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Abstract. The homogeneous cubic Diophantine equation with four unknowns represented 
by 233 8)(3 zpyx =+  is analyzed for finding its non-zero distinct integral solutions. 
Different patterns of solutions of the equation under consideration are obtained the 
relations between the integer solutions and special numbers namely polygonal number 
and pyramidal number are exhibited. 
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1. Introduction 
Integral solutions for the homogeneous Diophantine cubic equation is an interesting 
concept as it can be seen from [1-3]. In [4-8], a few special cases of cubic Diophantine 
equations with three and four unknowns are studied. In this communication, we present 
the integral solutions of an interesting cubic equation with four unknowns  

.8)(3 233 zpyx =+  A few remarkable relations between the solutions are presented. 
 
2. Notations 

1. 
( ) =+=

2

1
,3

nn
t n Triangular number of rank n  

2. == 2
,4 nt n Square number of rank n  

3. == 3
6, nCPk  Centered hexagonal pyramidal number of rank n. 

3. Method of analysis 
The homogeneous cubic equation with four unknowns to be solved is 

233 8)(3 zpyx =+                                                                                                               (1) 
 
Introducing the linear transformations 

( )0 ,3,, ≠≠=−=+= vuuzvuyvux  (2) 

In (1) leads to 
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222 43 pvu =+                                                                                                                   (3) 
 We present below different methods of solving (3) and thus, in view of (2), different 
patterns of solutions to (1) are obtained. 
 
3.1. Pattern-1 
Consider  

TXvTXp 4,3 ±=±=                                                                                                     (4)  
 
Using (4) in (3) 

222 12TuX +=                                                                                                                  (5) 

This satisfied by  









−=
=

+=

22

22

12

2

12

SRu

RST

SRX

                                                                                                                

(6) 

 
In view of (2), the corresponding non zero distinct integer solutions to (1) are given by 

RSSRp

SRz

RSSy

RSRx

612

336

82

824

22

22

2

2

±+=
−=

−=
±=
∓

  
Properties: 

1. ( ) ( ) 02241,1, ,4,3 =−++ RR ttRyRx  

2. ( ) 032, ,4 =− RtRRx  

3. ( ) ( ) 042251,1, ,3,4 =++−+ RR ttRpRz 3.2.  

3.2. Pattern -2 
Let 2222 32,3,2 bapbauabv +=−==                                                                           (7)    
 
Case 1: 
Assume 12,12 +=+= bbaa                                                                                            (8) 
Substituting (8) and in (7)  





+++=
+−+−=

2844

2412412 22

abbav

babau
                                                                                    (9) 

 
In view of (2) we have  
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











++++=
+−+−=

−+−−=
+++−=

26223

612361236

888412

4816412

22

22

22

22

abbap

babaz

abbabay

ababax

                                                            (10) 

Thus (10) represent non-zero distinct integral solutions to (1). 
 
Properties: 

1. ( ) ( ) 044080,, ,4,3 =++−− ba ttbaybax  

2. ( ) ( ) 046028,, ,4,3 =−−+− ab ttbapbaz  

3. ( ) 036721, ,4,3 =−− aa ttax  

Case 2: 
Assume bbaa 2,2 ==                                                                                                    (11)  
Using (11) in (7) 





=
−=

abv

bau

8

412 22

                                                                                                              (12)           

 
In view of (2), we have 













+=
−=

−−=
+−=

22

22

22

22

26

)1236(

)8412(

)8412(

bap

baz

abbay

abbax

                                                                                      (13)                                       

Thus (13) represent non-zero distinct integral solutions to (1). 
 
Properties: 

1. 04416)1,( ,4,3 =+−− aa ttax  

2 02050)1,()1,()1,( ,4 =−−++ atazayax . 

3. ( ) ( ) ( ) ( ) 841,1,1, ,4,3 =+−++ aa ttazayax
 

 
3.3. Pattern-3 
Let  

22 3bap +=                                                                                                            (14)                                                                                  
Write 4 as 

)31)(31(4 ii −+=                                                                                                      (15)                                                                                                                                 
Substituting (14) and (15) in (3) and applying the method of factorization we define  

2)3)(31()3( ibaiviu ++=+                                                                                    (16) 
 
Equating the real and imaginary part  
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            



−+=
−−=

22

22

32

63

baabv

abbau

                                                                                            (17)  

Using (2) in (17), the corresponding non-zero distinct integral solutions to (1) are 

obtained as 









−−=
−−=

−−=

abbaz

abby

abbax

1893

82

462

22

2

22

                                                                                                     (18) 

Thus (14) and (18) represent non zero distinct integral solutions to (1). 
 
Properties: 

1. ( ) ( ) 0681,1, ,3 =+−− atayax  

2. ( ) ( ) 0146,1,1 ,4 =+++ atbpbz  

3. ( ) ( ) 03241,1, ,8,4,3 =+−−++ aaa tttapax  

3.4. Pattern-4 
Write 4 as 

49

)382)(382(
4

ii −+=
                                                                                               

(19) 

 Substituting (14) and (19) in (3) and applying the method of factorization we define  
 

    

2)3(
7

)382(
)3( iba

i
viu ++=+

                                                                           
(20)  

Equating the real and imaginary part 





−+=
−−=

22

22

24847

48727

baabv

abbau

                                                                                                  

(21)     

As our interest is to get the integral solutions. So we replace a  by a7  and b by b7  we 
get 





−+=
−−=

22

22

1685628

3364214

baabv

abbau

                                                                                              

(22)  

