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Abstract. An attempt has been made to obtain all integer solutions of the homogeneous 

ternary quadratic Diophantine equation given by 222 9211 zyx =− . Different choices of 
integer solution to the above equation are obtained. A few interesting relations between 
the solutions and special polygonal numbers are presented.  
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1. Introduction 
The Diophantine equations offer an unlimited field for research due to their variety [1-3]. 
In particular, one may refer [4-8] for quadratic equations with three unknowns. This 

communication concerns with yet another interesting equation 222 9211 zyx =−  
representing homogeneous   quadratic equation with   three unknowns for determining its 
infinitely many non-zero integral points. Also, few interesting   relations   among the 
solutions are presented. 
 
2. Notations 
 i) Polygonal number of rank ‘n’ with size m: 
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ii) Pronic number of rank ‘n’: 
)1( += nnPRn  

iii) Centered hexagonal pyramidal number of rank ‘n’: 
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iv) Centered triangular pyramidal number of rank ‘n ’: 
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3. Method of analysis 
The ternary quadratic equation under consideration is 

222 9211 zyx =−                (1) 
 
3.1. Introducing the linear transformations 

TXx 2+=  , TXy 11+=               (2)  
in (1), it is written as 

222 22 zTX +=                (3) 
which is satisfied by 

rsT 2= , 2222 srX +=  , 2222 srz −=                         (4) 
Substituting the above values of X and T in (2) , we have 

rssrx 422 22 ++=  , rssry 2222 22 ++= (5) 
Thus the integer solutions of (1) are given by (4) and (5). 
 
Properties: 

( ) ( ) 048,,) ,4 =−+ rtrrzrrxi  

( ) ( ) 0361,1,) ,3 =−+−+ rtrrxrryii  

( ) ( )5mod011,). ,46 ≡−− rtrxiii  

 
3.2. Note that (3) is expressed in the system of double equations as follows: 
 

zX +  211T  T11  T22  

zX −  2  T2  T  
 
Solving each of the above systems and performing a few calculations, the corresponding 
three sets of solutions to (1) are given by 
 
Set 1 

1422 2 ++= kkx  , 12222 2 ++= kky  , 122 2 −= kz  
 
Properties: 

( ) ( ) ( )13mod0) ,90 ≡−+ ktkzkyi  

( ) 0144) ,3 =−− ktkyii  

( )( ) ( )( ) 03611) ,3 =−+−+ ktkkxkkyiii  

Set 2 
kx 17=  , ky 35=  , kz 9=  

Set 3 
kx 27=  , ky 45=  , kz 21=  

 
3.3. Observe that (3) is expressed in the form of ratio as 
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The above equation (6) is equivalent to the system of equations 
02 =−+ TzX αββ  , 011 =−− TzX βαα  

The above system is solved by applying the method of cross multiplication and after 
simplification the values of x, y, z are given by 

αββα 4112 22 ++=x  , αββα 22112 22 ++=y  , 22 112 βα −=z  
 
Properties: 

( ) ( )5mod11,) ,6 ≡− αα txi  

( ) ( ) 0361,1,) ,3 =−+−+ ααααα txyii  

( ) ( ) ( ) ( )31mod111,1,1,) ,14 ≡−++ αααα tzyxiii  

Note that equation (3) may also be represented in three ways as follows: 
 
Way 1 
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Following the above procedure, the corresponding solutions to (1) obtained from each of 
the above representations are presented below. 
 
Integer solutions from way 1 

αββα 422 22 ++=x , αββα 2222 22 ++=y  , 22 22βα −=z  
 
Properties: 

( ) ( ) )23(mod01,1,) ,6 ≡−+ ααα tzyi  

( ) ( ) 018181,1,) ,4 =−−− αααα tPRxyii  

( ) ( )2mod01,) ,4 ≡− αα tziii  

 
Integer solutions from way 2 

αββα 4211 22 ++=x  , αββα 22211 22 ++=y  , 22 211 βα −=z  
 
Properties: 

( ) ( )5mod1,1) ,6 ≡− ββ txi  

( ) ( ) 0441,1,) ,3 =−+ ααα tzyii  
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( ) ( )4mod21,) ,20 ≡−+ ααα tziii  

 
Integer solutions from way 3 

αββα 422 22 ++=x  , αββα 2222 22 ++=y  , 2222 βα −=z  
 
Properties: 

( ) ( )18mod011,) ,44 ≡+−+ ααα tzi  

( ) ( ) 018,,) 6,
22 =−− ααααα CPxyii  

( ) ( ) 01812,12,) ,6 =−−−− ααααα txyiii  

In addition to the above solutions we have other choices of solutions to (1) which are 
illustrated below. 
 
