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Abstract. In this paper Reverse Wiener index, Reverse Defdigner index, Reverse
Circular Wiener index Reverse Harary index, Revddstour Harary index, Reverse
Circular Harary index, Reverse Reciprocal Wienateky Reverse Detour Reciprocal
Wiener index, Reverse Circular Reciprocal Wienelely Reverse Hyper Wiener index,
Reverse, Detour Hyper Wiener index, Reverse CircHigoer Wiener index, Reverse
Gutman Wiener index, Reverse Detour Gutman WiemgeX, Reverse circular Gutman
Wiener index are defined using the diameter andbietliameter of a graph and the
above indices have been estimated for the Cartpsttuct B and G.
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1. Introduction

The field of graph theory is rich in its theoreticlevelopment as well as in finding
application areas. One of the well-investigatedamat in graph theory is the distance
between vertices in a graph, especially when ahgiapused in modeling real world
problems. This notion of distance gave rise toitheoduction of other concepts. The
Wiener Index and Detour Index are the popular togichl indices. From these indices
Reverse Wiener Index and Reverse Detour Index efiaetl using the diameter and
Detour diameter of a graph. In this paper usingath@ve two indices the Reverse Harary
index, Reverse Detour Harary index, Reverse Cirddirary index, Reverse Reciprocal
Wiener index, Reverse Detour Reciprocal Wienerndeeverse Circular Reciprocal
Wiener index, Reverse Hyper Wiener index, Revemsmir Hyper Wiener index,
Reverse Circular Hyper Wiener index, Reverse Gutihéener index, Reverse Detour
Gutman Wiener index, Reverse circular Gutman Widndex are defined using the
diameter and Detour diameter of a graph and theeabwlices have been estimated for
the Cartesian product nd G.
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2. ReverseCircular Index

Definition 2.1. Let d(u,v) denote the shortest distance betweernviertices u,\1 V(G).
The Wiener polynomial of a graph G with q edgeddasoted by WP(G:q) ad is defined
as WP(G:q) = Z q’“ The Wiener index of G is WI EWP(G:1) where * denotes

u,vOV(G)

the derivative of WP(G:q.) with respect to ‘q’.

Definition 2.2. Let D(u,v) denote the longest distance betweenvsrtices u M1 V(G).
The Detour distance polynomial of a graph G witlkedpes is denoted by DP(G:q) =

> o°“ The Detour index is given by DI ZDP(G:1) where " denotes the

u,viV(G)

derivative 01'c DP(G:q) with respect to ‘q'.

Definition 2.3. Let d(x, y) denote the circular distance between twdices u,V1V(G).
The circular polynomial of a graph G with g edgeslénoted by CP(G:q) and is defined
as CP(G:q) = D(u,v)+d(u,v). The circular index ofissCI = CP(G:q), where€ denotes
the derivative of CP(G:q) with respect to ‘q'.

Definition 2.4. The Wiener Matrix (WM) is a lower (or) upper triular matrix whose
elements are Wiener Distances d(u,v).

Definition 2.5. The Detour Matrix (DM) is a lower (or) upper trguar matrix whose
elements are Detour Distances D(u,v).

Definition 2.6. A circular matrix of G is a lower or upper triarigu matrix whose
elements are’(, y).

Definition 2.7. The eccentricity gu) of a vertex ‘U’ is the distance to a vertexiiast
from u.

Definition 2.8. The radius r(G) of G is defined by r(G) = migf®) : u V(G)}, and the
diameter, d(G) of G is defined by d(G) = max{e : ud V(G)}.

Definition 2.9. The detour eccentricitypéu) of a vertex ‘U’ is the distance to a vertex
farthest from u.

Definition 2.10. The detour radius R(G) is defined by R(G) = mji{e : ul V(G)},
and the detour diameter, D(G) of G is defined b€ max{e(u) : uld V(G)}.

Definition 2.11. The reverse Wiener Index of a graph G denotedyt®) is defined as

[4(G) = Y. r; where | is obtained asj= d-g, 1i#]
=Y rw & i =
= E 70, otherwise

where d is the diameter of the graph ‘G’ agdsdthe length of the shortest path between
vertices yand .
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Definition 2.12. The reverse Detour Index of a graph G denote@d§s) is defined as
D. —d, ifi#]
G) =Y R. where R is obtained as; U
-(©) I; ! i e {O, otherwis

diameter of the graph ‘G’ and;s the length of the longest path between theogsty
andy.

where D is the Detour

Definition 2.13 . The reverse circular index of a graph G is detdity [(G) is defined
as,[L(G) = z (rij + Rij)

i<j
Definition 2.14. Let d(u,v) denote the shortest distance betweernvestices u,\v] V(G).
The Hyper Wiener polynomial of a graph G with qeslgs denoted by WWP(G:q) ad is

1 2,
defined as WWP(G:q) = . d““"™ ) The Hyper Wiener index of G is WwI =
uMV(G)

ZWWP'(G:1) where " denotes the derivative of WWP(G:q) with respectf.

