Intern. J. Fuzzy Mathematical Archive —
Vol. 6, No. 2, 2015, 119-126 International Journal of

ISSN: 2320 —3242 (P), 2320 —3250 (online) Fuzzy Mathematical

Published on 22 January 2015 =
www.researchmathsci.org Al'chlve

Controllability Result for Nonlocal Nonlinear I mpulsive
Fuzzy Stochastic Differential Systems

S. Sowmiya'and S. Narayanamoorthy?

'Department of Applied Mathematics, Bharathiar Ursity, Coimbatore—641046, India
e-mail: sowmiyaphd@gmail.com
Corresponding Author
“Department of Applied Mathematics, Bharathiar Ursity, Coimbatore - 641 046
India. e-mail: snm_phd@yahoo.co.in

Received 28 October 2014; accepted 29 November 2014
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1. Introduction

The problem of controllability is to show the eriste ofa control function, which steers
the solution of the system from its initial stateafinal state, where the initial and final
states may vary over the entire space. A largedgssientific and engineering problems
is modeled by partial differential equations, im#gequations or coupled ordinary and
partial differential, integrodifferential equationSo it becomes importantto study the
controllability results of such systems using aaalié techniques. Several authorshave
studied the problem of controllability of semilimesnd nonlinear systems represented by
differential and integrodifferential equations imife or infinite dimensional Banach
spaces [7, 9]. A standard approach is to transtbarcontrollabilityproblem into a fixed
point problem for an appropriate operator in a fiomalspace.In this paper we studied
the controllability of impulsive nonlinear nonlocizzy stochastic differential equation
described by

dx(t) = Ax(t) + Bu(t)dt + f(t, x(t) )dt + g(t, x(©) )dw(t), t € ] == [0,a], t # t; (1)
M) =XE)-X(D=1((L). XX F12..n (2)
X(0)+p(t b1, X)= %, 3)

Here, the state variabl&()takes values in real separable Hilbert space H initier

product (LDland norm |0 and the control functionu()) takes values if(J,u), a
Banach space of admissible control functions faseparable Hilbert space U. Also,
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A(t, X) is the infinitesimal generator of & Ssemigroup in H and B is a bounded linear
operator from U into H. Further, f, g and h aretoarous and compact functions and
f:J - Xandg:Q - Xare measurable mapping in H-norm. And here, thectiom
Hu:PC(J, X) - Xis continuous and the impulsive function :X - Xis compact.
Furthermore, the fixed time satisfies 0=t, <t, <t,<..<t <a, x(t") and x(t")
denoted the right and left limits ®ft) at t=1t, and Ax(t) = x(t") — X({') represents the
jump in the state x at timg tvhere | determines the size of the jump. In [6] we studied
the impulsive differential equations is much richeen the corresponding theory of
differential equations without impulse effects. Amhe of the important applications of
introducing impulsive equations in stochastic gettis that it is possible to control the
stochastic dynamical systems which are not exacthtrollable. The nonlocal condition
which is a generalization of the classical inittandition was motivated by physical
problems. The basic work on nonlocal conditiondus to in [2,10,11]. And, also fixed
point theorem is one of the most useful tool taobthe controllability of various system
of equations like integrodifferential, stochastiffatential equation and etc., this is
presented in [8].

In this papemotivatedby [1,2,3,4,5], we establish the sufficient coiudis for
the controllability of impulsive nonlinear nonlodalzzy stochastic differential equations
in general Banach space by using the measure @bngractness, Sadovskii fixed-point
theorem.

2. Preliminaries

Here first recall the basic notations on the fumaynber space (ED), mild solution of
stochastic process, fuzzy process, controllablesanzh.

