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1. Introduction

The study of domination was initiated by Ore anddgge The domination number and
Independent domination number are introduced byk&pwe and Hedetniemi [2].
Rosenfeld [8] introduced notion of fuzzy graph aederal fuzzy Analogs of the graph
theoretic concepts such as path, cycles and caudmesds. Somasundaram and
Somasundaram [10] discussed domination in Fuzzyhgrausing effective edges.
Nagoorgani and Chandrasekaran [4] discussed dtionina Fuzzy graphs using Strong
arcs[3] of the fuzzy graphs. Nagoorgani and Vddi#&6] discussed domination,
Independent domination and Irredundant in fuzaph using strong arcs. The concept
of Semi global domination in the crisp graphs watsoduced by Siva Rama Raju and
Kumar Addagarla [9]. On automorphisms of fuzzy drapvas studied by Bhutani and
Rosenfeld in [1]. A lot of works have been done famzy graphs, few of them are
available in [11-14].

In this paper, we introduce new type of fuzzy gsapbuch as semi
complementary fuzzy graph and semi complete fuaaply which are useful in the
defense problems and Bank transactions. Also weusti®d the semi global fuzzy
domination set and its number in Fuzzy graphs, WwhiE useful to solve fuzzy
Transportation problems in more efficient way. Sobwinds on semi global fuzzy
domination number are established.

2. Preliminaries

Definition 2.1. A fuzzy subset of a nonempty set V is a mapping — [0,1] . A fuzzy
relation on V is a fuzzy subset of V x V.
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Definition 2.2. A fuzzy graph G =d, ) is a pair of functiors: V—[0,1] and
n :VxV—[0,1] wherew(u, v Xo(u)A o(v) for u ,ve V.

The underlying crisp graph of Gs () is denoted by G*=(V,E) where
V={u eV :o(u)>0}and E={(u, v)e Vx V : (u,v )>0}.

Definition 2.3. The order p and size q of the fuzzy graph Gss (¢ ) are defined by
p= ZVEV G(V) and q:Z(U.,V)EE [ (urV) .

Definition 2.4. Let G be a fuzzy graph on V an&$, then the fuzzy cardinality of S is
defined to be),, .5 o(Vv).

Definition 2.5. The complement of a fuzzy graph G=(un)is a fuzzy graph G=( , p°)
wherec® = andp(u ,v )=s(u) A o(v)-p(u ,v) forallu, vin V.

Definition 2.5.The strength of connectedness between two nodesa fuzzy graph G
is poo(u,v) = sup { 1f(u,v); k= 1,2,3,...} where f(u,v) = sup{ p(u, & A p(u, Y) A ... A
M(uee, V)} . An arc (u, v) is said to be strong arquifu, v)> poo(u,v) and the node v is
said to be a strong neighbor of u. If yu(u, v) -oBdvery ve V, then u is called isolated
node.

Definition 2.6. A fuzzy graph G =¢, p) is said to be bipartite if the vertex
set V can be partitioned in to two nonempty setand \,such thatu( u, v) = 0
if u vevioru, eV,

Further ifu (u,v)=p (uAp (v) for all ue Vy and eV , then G is
called complete bipartite fuzzy graph and is denbtey K, .,wherec; ando;
are, respectively, the restrictions efto Viand V..

Definition 2.7. Let G=@ , u) be a fuzzy graph. A subset D of V is said to bezy
dominating set of G if for every &V-D there exists uD such that (u,v) is a strong arc.
The minimum scalar cardinality taken over all doating set is called domination
number and is denoted byG). The maximum scalar cardinality of a minimal
domination set is called upper domination numberiardenoted by the symbB{G) .

Definition 2.8. Let G=@ , n) be a fuzzy graph. A subset &V is said to be total

dominating set in G if every vertex in V is domieadtby a node in D. The minimum
cardinality of all total dominating sets is calléatal fuzzy domination number and
denoted by (G).

3. Semi-Complementary fuzzy graph and Semi Complete fuzzy graph
Definition 3.1. Let G =, 1) be a fuzzy graph, then semi complementary fggaph of

G which is denoted by & (6>, u*) defined as (i)s°(v) =c (v) and
(i) p*°={ uve¢p and3aw such that uw and wv in E theif{(u,v) =o(u) A o(v)}.
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Example:
v1(0.1) 0.1  v2(0.3) v1(0.1) v2 (0.3)
0.1 0.3 0.1
V4(0.4) 0.2 V3(0.2) v4(0.4) v3(0.2)
Figure 1. Fuzzy graph(G) G*-Semi complementary fuzzy graph
Observations:

(i) Let G be connected fuzzy graph, bitied not be connected fuzzy graph..
(i) (G =Gbut (GY)*£G

(iii) G*is spanning sub graph of G and | B[S | E(GY)|

(iv) Every edge p(u, v) inGis not neighbor in G.

