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1. Introduction 
The problem of controllability is to show the existence ofa control function, which steers 
the solution of the system from its initial state to afinal state, where the initial and final 
states may vary over the entire space. A largeclass of scientific and engineering problems 
is modeled by partial differential equations, integral equations or coupled ordinary and 
partial differential, integrodifferential equations. So it becomes importantto study the 
controllability results of such systems using available techniques. Several authorshave 
studied the problem of controllability of semilinear and nonlinear systems represented by 
differential and integrodifferential equations in finite or infinite dimensional Banach 
spaces [7, 9]. A standard approach is to transform the controllabilityproblem into a fixed 
point problem for an appropriate operator in a functionalspace.In this paper we studied 
the controllability of impulsive nonlinear nonlocal fuzzy stochastic differential equation 
described by 
dx�t� = Ax�t� + Bu�t�dt + f�t, x�t��dt + g�t, x�t��dw�t�, t ∈ J ≔ �0, a�, t ≠ t�            (1) 

( ) ( ) ( ) ( ( )). , 1,2,...,i i i i ix t x t x t I x t x X i m+ −∆ = − = ∈ =                                               (2) 

1 2 0(0) ( , ,... , ) .px t t t x xµ+ =                           (3) 

Here, the state variable ( )x ⋅ takes values in real separable Hilbert space H with inner 

product ( , )⋅ ⋅ and norm ⋅  and the control function ( )u ⋅  takes values in2( , )L J U , a 

Banach space of admissible control functions for a separable Hilbert space U. Also, 
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( , )A t x is the infinitesimal generator of a C0 –semigroup in H and B is a bounded linear 
operator from U into H. Further, f, g and h are continuous and compact functions and

:f J X→ and :g XΩ→ are measurable mapping in H-norm. And here, the function 
: ( , )PC J X Xµ → is continuous and the impulsive function :iI X X→ is compact. 

Furthermore, the fixed time ti satisfies 0 1 20 ... ,mt t t t a= < < < < < ( )ix t+ and ( )ix t−  

denoted the right and left limits of( ) ix t at t t= , and ( ) ( ) ( )i i ix t x t x t+ −∆ = − represents the 
jump in the state x at time ti, where Ii determines the size of the jump. In [6] we studied 
the impulsive differential equations is much richer then the corresponding theory of 
differential equations without impulse effects. And, one of the important applications of 
introducing impulsive equations in stochastic setting is that it is possible to control the 
stochastic dynamical systems which are not exactly controllable. The nonlocal condition 
which is a generalization of the classical initial condition was motivated by physical 
problems. The basic work on nonlocal conditions is due to in [2,10,11]. And, also fixed 
point theorem is one of the most useful tool to obtain the controllability of various system 
of equations like integrodifferential, stochastic differential equation and etc., this is 
presented in [8]. 

In this paper motivated by [1,2,3,4,5], we establish the sufficient conditions for 
the controllability of impulsive nonlinear nonlocal fuzzy stochastic differential equations 
in general Banach space by using the measure of noncompactness, Sadovskii fixed-point 
theorem. 

 
2. Preliminaries 
Here first recall the basic notations on the fuzzy number space (E1, D), mild solution of 
stochastic process, fuzzy process, controllable and so on. 
Let ( , )X ⋅ be a real Banach space. Denote by C([0, T],X) the space of X-valued 

continuous functions on [0, T] with the norm   sup{ ( ) :  [0, ]}x x t t T
∞

= ∈  and by L1([0, 

T],X), the space of X-valued Bochner integrable functions on [0, T] with the norm 

1
0

( ) .
T

x x t d t= ∫ Throughout this paper, ( , )X ⋅ is a Banach space, { ( ) : R} A t t∈ is a 

family of closed linear operators defined on a common domain D which is dense in X and 
we assume that the linear nonautonomous system 

( ) ( ) ( ),

( ) ,

u x A x u x t s

u s u X

′ = ≥
 = ∈                                                                                                  

(4)  

has associated evolution family of operators { ( , ) : 0 }. U t s s t b≤ ≤ ≤  In the next definition, 
L(X) is a space of bounded linear operators from X into X endowed with the uniform 
convergence topology. 
 