Let (x,|d) be a real Banach space. Denote by C([0, T],X) thacs of X-valued

continuous functions on [0, T] with the norfW_ = supf{xt} : tO[0, T} and by ([0,
T],X), the space of X-valued Bochner integrablections on [0, T] with the norm

:
x|, = I||X(t)||dt- Throughout this paper¢x ,||d)) is a Banach spacéA): tOR} is a
0

family of closed linear operators defined on a canmdomain D which is dense in X and

we assume that the linear nonautonomous system
UR=AYL) &«

{ _ 4)
u(9=ul X

has associated evolution family of operatfwét 9:0<s< t< B In the next definition,

L(X) is a space of bounded linear operators froorm X endowed with the uniform
convergence topology.

Definition 2.1. A family of operators{u(t 9:0<s<t<Bh O I ¥ is called an evolution
family of operators for (4) if the following propérs hold
i U(t, s)U(s ) = U(t, 7 ) andU(, t)x = x for everys<r<t and allx €X;
ii. For each x 0O xthe functions for (t,s) - U(t, s)xis continuous and
U(t, s) O L(X) for everyt = s ; and
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iii. Foros<s<t< b, the functiont - U(t,s),(s 0 L( X), is differentiable with
au(t, s)
ot

= A(DU(L, 9).

Definition 2.2. [10] A stochastic processis said to be a mild solution of (1)-(3) if the
following conditions are satisfied:

i. Xt @ is a measurable function framxQ to H andx(t) is F-adapted,
i.  E|x@)| <o for eacht0J,
ii. AX(T) =Xr" )= X5) = |(X7)). XD X1sism
iv.  For eachioL(J,u), the process satisfies the following integral equation

X() =U(L0)X - g(X]+ [ U(t 9 BE ¥ ds

+HUuts) f(s X9 ds [ Wik 653 dW)
+ZU(t-ti)|i(x(§_)):tDJ-

o<t <t

Definition 2.3. Letx, yOC(1: E"), here | be a real interval. A mapping! - E,is called a
fuzzy process. We denof&]” =[ x(), ¥(3], tOL0<a<l.

The derivativex(t) of a fuzzy process is defined byx()] =[(x)(),(¥)(}], tOL0<a<1
provided that is equation defines a fuzzy) O E, .

Definition 2.4. The system (1)-(3) is said to be controllable om itfterval J if, there
exists u(t) such that the fuzzy solution x(t) of)-(3) satisfies x(T)=x-u(X (i.e.,
[X(T]° =[ ¥ -« ¥1°) where X is target set.Here, we assume the following hygsek for

study to controllability problem:H A (t) generates a strongly continuous semigraug o
family of evolution operators U (t,s) and thereisex a constant %0 such that

lut91°|< N forossstsb

b
H,. The linear operatorw: 1’(J,U) - Xdefined bva:J'U(hs)Bla;sdhas an inverse

operator W, which takes values im?(J,U)|Kerw and there exists apositive constant K
such thaBw| < K,
Hs. i) For each t[J, the function f(t,[I):Xx X - X is continuous and, for each

(px)0Xx X, the functionf (Gx,y): J » Xis strongly measurable.
ii) There exists a functior, (yoL*(J,R") such that

(X, y) = 17(6 %, %)
<K (% - x|+ % ). foranyf J x y3 X fork12,.
iii) The function f : Jx Xx X - Xis compact
H4.i) For each t/SJ, the functiong(t,s): X - Xis continuous and, for eacliX, the
functiong(tTlx):Q - Xis strongly measurable.
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ii) There exists a functiomg: Jx J - [0,) such that
lo*ts - g (tsy< Kt g *x I
foranyt sl J x yl X
Hs. The functiony: PC(J, X) ~ X is continuous there exists aconstadqt> 0 such that

||,u"(t1,t2,...,tp XO)- Uty ty Y (])us HESE
for x, yO X.
He. i) I,:X - X and there exists a positive constghtsuch that
1@ =1 @] = d*u-,
for u,vO X.
i) The functionl, : X - X is compact.

Lemma 2.1. (Sadovskii fixed-point theorem)

Let N be the condensing operator on a Banach sSpattet is N is continuous and takes
bounded sets into bounded sets ar{ll(D)) < a(D), for every bounded set D of X with
a(D) >0. If N(SYIS for a convex, closed and bounded set S of X, khbas a fixed point
in S.

