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Abstract. The Binary quadratic negative pell equation y? =80x? —16representing a
hyperbola is analyzed for its non-zero integer solutions. A few interesting relations
among its solutions are presented. Further, employing the solutions of the above
eguation, we have obtained solutions of other choices of hyperbolas, parabolas and
specia pythogorean triangles.
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1. Introduction

The binary quadratic diophantine equations (both homogeneous and non-homogeneous)
arerich in variety. In [1-8] the binary quadratic non-homogeneous equations representing
hyperbolas respectively are studied for their non-zero integra solutions. This
communication concerns with yet another binary quadratic equation given by
y? =80x% —16. The recurrence relations satisfied by the solutionsx and y are given.

Also a few interesting properties among the solutions are exhibited. Further, employing
the solutions of the above hyperbola, we have obtained solutions of other choices of
hyperbolas, parabolas and special pythogorean triangles.

2. Method of analysis:
The negative pell equation representing hyperbola under consideration is

y? =80x2 -16 D
whose smallest positive integer solutionis X, =1,y, =8.
To obtain the other solutions of (1), consider the pell equation y? =80x? -16 whose
solution is given by
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where,
f= (9 + \/%)ml + (9 _ \/%)n+l
g = (9+ @)nﬂ _ (9_ @)nﬂ
Applying Brahmagupta lemma between the solutions (x,, y,) and (X,,Y,) , the other

integer solutions of (1) are given by

X —1f +78

n+l _E n 2\/% On»
40 —
Yoy =4, +E gn,wheren =-101,....
Recurrence relations for xand y are:
Xns3 ~18Xnp + Xpi =0,

Yorz —18Ypi0 + Vi =0, wheren =-101,....
Some numerical examples of x and Yy satisfying (1) are given in the Tablel below:

Table 1. Examples

n X n yn
-1 1 8
0 17 152
1 305 2728
2 5473 48952

From the above table, we observe some interesting relations among the solutions which
are presented below.

» Thevaluesof X, and Yy, areodd and even respectively.
» Each of the following expressionsis a nasty number.

L ho2+1824x,,, - 96%x,..]
16
1
" gg[3456+ 32736, ~ 96,,.]
1
¢ oo+ 960, ~96y,,.]
1
Y7 [1728+16320x,,,,, — 96Y,,.]
1
© = [30912+ 292800x,,,, , ~ 96Y 1.4

. % [192 + 32736x,,,; —1824x,,.,]

1
+ 728+ 960, ; 1824y,
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% [192 +16320x,,,, —1824y,,.,]

1
o [1728+ 292800x,,,, ~1824y,,.,]

1
6 [30912 + 960x,,,, — 32736Y,,., ]

1
13 1728+16320x,,,, ~32736y,,.]

% [192 + 292800x,,,, — 32736Y..,4]

1

280 [15360+ 960y, —16320y,,.,,]
1

5010 [276480 + 960y, — 292800Y,,,, |
1

260 [15360 +16320y,,,, — 292800Y,,,5]

Each of the following expressionsis a cubical integer.

1
1_6 [(304X3n+3 - 16X3n+4) + 3(304'Xr1+1 - 16Xn+2 )]
1

288 [(5456X3n+3 ~16Xg145 ) + 3(5456%1 ~16%,,5 )]

1
1_6 [(160X3n+3 - 16y3n+3) + 3(160Xn+1 - 16yn+1 )]
1
m [(2720X3n+3 - 16y3n+4 ) + 3(2720)(n+1 - 16yn+2 )]

1
5576 [(48800X3n+3 =16Y3145 ) + 3(48800Xn+1 ~16Y,.3 )]

1
16 [(5456x5,.., ~304xg,,5) +3(5456x,,,, ~304x,,5)]
1
144 [(160X3n+4 - 304Y3n+3) + 3(160Xn+2 =304y, )]

1
i [(2720x,,,, — 304y, ) +3(2720x,,, — 304y,,, )|

1
m [(48800X3n+4 - 304y3n+5) + 3(4'8800xn+2 —304Y,.5 )]

1
2576 [(160X3n+5 - 5456y3n+3) + 3(160Xn+3 — 5456y, )]

1
T [(2720x,,,5 —5456Y4,,4) + 3(2720x,,5 — 5456Y,,, )|
1

© (48800, — 5456Y.,.5 ) + 3(48800x, ,; — 5456Y,,,; )]
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1
©  —[(60ysy., —2720y,,.;) + 3(160Y,,., — 2720y,; )]

1280
1
" 305 (160 anss ~48800y3,.5) + H160y,.; ~ 48800y,
1
" Togol(27200s0ss ~ 48800z, ) + H2720y,, ~ 48800,

» Relations among the solutions :
* Xy T18X5 + %5 =0
* M "Xz t Y =0
* xp3 161X, ~ Ypa =0
* Xny "2t Yne, =0
* Yo 180X, —9Yn,, =0
* Xnyy ~161X,, + Y3 =0
* NXpz =Xz = Ynes =0
* 80Xyi1 = Ynez T9Yn. =0
*  1440X;.; ~ Yneg t161y,,, =0
* 160X, = Ynes t Yner =0
* 80Xy = Ynig T ne2 =0
* Yo "18Yp2 t Yns =0
* 80X, ~ Y +161y,,, =0
* 161X, ~ Xne3 +18Y,,, =0
* Xnit T Xne3 " 2Yne2 =0
* Ny "Xzt Yy =0
. 283y, +2560x,,, - 5152y,,, =0
* Xnyg ~161X,,5 +18y,,5 =0
* Yon 11440X,,5 —161y,,; =0
* Yoo ¥ 80%,3 =953 =0

