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1. Introduction  
The concept of energy of a graph was introduced by I. Gutman [1], in the year 1978. Let 
G be a graph with n vertices and m edges and let A = (aij) be the adjacency matrix of the 
graph. The eigen values λ1, λ2, λ3, . . . , λn of A, assumed in non-decreasing order 
λ1 ≥ λ2 ≥ λ3 ≥ . . . ≥λn are the eigen values of the graph G. Since A(G) is real and 
symmetric, its eigen values are real numbers. The energy E(G) of G is defined to be the 

sum of the absolute values of its eigen values of G. That is E(G) = 
n

i
i = 1

| λ |.∑  

 In HMO Theory, the total energy of the π electrons is equal to the sum of the 
energies of allπ -electrons in the considered molecule. It can be calculated from the eigen 
values of the underlying molecular graph [2, 8]. 
 Similar to energies like Laplacian energy, distance energy, minimum covering 
energy, incidence energy [3,4, 5, 6, 7], the double dominating energy is defined in this 
paper and same is found out for some graphs. 
 
2. Double dominating energy 
Let G be a simple graph of order n with vertex set V = {v1, v2, v3, ... ,vn} and edge set E. 
A subset D′⊆ V is a double dominating set if D′ is a dominating set and every vertex of V 
– D′ is adjacent to atleast two vertices in D′. The Double Domination number  γx2(G) is 
the minimum cardinality taken over all the minimal double dominating sets of G. 
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 Let D′ be the minimum double dominating set of a graph G. The minimum double 
dominating matrix of G is the n × n matrix defined by AD′(G) = ( )ija where 

i j

ij i

1     if v v E
a  =  1     if i = j and v D

0    otherwise

∈⎧
⎪ ′∈⎨
⎪
⎩

 

The characteristic polynomial of AD′(G) is denoted by fn(G, λ) = det(λI – AD(G).  
The minimum double dominating eigen values of the graph G are the eigen values of 

AD′(G). 
Since AD′(G) is real and symmetric, its eigen values are real numbers and are labelled 

in non-increasing order λ1 ≥ λ2 ≥ λ3 ≥ . . . ≥ λn. The minimum double dominating energy 
of G is defined as  

 ED′(G) = 
n

i
i = 1

| λ |.∑
 

Example 2.1. Let G be a cycle C4 on 4 vertices u1, u2, u3, u4 with minimum double 
dominating set D′ = {u1, u3}. Then 

  AD′(C4) = 

1 1 0 1
1 0 1 0
0 1 1 1
1 0 1 0

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

 

 The characteristic polynomial of AD′(C4) is λ4
 − 2λ3

 − 3λ2 + 4λ, the minimum double 

dominating eigen values are 0, 1, 1 17 1 17,  ,
2 2

+ −  and the minimum double dominating 

energy is  ED′(C4) = 1 17.+
  

3. Properties of double dominating energy  
Theorem 3.1. Let G be a graph with n vertices and m edges.  

If λ1, λ2, λ3, . . . , nλ  are the eigen values of AD′(G), then 
n 2

i
i = 1

λ  =  2|E| + |D |.′∑  

Proof : 
The sum of square of the eigen values of AD′(G) is the trace of AD′(G)2.  

n 2
i

i = 1
λ∑

 
= 

n n

ij ji
i = 1 j = 1

a a∑ ∑
 

= ( ) ( )n2 2

ij ij
i < j i = 1

2 a a+∑ ∑ = 2 | E | + | D  |′ = 2m + | D  |.′  
 

Theorem 3.2. Let G be a simple graph with n vertices, m edges and let D′ be a double 
dominating set of G and F = |detAD′(G)| then  

2/n
D2m  | D |  + n(n-1)f   E (G)  n(2m  | D |)′′ ′+ ≤ ≤ +

  Proof : 
Let λ1 ≥ λ2 ≥ λ3 ≥ . . . ≥ nλ  be the eigen values of AD′(G). By Cauchy-Schwarz inequality,  
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 ( ) ( ) ( )( )n n n2 2 2
i i i i

i = 1 i = 1 i = 1
a b a b≤∑ ∑ ∑  

letai = 1, bi = | λi |, 

 ED′(G)2 = ( ) ( )2n n 2
i i

i = 1 i = 1
| λ |  n | λ |≤∑ ∑ = 

n 2
i

i = 1
n λ   =  n(2m + | D  |′∑

 
ED′(G)  ≤ n(2m + | D  |′

 
[ED′(G)]2 = ( )2n

i
i = 1

| λ |∑ = 
n 2

i i j
i = 1 i  j

| λ | | λ |  | λ |
≠

+∑ ∑
 

 From the inequality between the arithmetic and geometric mean, we obtain 

 i j
1  j

1 | λ |  | λ |
n(n 1) ≠− ∑  ≥

1
n(n 1)

i j
i  j

| λ |  | λ |
−

≠

⎛ ⎞
⎜ ⎟
⎝ ⎠
∏

 

 
j

ji
i λλ∑

≠  
≥

1
n n(n 1)

