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Abstract. In this paper, we have introduced the concept pbdudo-similar interval-
valued fuzzy matrices (IVFM) as a generalizatiork-gfseudo-similar fuzzy matrices and
as a special case for k=1, it reduces to pseudiasimterval — valued fuzzy matrices
(IVEM).
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1. Introduction

Throughout, we deal with IVFM, that is, matricesosk entries are intervals and all the
intervals are subintervals of the interval [0, The concept of IVFM a generalization of
fuzzy matrix was introduced and developed by Shyaand Pal [7], by extending the
max-min operations on fuzzy algebra F=[0, 1], fangents a,biF, a+tb=max{a,b} and
a-b=min{a,b}. In [3], Meenakshi and Kaliraja hawepresented an IVFM as an interval
matrix of its lower and upper limit fuzzy matricesSUF,, is regular if there exists X
such thatAXA = A; X is called a generalized (gyinverse of A and is denoted as.A
A{1} denotes the set of all g-inverses of a regutaatrix A.

In [4], Meenakshi and Jenita have introduced tbecept of k-regular fuzzy
matrix as a generalization of regular fuzzy matieveloped in [1]. A matrix AF,, the
set of all nxn fuzzy matrices is said to be rigbft] k-regular if there exists X (Y)F,,
such that

AXA= AK(AYA = AY)

X (Y) is called a right (left) k-g-inverse of A, whe k is a positive integer. Recently,
Meenakshi and Poongodi have extended the concdptegfularity of fuzzy matrices to
IVFM and determined the structure of k-regular IVHM5].

In section 2, some basic definitions and resuljsired are given.

In section 3, we have introduced the concept afduplo-similar interval-valued
fuzzy matrices (IVFM) as a generalization of k-pdeisimilar fuzzy matrices [6] and as
a special case for k=1, it reduces to pseudo-sinmi@rval — valued fuzzy matrices
(IVEM).
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2. Preliminaries
Definition 2.1. [2] AOF,, and BIF, are said to be pseudo-similar and denotedasB
if there exist XOFy,, and YOF,, such thaA = XBY,B =YAXandXYX = X .

Theorem 2.1. [2]Let AQIF,, and BJF, such thaA [C B. Then A is a regular matrix B
is a regular matrix.

Theorem 2.2. [2]Let AR, and B1F,. Then the following are equivalent.
)  ACB
(ii) AT CB'
(i) A CB", forany integer 1.
(ivy  PAP" OQBQ', for some permutation matrice§lR, and QIF, .

Lemma 2.1. [2]Let AOF,, and BIF, . Then the following are equivalent:

® ALCB

(i) There exist XIFn, , YOF.m such thatA = XBY,B =YAX and XYOF,, is
idempotent.

(i) There exist XIF,, , YOF.m such thatA = XBY,B =YAX and YXOF, is
idempotent.

Definition 2.2. [3] Let AO(IVFM).. If A is regular, then there exists a matrix
XO(IVFM) o, such thatAXA = A for all XOA{1}.

Definition 2.3. [3] For a pair of fuzzy matrices Egfe and F=(f) in Fn, such that
E < F, let us define the interval matrix denoted asHE whose if' entry is the interval
with lower limit g and upper limitif, that is ([, f;]). In particular for E=F, IVFM [E, E]
reduces to E1 Fy,.

For A=(g)=[aj., au]O(IVFM)m,, let us define A=(a;.) and A=(ay). Clearly
A_ and A, belongs to 5, such thatA, < A, and from Definition 2.3 A can be written as
A=[A_, Ay], where A and A, are called lower and upper limits of A respecijvel

The basic operations on IVFM are as follows [3]:
For A=(8)m«n and B=(l)mxr, their sum A+B is defined by,
A+B= A=(g;+ by)=( (a.+ by), (8jut b)) (2.1)
and their product is defined by,

In particular if 8, =a;, andb, =b,, then (2.2) reduces to the standard max-min
composition of fuzzy matrices [1]. ASB = a; <b; anda, <b,, . For
AO(IVFM) ., AT denote the transpose of A.