Definition 2.17. Let d(u,v) denote the shortest distance betweenvestices u, vl V(G).
The Reciprocal Wiener polynomial of a graph G witledges is denoted by RWP(G:q)
1

. , d(uv) . : . .
ad is defined as RWP(G:q) =Z q . The Reciprocal Wiener index of G is RWI
u,vV(G)

=>RWP(G:1) where " denotes the derivative of RWP(G:q) with respectf.

Definition 2.20. Let d(u,v) denote the shortest distance betweernvestices u,\v] V(G).
The Harary Wiener polynomial of a graph G with geslis denoted by HWP(G:q) ad is
1

defined as HWP(G:q) = > ¢ (©@wv)  The Harary Wiener index of G is HWI =

u, vOV(G)

ZHWP (G:1) where " denotes the derivative of HWP(G:q) with respecty.

Definition 2.22. Let d(u,v) denote the shortest distance betweernvastices u,\J V(G).
The Gutman Wiener polynomial of a graph G with gexslis denoted by GWP(G:q) ad is

d(u)d(v)da,v)
defined as GWP(G:q) = Zq . The Gutman Wiener index of G is GWI =
u,viVv(G)

>GWP(G:1) where " denotes the derivative of GWP(G:q) with respect.

Definition 2.24. The Reverse Wiener indices and Reverse Detour éaditan be
calculated from the formula,

AG) =Y, :%N(N -1)d-W(G):  AD(G) :Zr” = D(G)—% N(N -1)d,

where N denotes the number of vertices of the g&ph
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Theorem 2.25. The Reverse Wiener index, Reverse detour indexRagkrse circular
index of Cartesian product Bnd G, are respectively.

N(N-1)(n-1) n®+2n®-n

, n is odd
/\(F)Z)((:n)= 2 2
N(N-1)(n+2) n’+2n° .
- , N is even
4 2
n(2n-1)2 - N (N —12)(2n—1) , n is odd
AD(P, X Cp) =
2 A 4n3-5n2 + 2n - N(N —12)(2n—1) , n is even
_ 3_ 2
nN (1 N)+7n 102n +3n nis odd
Nc(Py X Cp) = 2 . X
N(N—13(6—3n)+7n —122n +4n N is even

Proof: Let V(P, X Cy)={ui/l<i<n} and E(R X C,)={uju.y/1<i<n-1} U {u,u} be the
vertex set and edge set gfPC, respectively.

Case(i): nisodd, n=5
The Wiener-Detour matrices and circular matriced0KCs are respectively given in
Fig. 2 and Fig. 3.

Figure 1.
WDM(PXCs) CM(BXCs)
ul uZ u3 u4 US u6 u7 US u9 ulO ul uZ u3 u4 u5 uii u7 US u9 ulO
u, o 9 9 9 9 9 9 9 9 9 ul| o - - - - - - - - -
u, 1 0 9 9 9 9 9 9 9 9 u,| 10 0 - - - - - - - -
u, 2 1 0 9 9 9 9 9 9 9 uz| 11 10 O - - - - - - -
u, 2 2 1 0 9 9 9 9 9 9 u,| 11 11 10 O - - - - - -
ug 1 2 2 1 0 9 9 9 9 9 ug| 10 11 11 10 0 - - - - -
Uy 1 2 3 3 2 0 9 9 9 9 ug| 10 11 12 12 11 0 - - - -
u, 2 1 2 3 3 1 0 9 9 9 wu,| 11 10 11 12 12 10 O - - -
Ug 3 2 1 2 3 2 1 0 9 9 wug| 12 11 10 11 12 11 10 O - -
U, 3 3 2 1 2 2 2 1 0 9 uy,| 12 12 11 10 11 11 11 10 0
(VIS 2 3 3 2 1 1 2 2 1 0 u,| 11 12 12 11 10 10 11 11 10
Figure2: Figure3:
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WP(R, XCs:q) = 15q+204+100° ; WP( P, XCs:1) =85; DP(R XCs.q) = 45q
DP( P, XCs:1) =405; CP(PXCs:q) = 15d°+20g"+10q"? ; CP( P, XCs:1)=490
In general, when n is odd>8,
n®+2n?2-n