Definition 2.1. A family of operators { ( ,  ) : 0 }  ( ) U t s s t b L X≤ ≤ ≤ ⊂ is called an evolution 
family of operators for (4) if the following properties hold 

i. ( ,  ) ( ,  ) ( ,   )  U t s U s U tτ τ= and ( ,  )    U t t x x= for every  s tτ≤ ≤ and all x ∈X; 
ii. For each   x X∈ the functions for  ( ,  )  ( ,  )t s U t s x→ is continuous and 

( ,  )  ( ) U t s L X∈ for everyt s≥ ; and 
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iii.  For0 s t b≤ ≤ ≤ , the function ( , ),( , ] ( ),  t U t s s t L X→ ∈ is differentiable with 
( ,  )

( ) ( , ).
U t s

A t U t s
t

∂ =
∂

 

Definition 2.2. [10] A stochastic process x is said to be a mild solution of (1)-(3) if the 
following conditions are satisfied: 

i. x(t, ) ω is a measurable function fromJ × Ω  to H and x(t) is Ft-adapted, 

ii. 2
E x(t) < ∞ for each t J∈ , 

iii.  ( ) ( ) ( ) ( ( )). , 1 .i i i i ix x x I x x X i mτ τ τ τ+ −∆ = − = ∈ ≤ ≤  
iv. For each 2u L (J,U)F∈ , the process x satisfies the following integral equation 

 
 
 
 
 
 
 

Definition 2.3. Let , ( : )nx y C I E∈ , here I be a real interval. A mapping : Nx I E→ is called a 
fuzzy process. We denote,[ ( )] [ ( ), ( )], , 0 1.l rx t x t x t t Iα α α α= ∈ < ≤  
The derivative ( )x t′ of a fuzzy process x is defined by[ ( )] [( ) ( ),( ) ( )], , 0 1l rx t x t x t t Iα α α α′ ′ ′= ∈ < ≤  

provided that is equation defines a fuzzy ( ) Nx t E′ ∈ . 
 
Definition 2.4. The system (1)-(3) is said to be controllable on the interval J if, there 
exists u(t) such that the fuzzy solution x(t) of (1)-(3) satisfies 1( ) ( )x T x xµ= − (i.e., 

1[ ( )] [ ( ) ]x T x xα αµ= − ) where x1 is target set.Here, we assume the following hypotheses for 
study to controllability problem:H1. A (t) generates a strongly continuous semigroup of a 
family of evolution operators U (t,s)  and there exists a constant N1>0 such that

1[ ( , )] 0 .U t s N for s t bα α≤ ≤ ≤ ≤  

H2. The linear operator 2: ( , )W L J U X→ defined by
0

( , ) ( )
b

Wu U b s Bu s ds= ∫ has an inverse 

operator W-1, which takes values in 2( , ) |L J U KerW  and there exists apositive constant K1 
such that 1

1BW K− ≤  

H3. i) For each t ∈J, the function ( , , ) :f t X X X⋅ ⋅ × → is continuous and, for each 
( , )x X Xφ ∈ × , the function ( , , ) :f x y J X⋅ → is strongly measurable. 
 ii)  There exists a function 1( ) ( , )fK L J R+⋅ ∈  such that 

( )
1 1 2 2

1 2 1 2

( , , ) ( , , )

( , ) , , , , 1,2,..f i i

f t x y f t x y

K t s x x y y for any t J x y X fori

α α

α

−

≤ − + − ∈ ∈ =
 

  iii) The function :f J X X X× × → is compact 
H4.i)  For each t,s∈J, the function ( , , ) :g t s X X⋅ → is continuous and, for each x∈X, the    

function ( , , ) :g x X⋅ ⋅ Ω → is strongly measurable. 

