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Abstract. An attempt has been made to determine four non-zero distinct integers zyx ,,  
and w  such that the difference of squares of any two integers equals the sum of the cubes 
of other two integers. A few relations among zyx ,,  and w  are presented. A general 
formula for generating sequence of integer solutions based on the given solution is also 
presented. 
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1. Introduction 
Integral solutions for the non-homogeneous Diophantine cubic equation is an interesting 
concept as it can  be seen from [1,2,3]. In [4-8], a few special cases of cubic Diophantine 
equations with three and four unknowns are studied. In this communication, we present 
the integral solutions of an interesting cubic equation with four unknowns 

3322 wzyx +=− . A few remarkable relations between the solutions are presented. 
 
2. Notations 

( ) =+=
2
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nn
t n Triangular number of  rank n  

== 2
,4 nt n Square number of rank n  

( ) =−= 12,6 nnt n  Hexagonal number of rank n  

( ) =+= 1nnPRn Pronic number of rank n  

=−= 12nGn  Gnomonic number of rank  n  
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Ct nm Centered polygonal number of rank n  with m  sides. 
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6, nCPn Centered hexagonal pyramidal number of rank n. 

2

3

5,
nn

CPn
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3.  Method of analysis 
The non-homogeneous cubic equation with four unknowns to be solved is, 

  3322 wzyx +=−                                                                                    (1) 
Applying the method of factorization, (1) is written as the system of double equations 
represented by 

  22 wzwzyx +−=+                                                               (2) 
  wzyx +=−                            (3) 
Solving (2) and (3) for xand y , we have 

  ( )wzwzwzx +++−= 22

2

1

                                                                   
(4) 

  ( )wzwzwzy −−+−= 22

2

1
                                     (5) 

 As our interest is on finding integer solutions, we have to choose z  and w  
suitably so that, x  and y  are integers. 
  
3.1. Choice 

 Let
( )
( ) 




=
=

llw

kkz

2

2
                            (6) 

Using (6) in (4) and (5) 
we have, 

  ( ) lklklklkx +++−= 22 222,              (7) 

  ( ) lklklklky −−+−= 22 222,             (8) 
Thus, (6),(7) and (8) are represent integer solutions to (1). 
 
PEOPERTIES 
1. ( ) ( )lkylkx ,, − is always even. 

2. ( ) ( )[ ]kkykkx ,,6 + is a Nasty number. 

3. ( ) ( ) ( )4mod0681,2 ,3 ≡−−+ ktkzkx  

4. ( ) 01221, ,4,6 =−−+−− kkk ttPRkx  

5. ( ) ( ) ( )2mod0,1 ,6 ≡−−+ ll Gtlwly  

6. ( ) ( ) ( )2mod131,1 ,6 ≡−−+− ktkzkx  

7. ( ) ( ) 014, ,3 =−−−+ kk Gtkwkkx  

 
3.2. Choice  
Introducing the linear transformations 
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and taking 
( )
( ) 




=
Ρ=Ρ
QQw

z

2

2
                                     (10) 



On the Non-Homogeneous Cubic Equation with Four Unknowns  x2-y2 = z3+w 

115 
 

in (1), it is written as 

 33 QPuv +=  
which is satisfied by 

 22, QPQPvQPu +−=+=                         (11) 
Substituting (11) in (9), we have 

( ) ( ) 222, QPQPQPQPx +−++=            (12)

 ( ) ( ) ( )222, QPQPQPQPy +−−+=           (13) 
Thus, (10),(12) and (13) represent integer solution to (1). 
 
PROPERTIES 
1. ( ) ( )QPyQPx ,, +  is always even. 