3. Remarkable observations
3.1. Employing linear combinations among the solutions of (1), one may generate integer
solutions for other choices of hyperbola which are presented in Table 2 below.
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Table 2: Hyperbola

8. No | Hvperbola (X..%)

! 80X 2 ¥ =81920 [304x., —16x.., M160x,., —2720x )]

2 802 —¥2 = 26542080 [5456x,.; —16x,.; L {160x_; — 48800 ;]

3 802 —¥2 = 81920 [160x_., —16y ., {160y ., 1280, , }]

4 802 ¥ = 663552 [2720x_, -16y.., 1160y .., - 24320 x_, ]

5 80.r2 —¥2 = 2123448320 48800 x..; — 16y, 1 {160y _; — 436480 x_; ]

6 80X -7} =81920 5456 x,.; ~304x,; } (2720x, ; — 48800 x__, )]

7 80X 2 — ¥, = 6635520 [160x,.. —304y,,, L2720y, —1280x,.. |

g 80x2 —¥2 =81920 [2720x,.; 304 3,., L (2720 y_.; —24320x ., ]

9 80x2 - 72 = 6635520 [48800x .. — 3043, ;) (2720 .. —436480 x_, ||
10| sox?-r?=2123448320 [160x,.; —5456 v,., ). (48800 v, —1280x,.; |

I 1 gox?—r2 = 6635520 [2720x,.; — 5456y, ). (48800 3., —24320 x.; ]
12| soxl-rl=s1920 148800 x_.; — 5436 v_.; ).(48300 y .. — 436480 x__; )]
13 | sox?-¥?=352428800 [160y... —2720y,., (24320 ., —1280 3,... |

14 | gox?_r?-1608603120 00 | {160y, —48800 y ., ).(436480 v, ~1280 v, |
13| sox?-r2=324288000 [2720 y,.; — 48800 y_; L (436480 3., 24320 y . ]

3.2. Employing linear combinations among the solutions of (1), one may generate integer

solutions for other choices of parabola which are presented in Table 3 below.
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Table 3; Parabola

5. Parabola [_Xr SE _':.

Mo

1 1280 X, — ¥ = 81920 32 +304x, ;- 162, 5 L(160x_, —2720x_, )]

2 23040 ¥, — F2 = 26542080 (576 + 3436 x, ., —16x,.., L (160x .. — 48800 x__, )]
3 1280 %, — T2 = 81920 (32 +160%; ., —163,,.. ). {160y, —1280x_,, )]

4 11320.%,, — ¥, = 6635520 [288 + 2720x, ., —16y,,.. 1160y .. — 24320 x_, ||

206080 X, — ¥, = 2123448320 (5152 +48800x;,.; —16 3.4 {160y, .; — 436480 x , ||

] 1280 %, - 1;:3 = 21970 [I 32454503, — 30 x; _'i_ (2720 X_.; — 48800 x__, _'I-]

T | 11520 x,, - 2 = 6635520 288 +160x, ; —304y, .. L2720 y,., —1280x ., )]

§ | 1sox,—¥2 =81920 [32+ 27200, =304 o, s L2720 .0 — 24320 %, )]

2 11520 X, — F.2 = 6633320 (288 + 48800 x. .. —304 3, L (2720 ¥, — 436480 x . |

10 [ 206080 x, 72 =2123448320 | [2234 +160x;_, — 5456y, | (48800 3, —1280x ;)]

I nsw0x, -12 =6635520 [230 + 2720x; .y — 5456 31,5 L (48800 ., — 24320 x__; ]
12 | 1280x, - 72 = 81920 [(32+ 48800 x,_, —3436 y,., ). (48800 p__, — 436480 x__; J]
13| 102400 x,, - F2 = 52428800 2560 +(160yy.5 —2720 .. (243203, ., - 1280y .. |]

14 | 1843200 ¥, — ¥2 = 1608693120 00| (46080 +160y,_, —48300 v, (436480 p,, ~1280y . ]

._.
Lh

102400 X, _}-rs = F24288000 [I'_Eiﬁl} + 2720 ¥a g — 48800 v, . ) (436480 v, — 24320 v _;

observethat M>N>0,
Treat m, nasthe generators of the pythogorean triangle T (a, B, y) ,
a=2mn, B=m’-n®, y=m’+n’.
Then the following interesting relations are observed.
1) a-408+39 =16

2) 41a—y—%=16

3.3.Consider m=Xx_,, +VY,,,,n=X

n+l?

3) 21w -208+19y- BgA 16

2A
4) = T Xu1Ynn
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4. Conclusion

In this paper, we have presented infinitdly many integer solutions for all hyperbola
represented by the negative pellequation y? =80x? -16. As the binary quadratic
Diophantine equations are rich in variety, one may search for the other choices of
equations and determine their integer solutions along with suitable properties.
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