1

0

0 0

0

( ) ( ,0)[ ( )] ( , ) ( )

( , ) ( , ( )) ( , ) ( , ( )) ( )

( , ) ( ( )), .
i

t

t t

i i i
t t

x t U t x g x U t s Bu s ds

U t s f s x s ds U t s g s x s dW s

U t t I x t t J−

≤ ≤

= − +

+ +

+ ∈

∫

∫ ∫

∑
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ii) There exists a function : [0, )Kg J J× → ∞  such that 

( , , ) ( , , ) ( , ) ,

, , , .

gg t s x g t s y K t s x y

for any t s J x y X

α α α− ≤ −

∈ ∈
 

H5. The function : ( , )PC J X Xµ →  is continuous there exists aconstant  0Kµ > such that 

1 2 1 2( , ,..., , ( )) ( , ,..., , ( )) ,

, .

p pt t t x t t t y K x y

for x y X

α α α
µµ µ⋅ − ⋅ ≤ −

∈
 

H6. i) :iI X X→ and there exists a positive constant id such that 

( ) ( ) ,

, .

i i iI u I v d u v

for u v X

α α α− ≤ −

∈
 

      ii) The function :iI X X→ is compact. 
 
Lemma 2.1. (Sadovskii fixed-point theorem) 
Let N be the condensing operator on a Banach space X, that is N is continuous and takes 
bounded sets into bounded sets and α (N(D)) < α(D), for every bounded set D of X with 
α(D) >0. If N(S)⊂S for a convex, closed and bounded set S of X, then N has a fixed point 
in S. 
 
3. Controllability result 
Theorem 3.1. If the hypotheses (H1)-(H6) are satisfied, then the system (1)-(3) is 

controllable on J. 1 1 1
0

(1 ) [ ] 1
i

m

f g i
t t

bN K N K K K dα α α α α α α
µ

≤ <

+ + + + ≤∑                                                (5) 

Proof: Using (H2) for an arbitrary function( ) ( , )x PC J X⋅ ∈ , we define the control 

( )1 1
1 2 0 1 2

00 0

1 1
1 2

[ ( )] [ ( ), ( )]

[ {[ ( , ,... , )] ) ( ,0) [ ( , ,... , )]

( , ) ( , ( )) ( , ) ( , ( )) ( ) ( , )( ) ( ( ))}( ),

{[ ( , ,... , )]

i

l r

p l l p l

b b

l l l l l i i l i
t t

p r

u t u t u t

W x t t t x U b x t t t x

U b s f s x s ds U b s g s x s dW s U b t I x t t

W x t t t x

α α α

α α α

α α α α α α

µ µ

µ

−

−

≤ ≤

−

=

= − − −

− − −

−

∑∫ ∫

( )0 1 2

00 0

( ,0) [ ( , ,... , )]

( , ) ( , ( )) ( , ) ( , ( )) ( ) ( , )( ) ( ( ))}( )],
i

r p r

b b

r r r r r i i r i
t t

U b x t t t x

U b s f s x s ds U b s g s x s dW s U b t I x t t

α α α

α α α α α α

µ

−

≤ ≤

− −

− − − ∑∫ ∫

 (6) 

Consider the Banach space Ƶ=PC(J,X) with the norm sup{ ( ) : }x x t t J= ∈ .We prove that 

when using the control u(t) , the operator Ψ: Ƶ → Ƶ defined by, 

( )

1 1 1
1 2 1 2

0

0 1 2

0

00 0

[ ( )] [ ( , 0)[ ( , , ... , )] ( , ) {[ ( , , ... , )]

( , 0) [ ( , , ... , )] ( , ) ( , ( ))