Choice 1 
3.4.  Introducing the linear transformations 

TXx 9+=  , TXz 11+=               (7) 

in (1), it is written as 
222 99 yTX +=                (8) 

which is satisfied by 

rsT 2= , 2299 srX +=  , 2299 sry −=                          (9) 
Substituting the above values of X and T in (7), we have 

rssrx 1899 22 ++= , rssrz 2299 22 ++=           (10) 
Thus the integer solutions of (1) are given by (9) & (10) 
 
Properties: 

( ) 04,12) ,3 =−− stsszi  

( ) ( ) ( )18mod02,1,1). ,4 ≡−− stsysxii  

( ) ( )22mod11,1) ,4 ≡− stsziii  
3.5. Note that (8) is expressed in the system of double equations as follows: 
 

yX +  29T  T11  T33  23T  
yX −  11 T9  T3  3  

 
 Solving each of the above systems and performing a few calculations, the corresponding 
four sets of solutions to (1) are given by, 
 
Set 1 

193618 2 ++= kkx  , 11818 2 −+= kky  , 214018 2 ++= kkz  
 
Properties: 

( ) ( ) ( )2mod022) ,4
22 ≡−− ktkykzi  
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( ) 0118) =+− kPRkyii  

( ) ( ) ( )2mod04) ,4
22 ≡−− ktkxkziii  

 
Set 2 

kx 38=  , ky 2=  , kz 42=  

Set 3 

kx 54=  , ky 30=  , kz 58=  

Set 4 

278466 2 ++= kkx  , 156666 2 ++= kky  , 298866 2 ++= kkz  

Properties: 

( )( ) ( )( ) ( )2mod02211) ≡−+−+ kPRkkykkzi  
( ) ( ) ( )281mod42) ,268 ≡−+ ktkykxii  

( )( ) ( )( ) ( )2mod041212) 4,6 ≡−−−− tkkxkkziii  

 
3.6. Observe that (8) is expressed in the form of ratio as, 

( )
( ) 0,

11

9
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−
=+ β

β
α

yX

T

T

yX
            (11) 

The above equation (11) is equivalent to the system of equations 
09 =−+ TyX αββ  , 011 =−− TyX βαα  

The above system is solved by applying the method of cross multiplication and after 
simplification the values of x, y, z are given by 

 αββα 18119 22 ++=x  , 22 119 βα −=y  , αββα 22119 22 ++=z  
 
Properties: 

( ) ( ) 0361,1,) ,3 =−+ ααα tyxi  

( ) ( )3mod011,1) ,4 ≡+ ββ tyii   

( ) ( )18mod1191,) ,4 ≡− αα txiii  
Note that (8) may also be represented in three ways as follows: 
 
Way 1 
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Way 3 
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Following the above procedure, the corresponding solutions to (1), obtained from each of 
the above representations are presented below: 
 
Integer solutions from way 1 

αββα 18333 22 ++=x  , 22 333 βα −=y  , αββα 22333 22 ++=z  
 
Properties: 

( ) ( ) ( )27mod01,1,) ,14 ≡−+ ααα tzyi  

( ) ( )[ ]1,1,6) αα xzii − is a nasty number. 

( ) ( )24mod91,) ,8 ≡− αα tziii  

 
Integer solutions from way 2 

αββα 18911 22 ++=x  , 22 911 βα −=y  , αββα 22911 22 ++=z  
 
Properties: 

( ) ( ) 0441,1,) ,3 =−+ ααα tzyi  

( ) ( )17mod81,) ,6 ≡−+ ααα tyii  

( ) ( ) 041,1,) =−+−+ ααααα PRxziii  
 
Integer solutions from way 3 

αββα 18333 22 ++=x  , 22 333 βα −=y , αββα 22333 22 ++=z  
 
Properties: 

( ) 030,) ,4 =− ααα tyi  

( ) ( )[ ]ββββ ,,6) xzii − is a nasty number. 