Lemma 2.2. [3]For A=[A., A]O(IVFM)m, and B=[B, By]O(IVFM),, the following
hold:
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(i) AT=[ALT, AT
(i) AB=[A | B, AyBy]

Definition 2.4. [5] A matrix AO(IVFM),, is said to be right k-regular if there exists a

matrix XO(IVFM),, such thatA* XA = A* for some positive integer k. X is called a right
k-g-inverse of A.

Let A {1} ={X/ A*XA = A¥}.

Definition 2.5. [5] A matrix AO(IVFM),, is said to be left k-regular if there exists a

matrix YO(IVFM), such thatAYA* = A* for some positive integer k. Y is called a left
k-g-inverse of A.

Let A {1} ={Y/ AYA* = A¥}.
In general, right k-regular IVFM is different frohaft k-regular IVFM. Hence a
right k-g-inverse need not be a left k-g-inversk [5

Theorem 2.3. [5]Let A=[A |, AgJO(IVFM),. Then A is right k-regular IVFM- A_ and
AyOF, are right k-regular.

Theorem 2.4. [S]Let A=[A |, Ay]O(IVFM),.. Then A is left k-regular IVFM- A, and
AyOF, are leftk-regular.

3. k-pseudo-similar IVFM
Definition 3.1.A=[A., AJJO(IVFM), and B=[B, By]O(IVFM), are said to be pseudo-
|

similar IVFM, denoted byAL B if there exist X=[X, Xy]O (IVFM) m, and Y=[Y,, Y]O
(IVFM) nm such thaA = XBY, B = YAX andXYX = X .

Remark 3.1.In particular, if A=Ay and B=By, then Definition 3.1 reduces to pseudo-
| |
similar fuzzy matrices (Definition 2.1). Also wesdyve thaA[IB <« BUA,
Definition 3.2. A=[A, Ay]O(IVFM), is said to be right k-pseudo-similar to B£[B
1(k)
Bu]O(IVFM), and it is denoted byA 0O Bif there exist X=[X, Xy], Y=[Y.,

Y ]O(IVFM), such thath = XBY, B = YAX*, X*YX = X*andYXY=Y.

Definition 3.3. A=[A, Au]O(IVFM), is said to be left k-pseudo-similar to Bx|B
1(K)
By]O(IVFM),, and it is denoted byA/DBif there exist X=[X, Xu], Y=[Y\,

Yu]O(IVFM), such thah = X *BY, B = YAX, XYX* = X*and YXY=Y.

Remark 3.2.In particular, if A=Ay and B=By then Definition 3.2 and Definition 3.3
reduce to right (left) k- pseudo-similar fuzzy niegs studied in [6]. Further, for k=1,
Definitions 3.2 and 3.3 are identical and reducegdeudo-similar IVFM [Definition
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3.1]. We observe that the right (left) k-pseudo ikirity relation on IVFM is not
transitive as in the case of pseudo similar fuzayrives [2].

Lemma 3.1. Let A=[A., Ay], B=[B., By]O(IVFM),. If Al(Dk)Bthen we have the
following: r

M A'=XBY and Aj = X, BjY,

(i) B Y X, =Y X B =B andB,Y, X, =Y, X,B, =B,

(ii) AXLY =X VA=A and A XY, = X YU A = A

(iv) Bt :YLAIL(XLandBS =YUA5XU

(k)
Proof: SinceA [ B, A= XBY B=YAX" X*YX=X"andYXY=Y.

0] A= XBY = A’ =(XBY)(XBY) = X(BYX)BY
BYX = (YAX*)YX = YA X YX) =YAX* =B
Therefore, A* = (XBY)(XBY) = X(BYX)BY = XBBY = XB?Y..

Thus proceeding we ge&* = XB*Y .

A = XBKYD[AUA\J]k :[XL’XU][BL’BU]k[YL’YU]

:>[A51A\l1<] :[XL’XU][BE’BS][YL’YU]: AIL( = XLBIL(YLandA}j = Xy BSYU .
Thus (i) holds.

