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1. Introduction 
Every advanced under-graduate and graduate student of mathematics as well as any 
researcher in number theory is familiar with Pythagorean triple which provides the 
relation between three sides of a right-angled triangle in addition to the concept of three 
integers representing an arithmetic progression, geometric progression and harmonic 
progression respectively. In this context, one may refer [1] wherein the authors have given 
a collection of problems with solutions on integer triples in arithmetic progression. 
 Similar to a Pythagorean triple, we have a triple known as Heronian triple 
defined as follows: If a, b, c represent the sides of a triangle with integer area, then the 
triple (a, b, c) is known as Heronian triple. It is worth to note that not every Heronian 
triple is a Pythagorean triple. For example: (4, 13, 15) is a Heronian triple but not 
Pythagorean triple whereas (5, 12, 13) is both Heronian triple as well as Pythagorean 
triple. Also, we have a triple known as Eisenstein triple which is a set of integers which 

are the lengths of the sides of a triangle where one of the angle is 060 . In other words, 
An Eisenstein triple (a, b, c) consists of three positive integers bca <<  such that 

222 cbaba =+−  
  No doubt that the triples in integers may be formulated in varieties of ways. For a 
review of various problems on triples, one may refer [ 2 - 6 ]. It is therefore towards this 
end, we are motivated to search for families of triples where, in each triple, the sum of 
any two of its members is a perfect square. 
 
2. Construction of triples 
Consider the Pythagorean equation given by         
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  222 zyx =+                             (1.1) 
Observe that (1.1) is satisfied by  

  0,,2, 2222 >>+==−= nmnmzmnynmx                  (1.2) 
We present below different families of triples satisfying the required conditions. 
 
2.1. TRIPLE 1 
Assume  

36 −= px                   (1.3) 
  26 += qy                     (1.4) 
From (1.2), (1.3) and (1.4), we have 

 [ ] [ ]1
3

1
,3

6

1 22 −=+−= mnqnmp                           (1.5) 

The values of p and q are integers for the following choices: 
i) 56,26 −=−= snrm  
ii)  46,16 −=−= snrm  
iii)  26,16 −=+= snrm  
iv) 16,26 −=+= snrm , 1≥≥ sr  

 
Choice : (i) ( )56,26 −=−= snrm  

Substituting the values 56,26 −=−= snrm  in (1.5), we have 

( )srfsrsrp ,310466 1
22 =−+−−=  

  ( )srgsrrsq ,341012 1=+−−=  

Let  ( ) ( )( ) ( ) ( )( )2
11

2
11 2,6,,3,6, +=−= srgsrbsrfsra  

( ) ( )srbsra ,, 11 +⇒ is a perfect square. 

Let ( )src ,1 be any non-zero integer distinct from ( ) ( )srbsra ,,, 11 such that  

  ( ) ( ) 2
11 ,, α=+ srcsra                    (1.6) 

  ( ) ( ) 2
11 ,, β=+ srcsrb                    (1.7) 

Subtraction of (1.7) from (1.6) gives 

  ( ) ( )srbsra ,, 11
22 −=− βα                           (1.8) 

Employing the identity 

  ( ) 121 22 +=−+ AAA                 
we have, from (1.8) 

  ( ) ( )[ ]1,,
2

1
11 −−= srbsraA  

where AA =+= βα ,1                     (1.9) 
From (1.9) and (1.7), we have 

  ( ) ( ) ( )[ ] ( )( )srbsrbsrasrc ,41,,
4

1
, 1

2
111 −−−=  

which is an integer for suitable values of r and s. 
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Hence, for those choices ( ) ( ) ( )( )srcsrbsra ,,,,, 111 is the required triple where the 
sum of any two of them is a perfect square. 

 
Table 1: Numerical examples 

r  s  
1a  1b  1c  11 ca +  11 cb +  11 ba +  

2 1 9801 400 22089600 47012 47002 1012 

3 2 42849 50176 13374720 36632 36642 3052 

5 3 378225 529984 5757244416 758792 758802 9532 

4 2 189225 94864 2225857536 471812 471802 5332 

3 3 7569 173056 6846396480 827432 827442 4252 

 
In a similar manner, the triples for choices (ii), (iii), (iv) are respectively given below in 
Tables 2, 3, 4. 
 
