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Abstract. The non-homogeneous cubic equation with four unknowns given by 

( ) 232 2 wzyx +=− is analyzed for its distinct integer solutions. Three different patterns 
of integer solutions to the above equation are obtained. A few interesting relations 
between the solutions and special polygonal numbers are also obtained. 
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1. Introduction 
Integral solutions for the non-homogeneous Diophantine cubic equation is an interesting 
concept as it can be seen from [1, 2, 3]. In [4-8] a few special cases of cubic Diophantine 
equation with three and four unknowns are studied. In this communication, we present 
the integral solutions of an interesting cubic equation with four unknowns (x-y)2 = 2z3+w2. 
A few remarkable relations between the solutions are presented. 
 
2. Notations 
1) Polygonal number of rank ‘n’ with m sides 
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 2) Gnomonic number of rank ‘n’ 

12 −= nGn  

 3) Pronic number of rank ‘n’ 
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4) Centered Polygonal number of rank ‘n’ with m sides 
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5) Centered hexagonal Pyramidal number of rank ‘n’ with m sides 
3

6, nCPk =  

 
6) Star number of rank ‘n’ 

( ) 116 +−= nnSn  
 
3. Method of analysis 
The non-homogeneous cubic equation with four unknowns under consideration is 
( ) 232 2 wzyx +=−                         (1)  
Introducing the linear transformations 

vux += , vuy −= , Tz 2=                                     (2) 
in (1), it is written as 

322 4Tsv =−                                                (3)  
The above equation (3) is written in the system of double equations as follows: 
 
 
 
 
 
Consider system (1) and solving for v  and s ,   

we have 
2

4 3T
v

+= , ,
2

43 −= T
s kT 2=  

Using the above values in (2) we have, 

24 3 ++= kux , 24 3 −−= kuy , kz 4= , 48 3 −= kw                                                (4) 
which represent the integer solutions of (1) 
 
Properties: 

( )[ ]323.1 22 −+− wyx is a nasty number. 
( ) ( ) 04,,.2 6,2 =−−− kCPkuykux  

( ) ( )kuykux ,,.3 + is always even. 
Consider system (2) and solving for v  and s , we have 

2

42 TT
v

+= , 
2

42 TT
s

−= , kT 2=  

Using the above values in (2) we have, 

kkux 42 2 ++= , kkuy 42 2 −−= , kz 4= , kkw 84 2 −=                                             (5) 
which represent the integer solutions of (1) 
 
Properties: 

( ) ( ) 01,,.1 =−−+ uGkuykux  
( ) ( ) 0444.2 =++−+ kk GPRkwkz  
( ) ( ) 0,.3 ,6 =++ ntkzkky  

System 1 2 3 4 5  
sv +  3T  2T  T2  2 24T  
sv −  4 T4  22T  32T  T  
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Consider system (3) and solving for v  and s we have, 

2TTv += , 2TTs −= , kT 2=  
Using the above values in (2) we have, 

242 kkux ++= , 242 kkuy −−= , kz 4= , 284 kkw −=            (6) 
which represent the integer solutions of (1) 
 
Properties: 

( ) ( ) ( )4mod08,,.1 ,4 ≡−− ktkkykkx  

( ) ( ) 04416.2 ,3 =−+−− kk Gtkwkz  

( ) ( ) ( )3mod084,.3 ,4 ≡+−+ kk tPRkwkkx  

Consider system (4) and solving for v  and s  we have, 
31 Tv += ,  31 Ts −= ,  kT 2=  

Using the above values in ( )2 we have, 
381 kux ++= , 381 kuy −−= , kz 4= , 3162 kw −=             (7) 

which represent the integer solutionsof ( )1  
 
Properties: 

( ) ( ) ( )[ ]kwkuykux +− ,,6.1 is a nasty number 

( ) ( ) 01,,.2 =−−+ kGkuykux  

( ) ( ) 02,1.3 6,2 =+−− kCPkwky  

Consider system ( )5  and solving for v  and s  we have, 

2

4 2 TT
v

+= ,  
2

4 2 TT
s

−= , kT 2=  

Using the above values in ( )2 we have, 

kkux ++= 28 , kkuy −−= 28  , kz 4= , kkw 216 2 −=            (8) 
which represent the integer solutions of (1) 
 