(i)  YXB=YX(YAX") = (YXY)AX* = YAX* = B.
YXB=B=[Y, Y, I[ X, Xy I[B..B,]1=[B.,B,]= Y X B, =B, and
Yo Xy By =By
BYX=B=[B,,B,][Y,, Y, I[ X, Xy]=[B.,B,]= B, Y X, =B and
BUYU ><U = BU

(ii) AXY = (XBY) XY = XB(YXY) = XBY = A
XYA= XY(XBY) = X(YXBY = XBY = A.

AXY = A= [A LA TIX XYL Y T =TAL A
S[AXYLAXYT=IALAT= AXY =Aand Ap XY, = A

XYA= A= X XGIYO Y AL A T=IAL A TS XY AL XY A T=TALA ]
= X Y A =Aand X YA, = A .

(iv)

B =YXB= B* = YXB = B* = YX(B*YX) = Y(XB*Y)X = YAX.

B = YAX :>[B|_’Bu]k =[YL’YU][AL’A\J]k[xL’xU] Bt :YLAIL(XLand
:[BE’BLIJ(] :[Yl_’Yu][Acl_(’Aﬁ][xl_’Xu]:> BLIJ( :YUA\IJ(XU .
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1 (k)
Lemma 3.2. Let A=[A., Au], B=[B., By]d(IVFM),. If A [0 Bthen we have the
l

following:
(i) B =Y A*X_and B =Y, A¥X,
(i) AXLY =X VA=A and A XY, = X YU A = A
(iii) B Y X, =Y X B =B andB,Y, X, =Y, X,B, =B,
(v) A =X/ BfY and A* = X, B}Y,
Proof: This can be proved along the same lines as tHagrafma 3.1 and hence omitted.

1(k)
Theorem 3.1.Let A, BO(IVFM), such thatA [I B. A is right (left) k-regular= B is

right (left) k-regular.
Proof:
(k)

SinceA O B, A= XBY,B=YAX", X*YX =X andYXY=Y _,
A =X BY..B :YLALXIL(’ A, = Xy ByY, andB, =Y, A, X .
By Lemma 3.1,
A:f = XLBEYL’ A = XyBiY,, BLY, X, =Y X, B =B,
BuYu Xy =Yy XyBy =By, AX Y =X VA =A L AXY = XYW A = A
B =Y, A X and BY =Y, AKX, .
Let A be right k-regular. Then by Theorem 2.3,ad A, are right k-regular.
Since, A and A, are right k-regular there exists Gx[GGy] O(IVFM), such that
A'G A =A‘and ASG, A, = Al .Choose U=YGX, U=[U, Uj]JO(IVFM),,
U=YGX=U =Y, G X andJ, =Y,G, X, .
To prove that, B is right k-regular, let us prokattB and B, are right k-regular.
BlL(U B = (YLAI[(XL)(YLGLXL)BL =Y, (AI[(XLYL)GL(XLBL)
:YLAIKGL(XLBLYLXL) :YLA{(GL(AIXL) :YL(AEGLAL)XL :YLAJL(XL = BIL('
BlljUU BU = (YU ALT XU )(YU GU XU )BU = YU (AllJ( XUYU )GU (XU BU )
:YUAEGU (XuByYu Xy) :YUAEGU(AJXU) =Yy (AEGUAJ)XU :YUAEXU = BS-
Therefore, B and B, are right k-regular. Hence by Theorem 2.35 Bght k-regular.
Converse part follows by replacing A by B in theab proof.
A is left k-regular= B is left k-regular can be proved in the same mearand hence

omitted.
Hence the Theorem..

1(k)
Theorem 3.2.Let A, BO(IVFM),, such thatA /D B. A is right (left) k-regular= B is

right (left) k-regular.
Proof: This can be proved as that of Theorem 3.1 and hemdted.
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Remark 3.3.For k=1, Theorems 3.1 and 3.2 reduces to the faligwheorem.

|
Theorem 3.3. Let AO(IVFM),, and BI(IVFM), such thatALB . Then A is a regular
matrix = B is a regular matrix.