Using (2) in (22), the corresponding non-zero distinct integral solutions to (1) are 

obtained as
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











+=
−−=

−+−=
−−=

22

22

22

22

14749

100812642

36412642

30821070

bap

abaz

abbay

abbax

                                                                                          

(23) 

 
Properties: 

1. ( ) 02103786161, 1,4,3 =+−+ ttax a  

2. ( ) ( ) 01372,, ,4 =−+ ataazaay  

3. ( ) ( ) ( ) ( ) 02139220371,1,1, ,3,4 =+−−++ aa ttapazay  

3.5. Pattern-5 
Write (3) in form of  ratio 

( )
0,

3 ≠=
−
+=

−
+ β

β
α

pu

vp

vp

pu

                                                                                          
(24) 

 
This is equivalent to the system of double equations 

( )
( ) 




=+−−
=−++

033

0

αββα
αβαβ

pvu

pvu

                                                                                            
(25) 

 
Solving (25) by applying the cross multiplication and using (2), the corresponding non-
zero distinct integer solutions to (1) are obtained as 













−−=
−−=

−=
−−=

22

22

22

3

1839

8

426

αβ
αβαβ

αβ
αβαβ

p

z

y

x

                                                                                                  (26)

 

 
Properties: 

1. ( ) ( ) 02418,, ,4,4 =+−+ αββαβα ttyx  

2. ( ) 08, ,4 =− ααα tx  

3. ( ) ( ) 05121,1, ,3 =+−+ βαα tpx  

Note that (5) is represented as the system of double equations as shown in the table1 
below 

Table1: 
System 1 2 3 4 5 

uX +  2T  26T  23T  22T  T12  
uX −  12  2  4  6 T 
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Solving each of the above system in turn the corresponding non-zero values of TuX ,, are 
obtained. In view of (2), the corresponding integer solutions to (1) are exhibited in Table 
2 below. 

Table 2: 
System x  y  z  p  

1 kk 84 2 −  128 −k  186 2 −k  662 2 +− kk  
2 kk 824 2 −  48 −k  336 2 −k  1612 2 +− kk  
3 kk 812 2 −  48 −k  618 2 −k  666 2 ++ kk  
4 kk 88 2 −  68 −k  912 2 −k  364 2 +− kk  
5 k2  0  k3  k  

 
In addition to the above set of solution we have some more set of different solution 
satisfying (1) and they illustrated. 
 
3.6. Pattern -6 
Consider 

                                                                                             (27) 
 

Substituting (27) in (3) we have 
222 3 pTX =+                                                                                                                (28)    

 
Introducing the linear transformation 

2222 3,3,2 srpsrXrsT +=−==                                                                                 (29) 
Substituting (29) in (27), we get 

rssrv

rssru

23

63
22

22

−−=
+−=

                                                                                                           
(30)    

In view of (2), we get                

 













+=

±−=

±=
±−=

22

22

22

3

1839

8

46

srp

rssrz

rsy

rssrx

                                                                                                     

(31) 

Thus (31) represent non-zero distinct integral solutions to (1) 
 
Properties: 

1. ( ) ( ) ( ) 0131221,1, ,4,3 =++−+ sr ttryrx  

2. ( ) ( ) 026361,1, ,4,3 =++−+ rr ttrprz  

3. ( ) ( ) 011081,1, ,4,3 =+−+− rs ttryrx  

Note that (28) is represented as the system of double equations as shown in the table1 
below. 

 

TXvTXu ∓=±= ,3  
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System 1 2 3 
Xp +  2T  T3  23T  

Xp −  3  T  1 
Table 3: 

 
Solving each of the above system in turn the corresponding non-zero values of TuX ,,
are obtained. In view of (2), the corresponding integer solutions to (1) are exhibited in 
Table4 below. 
 
Syst
em 

x  y  z  p  

1 ( )44,84 22 −+ kkk  ( )24,24 +−+ ss
 1115

6,6216 22

−−
++

k

kkk  
12 2 ++ kk  

2 ( )0,4k  ( )kk 4,4 −  ( )kk 6,12 −  k2  

3 ( )kkkk 812,41612 22 +++
 

( )48,48 −−+ kk
 














−
++

618

,123618
2

2

k

kk

 

266 2 ++ kk
 

Table 4: 
In addition to the above set of solution we have some more set of different solution 
satisfying (1) and they illustrated. 
 
3.6. Pattern -6 
Write (28) as 

1*3 222 pTX =+                                                                                                            (32) 
Substituting (14) in (28) and applying the method of factorization we define 

( ) ( )2
33 biaTiX +=+                                                                                                  (33) 

Equating the real and imaginary part 





=
−=

abT

baX

2

3 22

                                                                                                                (34) 

Using (3) in (27), we get 

abbav

abbau

23

63
22

22

∓−=
±−=

                                                                                                         (35) 

In view of (2), we get 









±−=
±=

±−=

abbaz

aby

abbax

1893

8

462

22

22

                                                                                                     
(36)
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Thus (36) and (32) represent non-zero distinct integral solutions to (1). 
 
Properties: 

1. ( ) ( ) 08,, ,4 =−+ ataayaax  

2. ( ) ( ) 08,, ,4 =−− ataapaaz  

3. ( ) 012, ,4 =− ataaz  

4. Conclusion 
This paper, we have many non-zero distinct integral solutions to the homogeneous cubic 
equation given by 233 8)(3 zpyx =+ . As Diophantine equations are rich in variety. One 
may search for integer solution to other choices of homogeneous cubic equation and 
determine their corresponding properties. 
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