Choice : (ii) 46,16 −=−= snrm  

 
Table 2: Numerical examples 

r  s  
1a  1b  1c  11 ca +  11 cb +  11 ba +  

3 2 50625 73984 136348416 116792 116802 3532 

5 3 416025 659344 14800496256 1216592 1216602 10372 

4 1 275625 8464 17843607936 1335812 1335802 5332 

4 2 216225 135424 1632024576 404012 404002 5932 

3 3 8649 226576 11872926720 1089632 1089642 4852 

 
Choice : (iii) 26,16 −=+= snrm  

Table 3: Numerical examples 
r  s  

1a  1b  1c  11 ca +  11 cb +  11 ba +  

2 1 23409 10816 39628800 62972 62962 1852 

3 2 68121 144400 1454515200 381392 381402 4612 

5 3 497025 984064 59301006336 2435192 2435202 12172 

4 2 275625 250000 163897344 128132 128122 7252 

3 3 11025 369664 32155292736 1793192 1793202 6172 

 
Choice : (iv) 16,26 −=+= snrm  

Table 4: Numerical examples 
r  s  

1a  1b  1c  11 ca +  11 cb +  11 ba +  

2 1 29241 19600 23212800 48212 48202 2212 

3 2 77841 193600 3349900800 578792 578802 5212 

5 3 540225 1183744 103528313856 3217592 3217602 13132 

4 2 308025 327184 91449216 95792 95802 7972 

3 3 12321 462400 50642539200 2250392 2250402 6892 
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2.2. TRIPLE 2 
Assume  

36 −= px                                   (1.10) 
  44 += qy                 (1.11) 
From (1.2), (1.10) and (1.11), we have 

 [ ] [ ]2
2

1
,3

6

1 22 −=+−= mnqnmp                     (1.12) 

The values of p and q are integers when 
  snsrm =−+= ,36                (1.13) 

where { }0, −∈ Zsr  
Substituting (1.13) in (1.12), we have 

( )srfsrsrrp ,2266 2
2 =+−+−=  

 ( ) ( )srgsrssq ,236
2

1
2

2 =−−+=  

Let  ( ) ( )( ) ( ) ( )( )2
22

2
22 4,4,,3,6, +=−= srgsrbsrfsra  

( ) ( )srbsra ,, 22 +⇒ is a perfect square. 

Let ( )src ,2 be any non-zero integer distinct from ( ) ( )srbsra ,,, 22 such that  

  ( ) ( ) 2
22 ,, α=+ srcsra         

  ( ) ( ) 2
22 ,, β=+ srcsrb         

Following the procedure as in triple: 1, it is seen that  

  ( ) ( ) ( )[ ] ( )( )srbsrbsrasrc ,41,,
4

1
, 2

2
222 −−−=  

which is an integer for suitable values of r and s. 
Hence, for those choices ( ) ( ) ( )( )srcsrbsra ,,,,, 222 is the required triple such that the sum 
of any two of them is a perfect square. 
 

Table 5: Numerical Examples  
 

r
 

s
 2a  2b  2c  22 ca +  22 cb +  22 ba +  

2 3 18225 5184 42505216 65212 65202 1532 

3 5 140625 40000 2531257344 503132 503122 4252 

4 2 275625 8464 17843607936 1335812 1335802 5332 

5 2 700569 13456 118030711680 3435572 3435562 8452 

2 2 13689 1936 34525440 58772 58762 1252 

 
2.3. TRIPLE 3 
Assume  

33 −= px                       (1.14) 
  26 += qy                 (1.15) 
From (1.2), (1.14) and (1.15), we have 
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  [ ] [ ]1
3

1
,3

3

1 22 −=+−= mnqnmp                    (1.16) 

The values of p and q are integers for the following choices: 
i) 23,233 −=−+= rnsrm  
ii)  13,133 −=−+= rnsrm  

where { }0, −∈ Zsr . 
 