(v) G be a complete fuzzy graph thetf &G’ = null graph

(vi) In G, all the edges are effective edges.

Definition 3.2. Let G =@, 1) be a fuzzy graph with strongarcs which is saidé semi
complete fuzzy graph , if every pair vertices hav@mmon neighbor in G .
v1(0.2) 0.2 v2(0.3)

0.2 0.2 0.3

v4(0.4) 03 v3(0.3)
Figure 2. Semi complete fuzzy graph
Remark 3.3.
1. Every Complete fuzzy graph is semi complete fuzph. But the converse is not
true.
2. Every underlying graph of semi complete fuzzy grhph cycles.

Theorem 3.4. The necessary and sufficient condition for a cotet fuzzy graph with
strong arcs to be semi complete fuzzy graph ispairyvertices lie on the same triangle
or lie on two different triangles have a commontexer

Proof: Since by the definition of Semi complete fuzzy drapvery pair of vertices have
a common neighbor, that is any pair of vertice®lighe same triangle. If not, they lie on
two different triangles have a common vertex. O#lige we are not getting the common
neighbor for some pair of vertices.

Example 3.5. In Fig-2, v, V. are lie on the same trianglesaws; and so on. But the pair of
vertices y,vjare not lie on the same triangle but lie on twdedént triangles with
common verticesy Va.

Theorem 3.6. Let G be the connected fuzzy graph , thén=G39f and only if the
between every pair of non-adjacent vertices therstipe two strong arcs.

Proof: Given G is connected fuzzy graph. Since G and h&ve same vertex set. And
G® = G*Implies u(u, vE G°if and only if p(u, v) also belongs to'G
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Which implies every pair of non-adjacent vertices G there must be two strong

arcs.Similarly, let u and v are not adjacent in Bhwwostrong arcs between them then
G’ =G"

Theorem 3.7. Let G be semi complete fuzzy graph, Thén=G™*.

Proof: Given G is semi complete fuzzy graph. Therefoetwben any pair of non
adjacent vertices there must be two effective etfiges vertices are adjacent in G then
also there must be a path of two effective edgdwdmn them in G as it is a semi
complete fuzzy graph. i.e.i,6G*.

Remark 3.8. The converse of the above theorem is not traglfiG* = G then G need
not be semi complete fuzzy graph.

Example 3.9.
v1(0.1) 0.1 v2(0.3) v1(0.1) v2 (0.3)
0.2
0.1 0.3 0.1
v4(0.4) 0.2 V3(0.2) v4 (0.4) v3(0.2)

Figure3. Fuzzy graph G and G*.
In the above Fuzzy graph’& G’ but G is not semi complete Fuzzy graph.

Theorem 3.10. Let G =¢ , p) be a fuzzy graph with strong arcs antf S also
connected fuzzy graph with effective edges thers Gsomorphic to underlying cyclic
graph.

Proof: Let uvsE(G) which implies u, v are the vertices of G aril G

Since G°is connected there is shortest uv path ih.Ghis induces a path P in G. Now
PuU{uv}is acyclein G. Thus G is cyclic.

Remark 3.11. The converse need not be true. That is, G isgyahd G’ need not be
connected.

Example 3.12. In Fig —3, G has path of fuzzy cycle, But@ disconnected fuzzy graph.

Theorem 3.13. Let G =, n) be a connected fuzzy graph. Theie@: *¢)* if and only

if for each uv in G there is w in V such that betwehe vertices u, w and w, v there are
two strong arcs.

Proof: Let us assume G(G°)*. Let ueE(G) implies u& E((G*°)%)

That is, between u and v there is two strong arésin

Which implies there is w in V(G) such that uw, we & E(G*¢)

=>between the vertices u, w and w, v there arestinang arcs in G

Conversely, assume @f(G). Then by our assumption there is w in V suet between
the vertices u, w and w, v there are two strong aré.

=> uw, WeE(G*°) and further ug E(G*¢). That is, between u and v there are two
strong arcs inG <.
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=>UVEE((G*°)*°). Thus E(G= E((G*°)*°). Hence G(G5°)™

Proposition 3.14. Let G = , 1) be a connected fuzzy graph with vertex set V &oy.
Then S is an independent set of G arnitifG@nd only if for every u, & S , between u
and v there must be at least three strong arcs.

Proof: suppose u and v are neighbor in G implies orangtarc between them and u, v
are neighbor in &implies between u and v there must be two strorg.llow S is
independent set of G andGgives between u and v there must be atleast #treag
arcs.

Theorem 3.15. Let G =6, u) be a strong edge fuzzy bipartite graph with teotex
sets X and Y , then%is disconnected fuzzy graph and is a union of¢tamponents.
Proof: Since G is strong edge fuzzy bipartite graph tlagry vertex in X is neighbor of
any vertex in Y and vice -versa.Also, between X #rtiere are odd number strong arcs.
So, by definition, in & no vertex of X neighbor of a vertex in Y and viegrsa.And,
between any two vertices of X there are even nurabstrong arcs and in Y also.Hence
there is a path between the vertices of X and aitgithe vertices of Y in & Thus Gis
disconnected and has components formed by gra)taird that of in Y.

