesof U and v in (2)
x=x(mn)=7m? -n? + 2mn -1
y = y(mn)=7m?-n?-2mn-1 (19)
Thus (18) and (19) represent the integer solutionsto (1)

Properties observed are as follows

1 x(mm+1)-y(mm+1)=8t,,

2. y(m1)+ z(m1)-t,,,, +1=0(mod11)

3. x(2n-1n)-y(2n-1n)= 4,

4. y(m1)-t,, +2=0(mod2)

5 x(mm+1)+z(mm+1)-t,, . +1=2(mod3)

3.4. PATTERN-4
(3) is written intheform of ratio as

ztU ™V M 4o (20)

V z-U n

which is equivalent to the system of equations

nz+nU -mv=0 (22)
mz-mU -7nv=0 (22)
Applying the method of cross multiplication for solving (21) and (22), we have
U=m’-7n°

vV =2mn

z=m?+7n? (23)

In view of (3a) we get,
u=m*-7n°-1
Substituting the valuesof U and v in (2)
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x=x(mn)=m?-7n?+2mn-1
y=y(mn)=m?-7n-2mn-1 (24)
Thus (23) and (24) represent the integer solutionsto (1)

Properties observed are as follows
1. 6(t6'a2 - y(cr2 ,1)— z(cr2 ,1)—1)is anasty number.
2. 6(6y(m1)+3z(m1)+31) isanasty number
3. x(mm+1)+t,,, +8=0(mod5)
4. x(m2)+y(my)+zm1)+9=3,,

5. x(m1)+ z(m1)-t,,, +1=0(mod3)

6,m
4. Conclusion

In this paper, we have obtained infinitely many non-zero distinct integer solutions to the
ternary quadratic Diophantine equation represented by

2(x? +y2)-3xy + (x+y)+1=22.

As quadratic equations are rich in variety, one may search for other choices quadratic
equation with variables greater than or equal to 3 and determine their properties through
special numbers.
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