Choice : (i)  ( )23,233 −=−+= rnsrm  

Substituting the values 23,233 −=−+= rnsrm  in (1.16), we have 

( )srfsrssp ,1463 3
2 =+−+=  

  ( )srgrssrrq ,13243 3
2 =++−−=  

Let  ( ) ( )( ) ( ) ( )( )2
33

2
33 1,34,,1,9, +=−= srgsrbsrfsra  

( ) ( )srbsra ,, 33 +⇒ is a perfect square. 

Let ( )src ,3 be any non-zero integer distinct from ( ) ( )srbsra ,,, 33 such that  

  ( ) ( ) 2
33 ,, α=+ srcsra         

  ( ) ( ) 2
33 ,, β=+ srcsrb         

After performing a few calculations, it is seen that  

  ( ) ( ) ( )[ ] ( )( )srbsrbsrasrc ,41,,
4

1
, 3

2
333 −−−=  

which is an integer for suitable values of r and s. 
 
Hence for those choices ( ) ( ) ( )( )srcsrbsra ,,,,, 333 is the required triple such that the sum 
of any two of them is a perfect square. 
 

Table 6: Numerical examples   
 

 
In a similar manner, the triple for choice (ii) is given in Table: 7 
 
Choice : (ii) 13,133 −=−+= rnsrm . 
 
 

r  s  
3a  3b  3c  33 cb +  33 ca +  33 ba +  

2 1 1089 3136 1045440 10242 10232 6522 

5 3 99225 327184 12991113216 1139802 1139792 6532 

3 3 42849 50176 13374720 36642 36632 3052 

3 1 2601 19600 72230400 85002 84992 1492 
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Table 7: Numerical examples 
 

r  s  
3a  3b  3c  33 ca +  33 cb +  33 ba +  

2 1 1521 6400 5947200 24392 24402 892 

5 3 110889 414736 23080487040 1519232 1519242 7252 

3 3 50625 73984 136348416 116792 116802 3532 

3 1 3249 30976 192179520 138632 138642 1852 

 
2.4. TRIPLE 4 
Assume  

55 −= px                 (1.17) 
  22 += qy                (1.18) 
From (1.2), (1.17) and (1.18), we have 

 [ ] 1,5
5

1 22 −=+−= mnqnmp                       (1.19) 

The values of p and q are integers for the following choices: 
i) 12,152 −=−+= rnsrm  
ii)  12,453 −=−+= rnsrm  
iii)  rnsrm 2,553 =−+=  
iv) rnsrm 2,52 =+= , 1≥≥ sr  

 
Choice : (i) 12,152 −=−+= rnsrm  
Substituting the values 12,152 −=−+= rnsrm  in (1.19), we have 

( )srfsrssp ,1245 4
2 =+−+=  

  ( )srgrssrrq ,10544 4
2 =+−−=  

Let  ( ) ( )( ) ( ) ( )( )2
44

2
44 2,2,,5,5, +=−= srgsrbsrfsra  

( ) ( )srbsra ,, 44 +⇒ is a perfect square. 

Let ( )src ,4 be any non-zero integer distinct from ( ) ( )srbsra ,,, 44 such that  

  ( ) ( ) 2
44 ,, α=+ srcsra                (1.20) 

  ( ) ( ) 2
44 ,, β=+ srcsrb                (1.21) 

Subtraction of (1.21) from (1.20) gives 

  ( ) ( )srbsra ,, 44
22 −=− βα               (1.22) 

Employing the identity 

  ( ) 121 22 +=−+ AAA               
we have, from (1.22) 
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  ( ) ( )[ ]1,,
2

1
44 −−= srbsraA  

where AA =+= βα ,1                 (1.23) 
From (1.23) and (1.21), we have 

  ( ) ( ) ( )[ ] ( )( )srbsrbsrasrc ,41,,
4

1
, 4

2
444 −−−=  

which is an integer for suitable values of r and s. 
Hence, for those choices ( ) ( ) ( )( )srcsrbsra ,,,,, 444 is the required triple where 

the sum of any two of them is a perfect square. 
 