3. Contrallability result
Theorem 3.1. If the hypotheses (Bt(He) are satisfied, then the system (1)-(3) is

controllable on J1+bNY K )NT[K! + K + KT+ > df]<1 (5)
<t <t
Proof: Using (H,) for an arbitrary functior@d Pc(J, X), we define the control
[u()1” =[u'(d, O]
SIWHLXE A4 b 4 D) = WO ([ %= 20 3 b b 3
-JUf(B.9) (s X 9) ds| B bR SKOB AT 70 BE FIC (0BO), t (6)

ost <t

WX = 4, ety R]7 U7 (0,0)([% = (b, o8, . X)F)
-[Uf (B9 (s X 9) ds| B( bBY SKIB dM-SY 70, B FIC (OBOL t

o<t <t
Consider the Banach spagePC(J,X) with the normjx| =sup{x(t) :t0 J} .We prove that
when using the control u(t) , the operatoiZz — Z defined by,

[WX()]7 =[U(LO)[ X' = (L, ooty ]+ [U(L 9 BWHL k-4 f 4. § X

=U (0,0)([% = H(t bty X)) = U (b,) T(s x(9) ds

t

~JU(b,;s)g(s X 9) AW B- 37 W b} (L &I )s ds| U 9s(f, L P)s

ost st °

+JUts)gls X(9) dW 3+ 37 W ) I €O

has a fixed point x(.). This fixed pdi‘ﬁt is the dhisolution to system (1)-(3), which
implies that the system is controllable on J.
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Now we prove that operat8f is a completely continuous operator. Set
B, =sup{xO0 :|¥ < n} for some m=1

Then, for eaclm, B, is a obviously a bounded closed convex sé&t. in
Step 1: Here we show that there exists a positive constesuich thatw(B,) 0 B,,. If this

is not true, then for each positive numberthere exists a functiofB,, but¥ B, does
not belongs to R that ig[¥X(8]°| >Mfor somet = 3 .However, we have,
me e or|

<IU (40)IX = #(tty oty XTI+ [U (€,8)BW { k= (& £, f R)]

~U (0,0)(I% ~ 4(t b8, X)) = [U(bs) f(s X (9) ds

t

~[U(b,9)g(s X(3) dW 5= W b)Y L X NH s ds| U ds(f, $'¢s))ds

o<t <t 0

FJUe)a(s X (9 AW 3+ Y WL I RCOF I
QAT EY REE
b b
NI [ (s X (9)| dsr N[| 6C 5% dw)s NY |7 &M}

QRIS )

< NI+ [ (ot X1+ BN K] R +

+ijHf”<sx‘"(s>H ds- MH 6Cs%C W dw)s N | (1)
Since 0 ' o
iH{f(s, x" ()17 dss< E[H (s RCp- FCO|+] TC.0)] d
< Jiksea [es]+ | #Cso) as
Then 0

m < bNS K7 [ X[+ @+ bNT K + BN K) N || x
+(1+bK{ + BN KT)NT |47 (4, 15,1, ,0)

+(L+ DNSKSINT K [ X[+ @+ bNZ K) Ngiz"; 1 (0)
+(1+bNSKT)NT KT [ X[+ @+ bNY K]) N;’I” " (s0)| ds
+(L+ BN KT)NT K| x|+ 1+ bN{ KT) N‘l’j[”g”(s,O)”dW(Q
+(1+bN? Kf)Nfogq d | ()

m< M+ @+ bN? K NFLKS + KE+ KO+ 30 ] m

ost; <t

Dividing both sides byn and taking the limit as+—c. And M is independent ohthen
we haver+ bNg KI)NZ[K? + K¢ + K2+ 3 d]21

This contradicts (5). Hence for some positive nunmyew(B,) 0 B,
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Now, we have to prove tha¥ is a condensing operator, and we introduce the
decomposition’= ¥+ ¥,, where