2(n 1)
i

i  1

n(n 1) | λ |
−

−

=

⎡ ⎤
− ⎢ ⎥

⎣ ⎦
∏

 

    
≥

2
n n

i
i  1

n(n 1) | λ |
=

⎡ ⎤
− ⎢ ⎥

⎣ ⎦
∏

 

    
≥

2
n n

i
i  1

n(n 1) | λ |
=

⎡ ⎤
− ⎢ ⎥

⎣ ⎦
∏

 

    
≥

2
n n

i
i  1

n(n 1) | λ |
=

− ∏
 

    
≥

2
n

Dn(n 1) det A (G)′−    

i j
1  j

| λ |  | λ |
≠

∑ ≥
2
nn(n 1)F−  

[ED′(G)]2 ≥
n 2 2/n

i
i = 1

| λ |  + n(n - 1)F∑
 

≥ 2/n(2m  | D  | + n(n - 1)F′+
 

[ED′(G)]  ≥ 2/n(2m  | D  | + n(n - 1)F′+
  

Bapat and Pati showed that if the graph energy is a rational number, then it is an even 
integer [9]. The analogous result for minimum double dominating energy is given in the 
following theorem. 

 
Theorem 3.3. Let G be a graph with a minimum double dominating set D′. If the 
minimum double dominating energy ED′(G) is a rational number, thenED′(G) = 
|D′|(mod2). 
Proof: Let λ1, λ2, λ3, . . . ,λn be the minimum double dominating eigen values of a graph 
G of which λ1, λ2, . . . ,λr are positive and the remaining are non-positive, then 
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 ED′(G) = (λ1+ λ2+ . . . . . +λr) – (λr+1 + . . . . . + nλ ) 
  = 2(λ1 + λ2 + . . . . . + λr) – (λ1 + λ2 + . . . . . + λn) 
  = 2(λ1 + λ2 + . . . . . + λr) - i

i  1
λ

=
∑  

  = 2(λ1 + λ2 + . . . . . + λr) - |D′| 
 ED′(G) = |D′|(mod2) 
 
4. Double dominating energies of some families of graphs 
Definition 4.1.  The crown graph 0

nS  for an integer n ≥ 2 is the graph with vertex set{u1, 
u2, . . . . . un, v1, v2, . . . . . vn} and the edge set {uivj : 1 ≤ i, j ≤ n, i ≠ j}. 
Theorem 4.2. For n ≥4, the double dominating energy of the crown graph Sn

o is equal 
to  
 2 + 2(n – 3) + 2 2n 2n 9  + n 2n 7− + + −  
Proof: 
The crown graph 0

nS with vertex set v = {u1, u2, . . . . . un, v1, v2, . . . . . vn},  
the minimum double dominating set D′ = {u1, u2, v1, v2,}.  

 Then ( )0
D nA S′ =   

1 0 0 0 0 1 1 1
0 1 0 0 1 0 1 1
0 0 0 0 1 1 0 1
. . . . . . . . . .
0 0 0 0 1 1 1 0
0 1 1 1 1 0 0 0
1 0 1 1 0 1 0 0
1 1 0 1 0 0 0 0
. . . . . . . . . .
1 1 1 0 0 0 0 0

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

" "
" "
" "

" "
" "
" "
" "

" "

 

characteristic polynomial is 
λ 1 0 0 0 0 1 1 1

0 λ 1 0 0 1 0 1 1
0 0 λ 0 1 1 0 1
. . . . . . . . . .
0 0 0 λ 1 1 1 0
0 1 1 1 λ 1 0 0 0
1 0 1 1 0 λ 1 0 0
1 1 0 1 0 0 λ 0
. . . . . . . . . .
1 1 1 0 0 0 0 λ

− − − −⎡ ⎤
⎢ ⎥− − − −⎢ ⎥
⎢ ⎥− − −
⎢ ⎥
⎢ ⎥
⎢ ⎥− − −
⎢ ⎥

− − − −⎢ ⎥
⎢ ⎥− − − −
⎢ ⎥

− − −⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥− − −⎣ ⎦

" "
" "
" "

" "
" "
" "
" "

" "

 

characteristic equation is 
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n 3 n 3 2 2λ(λ 2)(λ 1) (λ 1) (λ (n 3))λ (2n 4))(λ (n 1)λ 2) = 0− −− + − + − − − − − −  
Minimum double dominating eigen values are 