( ) ( ) ( )18mod0661,1,) ,4 ≡−+ ααα tyxiii  

 
Choice 2 
3.7. Introducing the linear transformations 

TXy 9+=   , TXz 2−=             (12) 
in (1), it is written as 

222 18 XTx +=              (13) 
which is satisfied by  

rsT 2= , 2218 srX −=  , 2218 srx +=            (14) 
Substituting the above values of X and T in (12) we have, 

rssry 1818 22 +−= rssrz 418 22 −−=
                       

(15) 

Thus the integer solutions of (1) are given by (14) and (15)  
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Properties: 
( ) ( ) ( )49mod471,1,) ,74 ≡−+ rtrzryi  

( ) ( ) ( )4mod0361,1,) ,4 ≡−+ rtrzrxii  

( ) ( ) 0441,1,) 3,
22 =−+−+ rCPrrzrryiii  

 
3.8. Note that (13) is expressed in the system of double equations as follows: 
 

Xx +  T9  29T  T6  23T
 

Xx −
 

T2  2  T3  6 

 
Solving each of the above systems and performing few calculations, the corresponding 
four sets of solutions to (1) are given by 
 
Set 1 

kx 11=  , ky 25=  , kz 3=  
Set 2 

118 2 += kx  , 11818 2 −+= kky  , 1418 2 −−= kkz  
 
Properties: 

( ) ( ) 022) 6,
33 =+− kCPkykzi  

( ) 0118) ,4 =−− ktkxii  

           ( ) ( ) ( )2mod018) ,4
22 ≡−− ktkxkyiii  

Set 3 
kx 9=  , ky 21=  , kz −=  

Set 4  
36 3 += kx , 3186 2 −+= kky  , 346 2 −−= kkz  

 
Properties: 

( ) ( ) 022) ,4
22 =−− ktkzkyi  

( ) ( ) ( )29mod0) ,26 ≡−+ ktkykxii  

( ) ( )3mod06) ,4 ≡− ktkxiii  

 
3.9. Observe that (13) is expressed in the form of ratio as 

( )
( ) 0,

9
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−
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T

Xx

                        
(16) 

The above equation (16) is equivalent to the system of equations  
02 =−+ TXx αββ  , 09 =−− TXx βαα  
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   The above system is solved by applying the method of cross multiplication and after 
simplification the values of zyx ,,  are given by 

22 92 βα +=x  , αββα 1892 22 +−=y  , αββα 492 22 −−=z  
 
Properties: 

( ) ( )[ ]βαααα ,6361,1,6) tyxi −+++ is a nasty number. 

( ) ( ) 022,12,12) ,6 =−−−− βββββ tzyii  

( ) 011,) ,4 =− ααα txiii  

  Note that (13) may also be represented in three ways as follows: 
 
Way 1 
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Following the above procedure, the corresponding solutions to (1) obtained from each of 
the above representations are presented below: 
 
Integer solutions from way 1 

22 63 βα +=x , αββα 1863 22 +−=y  , αββα 463 22 −−=z  
 
Properties: 

( ) ( ) 022,,) 6,
22 =−− ααααα CPzyi  

( ) ( ) 03661,1,) ,3,4 =−−+++ αααααα ttyxii  

( ) ( )2mod01,) ,8 ≡− αα tziii  

 
Integer solutions from way 2 

22 18βα +=x , αββα 1818 22 +−=y  , αββα 418 22 −−=z  

Properties:  

( ) 019,) ,4 =− ααα txi  

( ) ( ) ( )19mod01,1,) ,6 ≡−+ ααα tyxii  

( ) ( ) 0,,) 6,
22 =−− ααααα CPzyiii  

 
Integer solutions from way 3 

22 29 βα +=x , αββα 1829 22 +−=y  , αββα 429 22 −−=z  
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Properties: 

( ) ( ) 0181,1,) =−+ ααα PRyxi  

( ) ( ) 02212,12,) ,6 =−−−− ααααα tzyii  

( ) 011,) ,4 =− ααα txiii  

 
4. Conclusion 
In this paper we have made an attempt to find all integer solutions to the ternary quadratic 

equation given by .9211 222 zyx =− It is worth to mention that the above equation 
represents a cone. As quadratic equations in three unknowns are rich in variety, one may 
attempt to find integer solutions to other choices of ternary quadratic equations along 
with suitable properties. 
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