WI(P, X C,)= 5

; DI(R X C,)=n(n-1j ;
3 1n2
CI(PZXCn):W'

The Reverse Wiener index, Reverse Detour index,eievCircular index can be
calculated from the formula

AG)=r, =%N(N -1)d -W(G) ; AD(G) =Y R, =D(G)—%N(N ~1)d
< <]
We get,
- _ 3 2 _ _ _
/\(PZXCn)zN(N ;)(n ) _n +22n n . ADP, xcn)ann_l)z_w ;
- 3 _ 2
/\c0°2xcn)=f"\'(12 N) _mn 121 +3n

Therefore  RWI(PXCs) =95; RDI(BXCs) =0; RCI(BXCs) =95.
Case (ii): niseven

The Wiener-Detour matrices and circular matrice0KCg are respectively given in

Fig. 5 and Fig. 6.
WDM(R X Cq) CM( BXCy)

U U, Us U, Ug Ug U; Uy Ug U Uy Uy, U U U s U U g Uy U U U,
u (0 11 10 11 10 11 11 10 11 10 11 10 y |0 = == =======-=
u, 1 0 11 10 11 10 10 11 10 11 10 11 u 12 0 = = = = = = = = = =
u, 2 1 0 11 10 11 11 10 11 10 11 10 u 1212 0 = = = = = = = = =
u, 32 1 0 11 10 10 11 10 11 10 11 u 141212 0 = = = = = = = =
u; 2 3 2 1 0 11 11 10 11 10 11 10 u 12141212 0 = = = = = = =
u, 1 2 3 2 1 0 10 11 10 11 10 11 U 1212141212 0 = = = = = =
u, 1 2 3 4 3 2 0 11 10 11 10 11 u, 1212 14141412 0 = = = = =
u, 21 2 3 4 3 1 0 11 10 11 10 u 12 12 12 1414 1412 0 = = = =
u 32 1 2 3 4 2 1 0 11 10 11 U, 14 12 12 12 14 1412 12 0 = = =
u |4 3 2 1 2 3 3 2 1 0 11 10 u 1414 12 12 12 14 14 1212 0 = =
u, 3 4 3 2 1 2 2 3 2 1 0 11 u, 14 14 14 12 12 12 12 14 12 12 0 =
u, 2 3 4 3 2 1 1 2 3 2 1 O u, 12 14 14 14 12 12 12 12 14 12 12 0

Figure5: Figure6:

WP(PXCg0)=600+18G+24f+18q  WP(P,XCs1)=144 DP(R XCeq)=36d"+30q°
DP( P, XCg:1)=696 CP(PXCgq) = 42¢°+24d" CP(P,X Cg:1)=840
In general, when n is everzf
3 2
WI(P, X cn):% :
7n®*-12n? +
2

DI(P, X C,)= 4%~ ®%+ N ;

CI(P, X C,)= 4n
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The Reverse Wiener index, Reverse Detour index,eievCircular index can be
calculated from the formula
ANG)=> 1 = %N (N -1)d-W(G) ° AD(G) =) R; = D(G)—%N(N -1)d

i<j i<j

We get,

- 3 2 _ _
AP, xc)=NNTDOTD D22 o xc )= a0 - MNDETD
—_ - 3 _ 2
ACP, XC,) = 6-3n)N(N-1) +7n 12‘1 +4n

Therefore, RWI(PXCg) = 120, RDI(R XC¢) = 36, RCI(R XCs) =156.

Theorem 2.26. The Reverse Hyper Wiener index, Reverse detourHygiener index
and Reverse circular Hyper Wiener index of Caatesproduct graph JPXC, are
respectively.