Wox(t) = U(t,O)[Xo—,U(X)]ijU(L s) Bu 9 ds

Wox() =[U(t,s) F(s x(9)dst [ UL ¢ s &N dW):
+ YU (L)1 (x ()

o<t <t
For t0J, respectively
Step 2. We want to show tha¥, is contraction on B. Let x,y{ B, Then, for each(dJ,
from (6), we see that

w1 LW | <O b b A= (6 tty Y # ] U (| B [J4F ot APttt ¥
HU @O [| Gty X147 G 1 4, YPHU B F X T(sYP o

Hutag| [o(s X9~ (s awsY | 0. 4t 1 (R (i»@( ) sds
Ot

s{K,‘j+beKf[Kg+ K{+ KJ+ Zm drl Nl”}”x— Y

o<t <t
From (5), which implies tha¥y(s)is a contraction on B Next, we prove tha¥,(e) is
completely continuous fromto B,
Step 3. Next to show that¥, is completely continuous. First, we show tN&{Dis
continuous on R Let {x(d}; < B, with x,—x in By, Then, there exists a number0

such that|x, (1| < mfor all n and {13, so ¥[1B, and xB,

From the assumptions {Hand (H), we get
l;, i=1,2,3,...,m is continuous.

(i) Ftx,®) - £t xt) for each 1 and sincd f“(t,x, (1) - f(t,x(V)]< MK? ().
From the Dominated Converges theorem,

[wox, - wox|s NIJ|[£9(s x(9)- F(s x P ds

+NS[lo7(s % (9)= ¢ (s % B dW )s
NS [T (6)) = 17 (x())

o<t <t
- 0asn- o,

ThusY, is continuous on B

Second, we prove that, (¢) is relatively compact and equicontinuous orfoX every
tO[0,b]. We need to prove tha¥,(B,)OPC(J,X) is equicontinuous an#,(B.)(t) is
precompact for angn>0,t1J. For any XIB,, with (t+1)J[0,b],we have
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W x(t+ D17 (W, X017 < N K{(Y + KD +izr__”1d;’] m
+N1"II|Hf"(s,O)Hds+ ’\fIZH g (s0) dW( »
N7 3O+ N7 S0 )= 111,00
+N1"j;H[U"(t+I,t)— 11 £ (s, x(9)|| ds
+N;’IH[U”(t+I.t)— 11xg°(s X(9)|dw(9

Since f, g and; lare compact

-0 asl0.

[UT(t+1L) =1 f(s x(9) +g(s xp+ Zm: FC &}

0 t

Uniformly for 8013 and XIB. This implies that for ang>0, there exist8>0 such that the
above equation ise, for someo<l| <dand xO B, .Therefore, we get

[[W x(t+ 117 =[W,x(D]°) < NJT K + KD +§d."1 m
+N7 [t (s0ast N[ ¢ (s0) aw( »

+ N7 [1,(0)] + bNS e
i=1

for someo0<l <dand xO B, .Thus,¥, maps R, into an equicontinuous family of functions.
The seffu(t9 (s xP: t & J ¥ B and{U(t9d(sxH: t§ J K Bis precompact as
f, g are compact and t}) is a semigroup.
Finally, ¥, maps B, into precompact set in X as

W, (B,)(t) Otcond U'( £ 3{ f( s+ & ,(Ys, &, Ik B
Therefore, by the above steps1-3, we conclude®ha¥,+ ¥,is a condensing operation
on B,. By lemma there exists a fixed point)X{B,, such that{'wx(t]* =[x 3]“ and this
point x(.) is a mild solution to system (1)-(3). Clearly
Wx(b) = (B = - (Y, (ie X W7 =[ %= y]”) this implies that the system (1)-(3) is
controllable. Hence the proof.

4. Conclusion

This paper contains controllability results for tmmal impulsive fuzzy stochastic
differential equations in Banach space by usingShdovskii fixed point theorem. It is
proved that, the system is controllable on someothgses. Our result shows that
Sadovskii fixed point theorem can strongly be usedontrol problems to obtain the
sufficient conditions.
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