Remark 3.4.In particular, for fuzzy matrices, AAy and B=By, Theorem 3.3 reduces
to Theorem 2.1.

1 (k)
Lemma 3.3.Let A, BO(IVFM),. If A [0 Bthen there exist X, M(IVFM), such that
r

A= XBY,B =YAX*and XY is k-potent.
Proof:

I (k)
SinceA 0 B, A= XBY,B=YAX*, X*YX = X*andYXY=Y.
(XY)* = (XY)EXY = (XY)*ZXYXY= (XY)ZX(YXY) = (XY)*2XY = = XY.

Hence the proof.

1 (k)
Lemma 3.4.Let A, BO(IVFM),. If A F Bthen there exist X, M(IVFM), such that

A= X*BY,B =YAXand YX is k-potent.
Proof:

I (k)
SinceA ; B,A=X*BY,B=YAX, XYXX = XX andYXY=Y.

(YX)* = (YX)*YX = (YX)2Y XY X= (YX) 2 (Y XN X = (YX) A 2YX =, =YX
Hence the proof.

Remark 3.5. For k=1, from Lemma 3.3 and Lemma 3.4 we get guivalence
condition for pseudo similar IVFM in the following:

Lemma 3.5.Let AO(IVFM), and BI(IVFM), . Then the following are equivalent:
|
(i) ALCB
(i) There exist XI(IVFM)m, , YO(IVFM)m such thatA = XBY, B = YAX
and XYO(IVFM) ., is idempotent.
(iii) There exist XI(IVFM)m, , YO(IVFM)m such thatA = XBY, B = YAX
and YXO(IVFM), is idempotent.
Proof:
(D=(ii) and (i}=(iii) are trivial, since XYX = X = XYO(IVFM),, and
YXO(IVFM),, are idempotent matrices.
(i)=(): A= XBY = X(YAX)Y = (XY)A(XY) = (XY)XBY(XY) = (XYX)B(YXY).
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Similarly, B =YAX=(YXY)A(XYX) . put XYX = X"andYXY=Y"_ Then,

A= X'BY'andB =Y'AX", Further using XY is idempotent, we get

X'Y'= (XYX)(YXY) = XY and (X'Y")(X"Y") = (XY)(XY) = X'Y' Thus X"Y" is
idempotent. SeX'Y' X'= X"andY ' X'Y'=Y" Then,

A= X'BY'= X'Y'AXY'= (XY X)B(Y'X'Y') thereforeA = X" BY" . Similarly,
B=Y"AX" ByusingX'Y" is idempotent, we have

|
XUYUXUE (XYY XY)XYXY) = XYX'= X Therefore, ALB. Thus
(i) holds.
(iii) =(i): Can be proved in the same manner and henceeaini

Remark 3.6.In particular, if A=A, and B=By, Lemma 3.5 reduces to Lemma 2.1.
Lemma 3.6.Let AO(IVFM) , and BI(IVFM), . Then the following are equivalent:
|
(i) ALB
(i) There exist XI(IVFM), , YO(VFM),m such that A= XBY,
B=YAX, XYX=XandYXY=Y.
(i) There exist XI(IVFM) mn , YO(IVFM) o such thatA = XBY,
B =ZAX, XYX =X = XZX.
Proof:

(i)=(iii): Since Al[ B,A=XBY,B=YAX andXYX = X..
Let Y=Z, thenB = ZAX and X = XZX as required. Thus (iii) holds.
(iii) = (ii): Suppose there existXIVFM) mn, Y, ZO(IVFM) i such thatA = XBY,
B = ZAX, XYX = X = XZX, then
A= XBY = X(ZAX)Y = XZ(XBY)(XY) = (XZX)B(YXY) = XB(YXY) and
B =ZAX = Z(XBY) X = ZX(ZAX)YX = (ZXZ) A(XYX) = (ZXZ) AX . Set
YXY=Y'andZ'=ZXZ Then, X = XYX = XY(XYX) = XY'X and
X = XZX = XZ(XZX) = XZ'X . In addition, we haveA = XBY'andB = Z' AX . Set
Y'=2Z'XY'.
Then XY" X = XZ'(XY'X) = XZ'X = X and
Y"XY"=Z"'(XY'X)Z'XY'=Z'XY'=Y". We directly check thakBY''= A ,
Y"AX = B. Thus there exist X(IVFM) mn, Y O(IVFM) o, such thatA = XBY"',
B=Y"AX, XY"X = XandY" XY"=Y".
Thus (ii) holds. (ii}=(i): This is trivial.

Theorem 3.4.Let A, BO(IVFM) .. Then the following are equivalent.
1 (k)
0] AUOB
1 (k)
(i) B' [DAT
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(k)
(iii) PAP" O PBP" for some permutation matrix P5[PPy]O(IVFM), with

PL:PU:P.
Proof:
() = (ii): This is direct by taking transpose on bothldes and by using
(A")" = Aand (AX)" = XTAT,

1(k)
(ii) < (iii): SupposeA O BthenA = XBY,B =YAX", X YX = X*andYXY=Y.

A= XBY= PAP' =PXBYP =(PXP")(PBP")(PYP) (3.1)
B=YAX* = PBP' = PYAXP" =(PYP )(PAP")(PX*PT)*
=(PYP )(PAP")(PXP") (3.2)
XEYX = X*= PX*PT = PXKYXP = PX*PT = (PX*P")(PYP )(PXP")
= (PXP")* = (PXP")*(PYP )(PXP") (3.3)
Y =YXY= PYP =PYXYP = PYP =(PYP )(PXP")(PYF) (3.4)

1(K)
HencePAP' [ PBP'.
r

1(k)
Conversely, supposBPAP™ [ PBP' .

Pre multiply by P" and post multiply byP in Equations (3.1) to (3.4), we g&t= XBY,
1(k)
B=YAX*, X*YX = X*and YXY=Y.Hence A [ B.
r

Hence the proof.
Theorem 3.5.Let A, BO(IVFM) .. Then the following are equivalent.

1 (k)
i AUB

e T I(k) T
(i) B OA

r
1(k)
(i)  PAP' ;PBPT for some permutation matrix P5[PPy]O(IVFM), with
P|_=PU=P.
Proof: Proof of the theorem is similar to Theorem 3.4 hadce omitted.

1 (k) 1 (k)
Theorem 3.6.Let A, BO(IVFM) .. If A O B then A* O B¥.
r r

Proof:
1(k

)
SupposeA [ BthenA = XBY,B =YAX*, X*YX = X andYXY=Y.

I (k)
Prove that,A* [ B.
By Lemma [3.1] (i), A¥ = XB*Y .
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Next,let us prove thaB* = YA*X*.
By Lemma [3.1] (i), BYX = YXE = B=
BX =YXB = YXB'B = YXB(YAX*) = Y(XB*Y)AX* = Y(A*) AX¥ = YA XX

k
HenceA* [1B.

1(k) (k)
Theorem 3.7. Let A, BO(IVFM),. If A (I B then A¥ 0 B,

Proof:
This is similar to Theorem 3.6 and hence omitted.

Remark 3.7: As a special case of Theorem 3.5, Theorem 3.6 &edrém 3.7 for k=1,we
have the following:

Theorem 3.8.Let AO(IVFM) , and B1(IVFM) .. Then the following are equivalent.
(i) AIE B
(ii) AT I[BT
Giiy A" lEBk , for any integer ¥1.

|
(ivy PAF'C PBPT, for some permutation matrix Pz[PP,]O(IVFM), with
PL:PU:P.
(V)

Remark 3.8.In particular, if A=Ay and B=By, Theorem 3.8 reduces to Theorem 2.2.
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