2. ( ) 094, ,4,6 =−+ nP ttPPx  

3. ( ) ( ) 01321, ,4,3 =−−+−−− PtCtPRPwPx PPP  

4. ( ) ( ) ( )2mod0622,2,2 ≡−+−− PP GPRPyPx  

5. ( ) ( ) 03,1 =++−− PPRPzPy   

6. ( ) ( ) 02441 ,4 =++−+− PP tPRPwPz  

7. ( ) ( ) 0510, 6,5, =+−−+ PPP CPCPPRPzPPx  

 
3.3. Choice  
Let   

( )
( ) 




=
+=
llw

kkz

2

12
                                     (14) 

Using (14) in (4) and (5), we have 

  ( ) 13222, 22 ++−+= kkllklkx           (15) 

  ( ) lkkllklky 2222, 22 −+−+=                       (16) 
Thus, (14),(15) and (16) represent integer solutions to (1). 
 
PROPERTIES 
1. ( ) ( )lkylkx ,, −  is always odd. 

2. ( ) ( ) ( )[ ] 18,, ,3
2 +=−− ktlwlkylkx  

3. ( ) ( ) 014,, ,6,3 =−−−−+ kttkkykkx kk  

4. ( ) ( ) ( )3mod0221, ≡−−− kPRkzkx  

5. ( ) ( ) ( )2mod03131,1 ,6 ≡+−−+− ktkwky  

6. ( ) ( )[ ]kkykx 10,2,26 −+  is a Nasty number. 

7. ( ) ( ) 04, ,3 =+−−+ kGtkzkky kk  

 
3.4. Choice  
Let  
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( ) ( )
( ) 




−=
−+=

34

544

llw

kkkz

                                                                                          
(17) 

 
Using (17) in (1), we have  

( ) 372775361516104124816, 2233456 −++−++−−+= lklklkkkklkx                  (18) 

( ) 392775361516104124816, 2233456 −++−++−−+= lklklkkkklky                  (19) 
Thus, (17), (18) and (19) represent integer solutions to (1). 
 
PROPERTIES 
1. ( ) ( )lkylkx ,, −  is always two. 

2. ( ) ( ) 0624 =+−−+ kk GPRkwkz  

3. ( ) ( ) ( )15mod017021616,2 ,66, ≡−+−+ nk tCPkzky  

4. ( ) 09441 =++−− kk GPRkz  

5. ( ) 0344 ,4 =++− kk tPRkw  

6. ( ) ( )25mod013632,1 5, ≡+++− nk PRCPky  

7. ( ) ( ) 0281642 6,5, =+−+−− kkk CPCPPRkwkz  
 
4. Generation of solutions

 
Let ( )0000 ,,, wzyx  be the given initial integer solution of (1). 

 Let 0
2

10
2

10
3

10
3

1 3,3,3,32 wwzzyhyxhx ==+=−=          (20) 
be the second solution of (1), where h is a non-zero integer to be determined. 
Substituting (20) in (1) and simplifying, we get  
  00 1836 yxh +=  
 Therefore, the second solution of (1) expressed in the matrix form is, 

 ( ) ( )tt yxyx 0011 ,, Μ= ,         0
2

10
2

1 3,3 wwzz ==  

where,  







=Μ

4536

3645
 

 Repeating the above process, we have, in general 

 ( ) ( )tnt
nn yxyx 00 ,, Μ= ,       0

2
0

2 3,3 wwzz n
n

n
n ==          (21) 

where,   
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−+=Μ
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1919

2

9
nn

nnn
n  

 Giving  …,3,2,1=n inturn in (21), one obtains sequence of integer solutions to 
(1) based on the given solution ( )0000 ,,, wzyx . 

 
5. Conclusion 
In this paper, we have presented infinitely many non-zero distinct solutions to the non-

homogeneous cubic equation with four unknowns given by 3322 wzyx +=− . In other 
words, this problem under consideration is equivalent to finding non-zero distinct integer 
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quadruples such that the difference of squares of any two members in a quadruple equals  
the sum of the cubes of  other two member of the quadruple. In conclusion, one may 
search for quadruples with different relations among its members. 
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