N (N —21)(n -1) _5n3+30 n22309 n+630 n is odd

AWW (P, X Cp) =
, nh is even

IN(N -1)(n+2) 17n3-135n? + 616 n - 960
4 6

92n3 -823n2 + 2976 n - 3780 —W . n is odd
ADD (P, X Cp) =
1681 n3-24035 n2+8-125898 n-221016 _ N(N —12)(2n =1 s even

N(N -1)(4-3n) , 5111n3-72645 n2+380158 n-666888_ 1, is odd
ACC (P, X Cp) = 2 24

nN (12- N) . 363n3-3262 n2211595 n-14490 is even

Proof: Case(i): nisodd, n=5
From the Fig. 2 matrix, we generate the below roed;

U U, U, U, Ug Ug U, Ug Uy U Uy Uy,

u [0 66 55 66 55 66 66 55 66 55 66 55
u, (1 0 66 55 66 55 55 66 55 66 55 66
u, |3 1 0 66 55 66 66 55 66 55 66 55
u, |6 3 1 0O 66 55 55 66 55 66 55 66
u; |3 6 3 1 0O 66 66 55 66 55 66 55
u, (1 3 6 3 1 0O 55 66 55 66 55 66
u, (1 3 6 10 3 3 0O 66 55 66 55 66
u; |3 1 3 6 10 3 1 0O 66 55 66 55
u, |6 3 1 3 6 10 3 1 0 66 55 66
u, 10 6 3 1 3 6 6 3 1 0 66 55
u, |6 10 6 3 1 3 3 6 3 1 0 66
u, |3 6 10 6 3 1 1 3 6 3 1 0
Figure7:
We get,
WWIER, X Cpy) =5034300273091630  ; pp (P, XCp) =923 -82312 + 29761~ 378(

CCIP, XCp)= 37313+1404121—21818m+34860
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_N(N-1)(n-1) _5n°+30n*- 309+ 63Q
NWWR, X Gy )= . ,

ADD(P, X Gy)= 923~ 8282+ 2976 3786N N‘lz on-1

_ N(N-1)(4-3n), 5111°- 7264K°+ 380158 6668
ACC(P, X )= 5 + ”

Therefore RWWI(PXCs) =65 RDDI(RXCs) =1620 RCCI(PXCs) =3205/2

Case (ii): niseven

We get,
_1713-13%52+6161-960 ) _168m3—240352+125898—22101
WW(P2 XCp) 5 : DDl(P2 XCy)= 8
- 24 _
CCI(P2 ch)_65313 6921 630176 47040

_ 3_ 2 _
AH(PZXCn):N(N £11)(n+2)_17n 135n6+616n 960 .

AHDD (P, X Cp) = 1681 n3-24035 n2g125898 n-221016 _ N(N -12)(2n-1)

AHCC (P, X Cp) = nN (12- N) . 363n3-3262 n2211595 n-14490
Therefore RWWI(PX C) =6 RDDI(B X Cs) =3300 RCCI(PX Cg) =3360
Theorem 2.27. The Reverse Reciprocal Wiener index, Reverse deReciprocal

Wiener index and Reverse circular Reciprocal Wiematex of Cartesian product graph
P, XC, are respectively.

N(N -1)(n-1) , 9n3-325n2-1761n+2205 |, is odd
AREW (P,XCp) = 2 480

N(N-1)(n+2) . 19n3-810n2-6424 n-9600 ;
) + 1440 , N IS even

n- N(N-1)(2n-1)
2
29n° - 484n% + 142172 n+39120 _ N(N -1)(2n-1)
4 2
NN (1- N) ., 9n3-325n2-1281n+2205 i
> + 756 , n is odd

, n is odd

ARED (P,XC,) =

, n is even

AREC (P, XCp) =
27n N (N -12)(4— 3n) , 10459 n3-175050 n2123%175496 n+14073600 s even

Proof: Case (i): nisodd
From the Fig. 2, we generate the following matrices
We get,
= 9n3-325n2-1761n+2205 - =
REWI (P, XC ) = 780 ; REDI (P,XCp)=n

_-9n3 +325n2 + 2241n - 2205
RECI (P,XC )= .

Therefore RREWI(PXCs)=455/3 RREDI(PXCs)=-400 RRECI(PXCs)= -745/3.
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Case (ii): niseven