Properties: 

( ) ( )6mod08,.1 ≡− nPRkkx  

( ) ( )[ ]kykx ,2,26.2 + is a nasty number. 
( ) ( ) ( )4mod0212.3 ,6,4 ≡−−+ nn ttkwkz  

Note that equation ( )3  is solved as follows, 

Replacing v  by V2  and s  by P2  in equation ( )3  we have, 
322 TPV =−             (9) 

Following the procedure as above we obtain two sets of integer solution to ( )1
represented as below. 
 
Set 1 
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Ttux ,32+=  ,  Ttuy ,32−= ,  Tz 2= , ( )1,34 −= Ttw  

 
Set 2 

kkux 28 3 ++= , kkuy 28 3 −−= , kz 4= , kkw 416 3 −=  
In addition to the above sets of solutions we have some more choices of solutions to (1) 
illustrated below: 
   Taking Uyx +=                       (10) 
in (1), we have 

322 2zwU =−           (11) 
The above equation (11) is written in the system of double equations as follows: 
 
 
 
 
Consider system (6) and solving for U and w , we have 

2

2 2zz
U

+= , 
2

2 2zz
w

−= , kz 2=  

Using the above values in (10) we have, 
222 kksx ++= , sy = , kz 2= , 222 kkw −=                       (12) 

which represent the integer solutions of (1)     
 
Properties: 

( ) ( ) 02,.1 =−− kPRsyksx  
( ) ( ) 0222.2 ,4 =−+−+ kk tGkwkz  

( ) ( ) 0232.3 ,4,3 =−−++ nn tCtnynz  

Consider system (7) and solving for U  and w , we have 
341 ksx ++= , sy = , kz 2= , 341 kw −=           (13) 

which represent the integer solutions of (1) 
 
Properties: 

( ) ( ) 04.1 6, =−−− nn CtGnwnz  

( ) ( ) 0124,.2 6,5, =−−−+ nn CPCPnynnx  

( ) ( ) 042,.3 ,4,1 =−−++ nn tCtnnxnw  

Consider system (8) and solving for U and w , we have 

kkU += 24 , kkw −= 24 , kz 2=  
Using the above values in (10) we have, 

24kskx ++= , sy = , kz 2= , kkw −= 24                       (14) 
which represent the integer solutions of (1). 
 
Properties: 

( ) ( ) ( )3mod04,.1 ≡−− kPRsyskx  

System 6 7 8 
wU +  z2  2 22z  
wU −  2z  3z  z  
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( ) ( ) 014.2 ,4 =−+−−+ kGtkwkz kk  

( ) ( ) 04,.3 =−+ kPRkzkkx  
Note that equation (11) is also solved as follows: 
Replacing U  by βα +  and w  by βα −  in equation (11) we have, 

32 z=αβ                       (15) 

Choosing 2232 βα += k , 0≥k  
we get , 

β12 += kz , ββ −= + 2232 kw , ββ += + 2232 kU  
Using the above values in (10) we have, 

ββ ++= + 2232 ksx , sy = , β12 += kz , ββ −= + 2232 kw                       (16) 
which represent the integer solutions of (1) 
 
Properties: 

( ) ( )[ ]11,26.1 yz + is a nasty number. 

( ) ( ) 02324,0,0.2 ,4,3 =−−−−+ nnn tCtPRnwnz  

( ) ( ) ( )7mod0126,,1.3 ,4 ≡−+−+ nn stnynnx  

 
4. Conclusion 
In this paper, we have made an attempt to obtain all possible integer solutions to the non- 
homogeneous cubic equation with four unknowns represented by ( ) 232 2 wzyx +=−

Since, by definition, the cubic equation in four unknowns are rich in variety, to conclude 
one may search for integer solutions to other choices of cubic equations along with 
suitable properties. 
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