( , ) ( , ( )) ( ) ( , ) ( ( ))}( ) ( , ) ( , ( ))
i

t

p p

b

p

b t

i i i
t t

x t U t x t t t x U t s BW x t t t x

U b x t t t x U b s f s x s ds

U b s g s x s dW s U b t I x t s ds U t s f s x s ds

U

α µ µ

µ

−

−

≤ ≤

Ψ = − + −

− − −

− − +

+

∫

∫

∑∫ ∫

00

( , ) ( , ( )) ( ) ( , ) ( ( ))]
i

t

i i i
t t

t s g s x s dW s U t t I x t α−

≤ ≤

+ ∑∫

 

has a fixed point x(.). This fixed point is the mild solution to system (1)-(3), which 
implies that the system is controllable on J. 
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Now we prove that operator Ψ is a completely continuous operator. Set 
sup{ : }mB x x m= ∈ ≤� for some  1m≥  

Then, for each m, Bm is a obviously a bounded closed convex set in Ƶ. 
Step 1: Here we show that there exists a positive constant m such that, ( )m mB BΨ ⊆ . If this 

is not true, then for each positive number m, there exists a functionm mx B∈ , but Ψ Bm does 

not belongs to Bm, that is[ ( )]mx t mαΨ > for some t J≥ .However, we have, 

( )

1 1 1
1 2 1 2

0

0 1 2

0

00

[ ( )]

|| [ ( , 0)[ ( , , ... , )] ( , ) {[ ( , , ... , )]

( , 0) [ ( , , ... , )] ( , ) ( , ( ))

( , ) ( , ( )) ( ) ( , ) ( ( ))}( ) ( , ) ( ,
i

m

t
m m

p p

b
m m

p

b
m m

i i i
t t

m x t

U t x t t t x U t s BW x t t t x

U b x t t t x U b s f s x s ds

U b s g s x s dW s U b t I x t s ds U t s f s x

α

µ µ

µ

−

−

≤ ≤

< Ψ

≤ − + −

− − −

− − +

∫

∫

∑∫
0

00

( ))

( , ) ( , ( )) ( ) ( , ) ( ( ))] ||
i

t
m

t
m m

i i i
t t

s ds

U t s g s x s dW s U t t I x t α−

≤ ≤

+ +

∫

∑∫

 

1
1 0 1 2 1 1 1 2 1 0 1 2

1 1 1
00 0

1 1 1

0 0

[ ( , ,... , ) ] { ( , ,... , ) [ ( , ,... , ) ]

( , ( )) ( , ( )) ( ) ( ( )) }

( , ( )) ( , ( )) ( )

i

m m m
p p p

b b
m m m

i i
t t

t t
m m

i

N x t t t x bN K x t t t x N x t t t x

N f s x s ds N g s x s dW s N I x t

N f s x s ds N g s x s dW s N I

α α α α α α α

α α α α α α

α α α α α α

µ µ µ

−

≤ ≤

≤ + + + +

+ + +

+ + +

∑∫ ∫

∫ ∫
0

( ( ))
i

m
i

t t

x t−

≤ ≤
∑

 

Since 

0 0

0

[ ( , ( ) ) ] ( , ( ) ) ( , 0 ) ( , 0 )

{ ( ) ( ) ( , 0 ) }

t b
m m

b
m

f

f s x s d s f s x s f s f s d s

K s x s f s d s

α α α α

α α

 ≤ − + 

≤ +

∫ ∫

∫

 

Then 
1

1 1 1 1 1 1 1 0

1 1 1 1 1 2

1 1 1 1 1 1
1

1 1 1 1 1 1

0

1 1 1 1 1 1

(1 )

(1 ) ( , , ... , 0 )

(1 ) (1 ) (0 )

(1 ) (1 ) ( , 0 )

(1 ) (1 )

p

m
m

i
i

b
m

f

m
g

m b N K x bN K b N K N x

bK b N K N t t t

bN K N K x bN K N I

bN K N K x bN K N f s ds

bN K N K x bN K N

α α α α α α α

α α α α α

α α α α α α α α
µ

α α α α α α α α

α α α α α α

µ

=

< + + +

+ + +

+ + + +

+ + + +

+ + + +

∑

∫

0

1 1 1
0

( , 0 ) ( )