Table 8: Numerical examples 
 

r  s  
4a  4b  4c  44 ca +  44 cb +  44 ba +  

2 1 3025 2304 127296 3612 3602 732 

5 3 245025 186624 852453376 292012 292002 6572 

3 3 140625 40000 2531257344 503132 503122 4252 

3 1 5625 10000 4777344 21872 21882 1252 

In a similar manner, the triples for choices (ii), (iii), (iv) are respectively given below in 
Tables 9, 10, 11. 
 
Choice : (ii) 12,453 −=−+= rnsrm  

 
Table 9: Numerical examples 

 
r  s  

4a  4b  4c  44 ca +  44 cb +  44 ba +  

5 3 354025 219024 4556030976 675012 675002 7572 

4 2 75625 63504 36660096 60612 60602 3732 

3 3 140625 40000 2531257344 503132 503122 4252 

4 4 540225 153664 37357004736 1932812 1932802 8332 

 
Choice : (iii) rnsrm 2,553 =−+=  
 

Table 10: Numerical examples 
 

r  s  
4a  4b  4c  44 ca +  44 cb +  44 ba +  

5 3 275625 250000 163897344 128132 128122 7252 

4 2 50625 73984 136348416 116792 116802 3532 

3 3 105625 51984 719260416 268212 268202 3972 

4 4 442225 186624 16332653376 1278012 1278002 7932 

3 1 2025 11664 23220736 48192 48202 1172 

 
Choice : (iv) rnsrm 2,52 =+=  
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Table 11: Numerical examples 

 
r  s  

4a  4b  4c  44 ca +  44 cb +  44 ba +  

2 1 4225 5184 225216 4792 4802 972 

5 3 275625 250000 163897344 128132 128122 7252 

3 3 164025 63504 2526004096 502612 502602 4772 

3 1 7225 17424 25992576 50992 51002 1572 

 
2.5. TRIPLE 5 
Assume  

77 −= px                 (1.24) 
  22 += qy                 (1.25) 
From (1.2), (1.24) and (1.25), we have 

 [ ] 1,7
7

1 22 −=+−= mnqnmp                       (1.26) 

The values of p and q are integers when  
rnsrm =−+= ,77  , 1≥≥ sr              (1.27) 

Substituting (1.27) in (1.26), we have 
( ) ( ) ( )srfsrsp ,77211 5=−+−+= , ( ) ( )srgsrrq ,177 5=−−+=   

Let  ( ) ( )( ) ( ) ( )( )2
55

2
55 2,2,,7,7, +=−= srgsrbsrfsra  

( ) ( )srbsra ,, 55 +⇒ is a perfect square. 

Let ( )src ,5 be any non-zero integer distinct from ( ) ( )srbsra ,,, 55 such that  

  ( ) ( ) 2
55 ,, α=+ srcsra                (1.28) 

  ( ) ( ) 2
55 ,, β=+ srcsrb                (1.29) 

Subtraction of (1.29) from (1.28) gives 

  ( ) ( )srbsra ,, 55
22 −=− βα               (1.30) 

Employing the identity 

  ( ) 121 22 +=−+ AAA               
we have, from (1.30) 

  ( ) ( )[ ]1,,
2

1
55 −−= srbsraA  

where AA =+= βα ,1                 (1.31) 
From (1.29) and (1.31), we have 

  ( ) ( ) ( )[ ] ( )( )srbsrbsrasrc ,41,,
4

1
, 5

2
555 −−−=  

which is an integer for suitable values of r and s.  



On triples where the sum of any two members of a triple is a perfect square 
 

29 
 

Hence, for those choices ( ) ( ) ( )( )srcsrbsra ,,,,, 555 is the required triple where the sum of 
any two of them is a perfect square. 
 

Table 12: Numerical examples 
r  s  

5a  5b  5c  55 ca +  55 cb +  55 ba +  

1 2 3969 256 3444480 18572 18562 652 

5 4 423801 67600 31719542400 1781012 1781002 7012 

3 2 8281 3600 5472000 23412 23402 1092 

7 4 540225 153664 37357004736 1932812 1932802 8332 

 
3. Conclusion 
In this paper, we have made an attempt to construct family of triples where the sum of 
any members of a triple is a perfect square.  To conclude, one may search for families of 
triples with different relations among its members. 
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