Weget,
3 2
_113-8102-64249600 - _2M°-4840-+1421782+39120
REW(PZX%) - 1440 , RED(PZXC(]) = 4
RECIP. ch):—279893+119032IJG)2 +11453144-13307520
2 210672
g U Ug Uy Ug Ug Ug Ug Ug Ujg
u
1
0 £ 3 3 1 1 1 1 1 1
u, 9 9 9 9 9 9 9 9 9
1 0 i 1 1 1 1 1 1 1
ug 1 9 9 9 9 9 9 9 9
1 1 0 i 1 1 1 1 1 1
u 2 1 9 9 9 9 9 9 9
4 T 1 1 0 i 1 1 1 1 1
ug i £ i < 2 % 1 1 1 13
T 2 2 1 ° ¢ 9 9 3 9
Ys 1 i1 1 1 4 i 1 1 1
1 2 3 3 2 9 9 9 9
u, T+ 3 1 1 1 1 0 i 1 1
2 1 2 3 3 1 9 9 9
u + 2 1 1 1 1 1 0 1 1
8 3 2 1 2 3 2 1 9 9
u i+ 1 1 1 T 1 1 1 0 1
9 3 3 2 1 2 2 2 1 9
B S S 1 r 1 1 0
Y10 2 3 3 2 1 1 2 2 1
Figure9:

Therefore, RREWI(FXC)=1279/6, RREDI(EXCs)=219522,
RRECI(RXCs) =1310095/12.

Theorem 2.28. The Reverse Harary Wiener index, Reverse detorariddViener index
and Reverse circular Harary Wiener index of Caétegproduct graph PXC, are
respectively.

N(N-D(n-1) . 14433-22595n2+427471+9765 o |
> + 58800 , N is odd

AHW (P, XCp,) =
27T IN(N -1 (n+2) _17957n3—322470é%z%%321681—3984000 n is even
4 1

-80980213+2251071242-22120722201+179675724@ - N(N -1)(2n-1) o 4
1849278816 2 '

AHD(P,XC,)) =
2 ~4n3+9402- 77T+ 7560 N(N ‘12)(2”‘1) ,nis even
NNA-N) , 316348-4933338+894980%#6996465, is odd
AHCPXG) = 6364800 ’
2% N(N-)(4-3) 383536250 -687953720@1 +49695793680 85092625240
_ iIseve
2 1849278806

Proof: Case (i): nisodd
From the Fig. 2 matrix, we generate the Hararyrioes, we get,
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14433 - 225952 + 42747 +9765

HWI (P, XCp) =
(PoXCr) 28800
 -8098021°3 + 2251071242 - 2212072220 +179675724®
HDI (P,XCp) =
184927881®
_ —321463 + 50536552 + 8949807 + 6996465
HCI (P, XCp) = 6364801

Therefore  RHWI(PXCs) =25115/144  RHDI(PXCs) = -3640/9
RHCI(P, XCs) =-33125/144.

Case(ii): niseven
We get,
179513 -32247012 + 2332168 —-3984000

86400

3 2
—4n° +94n% - 77T +7560
HDI (P, XC,) =
(PXCn) 9945

_2397101683-42997107512 + 31059871060 -5217221488
HCI(P,XCy) = 115579926

Therefore RHWI(PX C;) =1901/8 RHDI (PX Cs) = 723/1210
RHCI(P, X Cs) = 109812150500/115579801.

HWI(P,XCy) =

Theorem 2.29. The Reverse Gutman Wiener index, Reverse detoum&u Wiener
index and Reverse circular Gutman Wiener indekatesian product graph RC, are
respectively.
N(N -1)(n-1) 9n°+18n?-9n nis odd
2 2
N(N -1)(n+2) 9n®+18n?
4 2
N(N-1)(n-1) 9n3+18n2 -9n
2 2
567n3 -540n2 -828n+ 2160 N(N -1)(2n-1) _ .
- , N is even
16 2
nN(@-N) 63n® -90n? + 27n
2 2
N(N -1)(4-3n) 639n°-396n? -828n + 2160
2 16

AGW (P,XC ) =
, N is even

, nisodd

AGD(P,XCp) =

, n is odd

AGC (P,XC ) =
is even

Proof: Case (i): nisodd, n=5
From the Fig. 2 matrix, we generate the Gutmanrices, we get,
In® -54n” +9n

3 2 _ 3 2 _
GWI(PZXCn)szngn ; GDI(PZXCn)szngn . GCI(R,XC,) =2 -

Therefore  RGWI(PXCs) =585 RGDI(RXCs) =3240 RGCI(PXCs) = 2655.
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Case (ii): niseven

We get
3 2 3 _ 2 _
GWI(P,XC,) = w . GDI(P,XC,) = 567n 540n16 828n+ 2160 .
3 _ 2 _
GCI(P,XC,) = 731In° —7614n° + 42472n - 78144

8
Therefore, RGWI(PX Cg) = -1032, RGDI(BXCy) = 5538, RGCI(PX Cq) = 6636.
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