(1 ) ( ) .
i

b

m
m

i i
t t

g s d W s

bN K N d x t

α α

α α α α

≤ <

+ +

∫

∑

 

1 1 1
0

(1 ) [ ]
i

m

f g i
t t

m M bN K N K K K d mα α α α α α α
µ

≤ <

< + + + + + ∑  

 Dividing both sides by m and taking the limit as m→∞. And M is independent of m,then  

we have
1 1 1

0

(1 ) [ ] 1
i

m

f g i
t t

bN K N K K K dα α α α α α α
µ

≤ <

+ + + + ≥∑  

This contradicts (5). Hence for some positive number m, ( )m mB BΨ ⊆  
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Now, we have to prove that Ψ is a condensing operator, and we introduce the 
decomposition Ψ= Ψ1+ Ψ2, where 

1 0

0

2

0 0

0

( ) ( , 0 ) [ ( ) ] ( , ) ( )

( ) ( , ) ( , ( ) ) ( , ) ( , ( ) ) ( )

( , ) ( ( ) )
i

t

t t

i i i
t t

x t U t x x U t s Bu s d s

x t U t s f s x s d s U t s g s x s d W s

U t t I x t

µ

−

≤ ≤

Ψ = − +

Ψ = +

+

∫

∫ ∫

∑

 

For t J∈ , respectively 
Step 2: We want to show that Ψ1 is contraction on Bm. Let x,y∈ Bm. Then, for each t∈J, 
from (6), we see that   

1 1 1
0

[ ]
i

m

f g i
t t

K bN K K K K d N x yα α α α α α α α
µ µ

≤ <

  ≤ + + + + − 
  

∑  

From (5), which implies that Ψ1(•)is a contraction on Bm. Next, we prove that Ψ2(•) is 
completely continuous from Bminto Bm. 
Step 3: Next to show that Ψ2 is completely continuous. First, we show that Ψ2(⋅)is 
continuous on Bm. Let 0{ ( )}n mx t B∞ ≤ with xn→x in Bm. Then, there exists a number m>0 

such that ( )nx t m≤ for all n and t∈J, so xn∈Bm and x ∈Bm. 
From the assumptions (H3) and (H4), we get 

I i, i=1,2,3,...,m is continuous. 

(ii) ( , ( )) ( , ( ))nf t x t f t x tα α→ for each t∈J and since ( , ( )) ( , ( )) ( )n ff t x t f t x t mK tα α α→ ≤ . 

From the Dominated Converges theorem, 

2 2 1

0

1

0

1
0

( , ( )) ( , ( ))

( , ( )) ( , ( )) ( )

( ( )) ( ( ))

0 .
i

b

n n

b

n

i n i i i
t t

x x N f s x s f s x s ds

N g s x s g s x s dW s

N I x t I x t

as n

α α α

α α α

α α α− −

≤ <

Ψ − Ψ ≤ −

+ −

+ −

→ → ∞

∫

∫

∑
 

Thus Ψ2 is continuous on Bm. 
Second, we prove that Ψ2 (•) is relatively compact and equicontinuous on X for every 
t∈[0,b]. We need to prove that Ψ2(Bm)⊆PC(J,X) is equicontinuous and Ψ2(Bm)(t) is 
precompact for any m>0,t∈J. For any x∈Bm with (t+l)∈[0,b],we have 

1
1 1 1 2 1 2 1 2 1 2

0

1 2 1 2

[ ( )] [ ( )] ( ,0)[ ( , ,... , ) ( , ,... , ) ( , ) ( , ,... , ) ( , ,... , )

( ,0) ( , ,... , ) ( , ,... , ) ( , ) ( , ( )) ( , ( ))