λ = 0, λ = 2, λ = -1, (n – 3 times), λ = 1 (n – 3 times) 

λ = 
2(n 1)  n 2n 9

2
− ± − +  (one time each) 

λ = 
2(3 n)  n 2n 7

2
− ± + −  (one time each) 

Minimum double dominating energy 
0 2 2

D nE (S )  = 2 + 2(n - 3) + n 2n 9 + n 2n 7′ − + + −  
 
Theorem 4.3. The double dominating energy of the complete graph Kn is equal to

2(n - 3) + n 2n 9.− +  
Proof: 
The complete graph Kn with vertex set v = {v1, v2, . . . . .vn}, the minimum double 
dominating set D′ = {v1, v2}. Then 

 ( )D nA K′ =   

1 1 1 1 1
1 1 1 1 1
1 1 0 1 1
1 1 1 0 1
. . . . . .
1 1 1 1 0

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

"
"
"
"

"

 

characteristic polynomial is 
λ 1 1 1 1 1

1 λ 1 1 1 1
1 1 λ 1 1
1 1 1 λ 1
. . . . . .
1 1 1 1 λ

− − − − −⎡ ⎤
⎢ ⎥− − − − −⎢ ⎥
⎢ ⎥− − − −
⎢ ⎥− − − −⎢ ⎥
⎢ ⎥
⎢ ⎥

− − − −⎢ ⎥⎣ ⎦

"
"
"
"

"

 

characteristic equation is 
n 3 2λ(λ 1) (λ (n 1)λ 2) = 0−+ − − −  

Minimum double dominating eigen values are 
λ = 0, λ = -1 (n – 3 times)  

λ = 
2(n 1)  n 2n 9

2
− ± − +  (one time each) 

Minimum double dominating energy 
2

D nE (K )  = (n - 3) + n 2n 9′ − +  
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Definition 4.4. The cocktail party graph is denoted by Kn×2, is a graph having the vertex 

set { }
n

i i
i  1

V = u , v
=
∪ and the edge set  

E = { } { }i j i j i j i ju u ,  v v  : i  j   u v ,  v u  : 1  i < j  n≠ ∪ ≤ ≤  

 
Theorem 4.5. The minimum double dominating energy of cocktail party graph Knx2 is 

2(2n - 3) + 4n 4n 9.− +  
Proof: 

Let Knx2 be the cocktail party graph with vertex set { }
n

i i
i  1

V = u , v .
=
∪  The minimum 

double dominating set is D′ = {u1, v1}. Then 

 ( )D n 2A K′ × =   

1 0 1 1 1 1 1 1
0 1 1 1 1 1 1 1
1 1 0 0 1 1 1 1
1 1 0 0 1 1 1 1
. . . . . . . . . .
. . . . . . . . . .
1 1 1 1 0 0 1 1
1 1 1 1 0 0 1 1
1 1 1 1 1 1 0 0
1 1 1 1 1 1 0 0

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

" "
" "
" "
" "

" "
" "
" "
" "

 

characteristic polynomial is 
λ 1 0 1 1 1 1 1 1

0 λ 1 1 1 1 1 1 1
1 1 λ 0 1 1 1 1
1 1 0 λ 1 1 1 1
. . . . . . . . . .
. . . . . . . . . .
1 1 1 1 λ 0 1 1
1 1 1 1 0 λ 1 1
1 1 1 1 1 1 λ 0

1 1 1 1 1 1 0 λ

− − − − − − −⎡ ⎤
⎢ ⎥− − − − − − −⎢ ⎥
⎢ ⎥− − − − − −
⎢ ⎥− − − − − −⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥− − − − − −
⎢ ⎥

− − − − − −⎢ ⎥
⎢ ⎥− − − − − −⎢ ⎥
⎢ ⎥− − − − −⎣ ⎦

" "
" "
" "
" "

" "
" "
" "
" "

 

characteristic equation is 
n 1 n 2 2λ (λ 1)(λ + 2) (λ (2n 3)λ 2n) = 0− −− − − −  

Minimum double dominating eigen values are 
λ = 0(n – 1 times) ,λ = 1,λ = -2(n-2 times) 
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λ = 
2(2n 3)  4n 4n 9

2
− ± − +  (one time each) 

Minimum double dominating energy 

D n 2E (K )′ × = 944)2(21 2 +−+−+ nnn = 2(2n - 3) + 4n 4n 9.− +  
 

5. Conclusion 
Thus in this paper, the new energy namely the double dominating energy is defined and 
has been found for some graphs. 
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