( , )

t

p p p p

p p

x t y t U t t t t x t t t y U t s BW t t t x t t t y

U b t t t x t t t y U b s f s x s f s y s ds

U b s

α α α α α α α

α α α α α α

α

µ µ µ µ

µ µ

− Ψ − Ψ ≤ − + −

 + − + − 

+

∫

0

( , ( )) ( , ( )) ( ) ( , ) [ ( ) ( ) ( ) .
i

i i i i
t t

g s x s g s y s dW s U b t I x t y t s dsα α α α − −

≤ ≤


− + − 


∑
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2 2 1
1

1 1

0 0

1 1
1 1

1

0

1

[ ( )] [ ( )] [ ( ) ( ) ]

( ,0) ( , 0) ( )

(0) [ ( , ) ] ( ( ))

[ ( , ) ] ( , ( ))

[ ( , ) ] ( , ( ))

m

f g i
i

t l t l

m m

i i i i
i i

t

x t l x t N l K t K t d m

N f s ds N g s dW s

N I N U t l t I I x t

N U t l t I f s x s ds

N U t l t I g s x s

α α α α α α

α α α α

α α α α

α α α

α α α

=

+ +

−

= =

Ψ + − Ψ ≤ + +

+ +

+ + + − ×

+ + − ×

+ + − ×

∑

∫ ∫

∑ ∑

∫

0

( )
t

dW s∫

 

 
Since f, g and Ii are compact 

0

[ ( , ) ]{ ( , ( )) ( , ( )) ( ( ))} 0 0 .
i

m

i i
t t

U t l t I f s x s g s x s I x t as lα α α α −

≤ <

+ − + + → →∑  

Uniformly for δ∈J and x∈B. This implies that for any ε>0, there exists δ>0 such that the 
above equation is ≤ε, for some 0 ml and x Bδ≤ ≤ ∈ .Therefore, we get 

2 2 1
1

1 1

0 0

1 1
1

[ ( )] [ ( )] [ ( ) ( ) ]

( , 0) ( ,0) ( )

(0)

m

f g i
i

t l t l

m

i
i

x t l x t N l K t K t d m

N f s ds N g s dW s

N I bN

α α α α α α

α α α α

α α ε

=

+ +

=

Ψ + − Ψ ≤ + +

+ +

+ +

∑

∫ ∫

∑

 

for some 0 ml and x Bδ≤ ≤ ∈ .Thus, Ψ2 maps Bm into an equicontinuous family of functions. 
The set,{ ( , ) ( , ( )) : , , }mU t s f s x s t s J x Bα α ∈ ∈  and { ( , ) ( , ( )) : , , }mU t s g s x s t s J x Bα α ∈ ∈ is precompact as 
f, g are compact and U(·,·) is a semigroup. 
Finally, Ψ2 maps Bm into precompact set in X as  

( )( )2 B t { ( , ){ ( , ( )) ( , ( )) : , , }.m mtconv U t s f s x s g s x s t s J x Bα α αΨ ⊂ + ∈ ∈  

Therefore, by the above steps1-3, we conclude that Ψ= Ψ1+ Ψ2is a condensing operation 
on Bm. By lemma there exists a fixed point x(˖)∈Bm such that [ ( )] [ ( )]x t x tα αΨ =  and this 
point x(̟ ) is a mild solution to system (1)-(3). Clearly  

1 1( ) ( ) ( ), ( .[ ( )] ( ) )x b x b x x ie x b x x
ααµ µ Ψ = = − = −   this implies that the system (1)-(3) is 

controllable. Hence the proof. 
 
4. Conclusion 
This paper contains controllability results for nonlocal impulsive fuzzy stochastic 
differential equations in Banach space by using the Sadovskii fixed point theorem. It is 
proved that, the system is controllable on some hypotheses. Our result shows that 
Sadovskii fixed point theorem can strongly be used in control problems to obtain the 
sufficient conditions. 
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