Remark 3.16. The converse of the above theorem is not true.

4. Semi global fuzzy domination set in fuzzy graph
Definition 4.1. Let G =@, ) be a fuzzy graph with strong arcs. The s&t\Dis said to
be Semi global fuzzy domination set (sgfd-set) df B is a Dominating set for both G
and G°.

The minimum cardinality of all sgfd-sets of &dalled Semi global fuzzy domination
number and is denoted hy(G). The maximum cardinality of sgfd-sets is callgzper
semi global fuzzy domination number and denoted g§G)

Example 4.2.
v1(0.2) 0.2 v2(0.4) v1(0.2) 2(0.4)
v5(0.2)
0.2
0.2
v3(0.5) (0.5) v4(0.7) v3(0.5

Figure4. Fuzzy graph G with 5verticesand G*.

Here, the sgfd-sets are, {w,vs}, {V 1,Va,Va} and { vy, V3,vs}
Thereforeys(G) = 0.8 and’s(G) = 1.4

Proposition 4.3. The semi global fuzzy dominating set is not ktan.
Proof: Since sgfd-set containg dominating set for bothar@ G° then at least two
vertices are in the set. i.e., The sgfd-set coirtgimore than two vertices

Proposition 4.4. Let G=@c , u) be a complete fuzzy graph,K for every u,¢ c* .

therys(Ko) = p.
Proof: Since the semi complement of Complete fuzzy grapsalated vertices.
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i.e.) sgfd-set contains all the vertices of G. Ef@rey(K.) = p.

Proposition 4.5. Let G be the complete bipartite fuzzy graph withosty arcs, then
YsdK 61,62) = Min{ o (v))+ o(v;))} where v e 1 and y ¢ 2.

Proposition 4.6. Let G=¢ , u) be the star fuzzy graph with strong neighbourent
vs{G) =0 (v1) +Min{ o(v;)} where wis in G with more than one strong neighbours gnd v
is in G are pendent vertices.

Definition 4.7. Let G = , u) be connected strong fuzzy graph . The se\Dis said to
be Global fuzzy domination set(gfd-set) of G ifDai Dominating set for both G and G

The minimum cardinality of all gfd-sets of G is leal Global fuzzy domination
number and is denoted y(G). The maximum cardinality of all gfd-sets of &dalled
Upper Global fuzzy domination number and denotetlJ§) .

Example 4.8.
v1(0.2) 0.2 v2(0.4) v1(0.2) v2(0.4)
5(0.2)
0.2 /0.2
v3(0.5) 0.5  v4(0.7) v5(0.2] v3(0.5)

v4(0.7)
Figure5. Fuzzy graph (G) with 5verticesand G°.

Here in G, u“(u, v) =c (U) A 6 (V)- u(u,v), for every u, ZV.
In the above example, gfd-set is{ vs}. Therefore,y,(G) = 0.7 =I'y(G).

Remark 4.9. The sgfd-set is also gfd-set of G ThatyigG) < ys{G)

Proposition 4.10. Let G be a semi complete fuzzy grapls\D Then D is sgfd-set in G
if and only if D is a global fuzzy domination satG.

Example4.11. In Fig-2, the sgfd-set is {y v,, V3) and is also gfd-set.
i.e.)vs{G) = 0.8 =y4(G).

Theorem 4.12. Let G =@, w) be connected strong fuzzy graph, then
Min{ o (Vi)+ o (Vj)} < 7s{(G) < p, i#] and for every vi, vE V.
Proof: We know that Semi global fuzzy dominating set &lalgeast two vertices.
Let {vi, vj} are the vertices, then Min§ (Vi)+ o (V))} = 7s{(G)
If the set contains other than {vi, vj} then Mie{(Vi)+ o (V))} <vs{G), i#]
If the given G is complete fuzzy graph, then sgdtl-contains all the vertices of the G,
that isysg(GE O(G) = p
We get, Minfs (Vi)+ 6 (V))} < 1s{(G) < p = O(G).
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Theorem 413. Let G be a semi complete fuzzy graph, Then
1s{G) = Min{ 6 (V)+ o (V) +o (Vi)}, i #j#k
Proof: It is enough to prove sgfd-set contains at ldaske vertices.
Suppose sgfd-set contains less than three vertices
We know that sgfd-set not a singleton. i.e) sgfidesatains at least two vertices
Let D ={ vy, v} be a sgfd-setin G
Case1: <D>is connected in G
Then \v; is an effective edge in G. By the definition ofréecomplete, there is ¥ G
such that <w.,vs> is triangle in G, i.e., D is not a fuzzy domimatiset in G Which is
contradiction to D is a sgfd-set in G.
Case2: <D> is disconnected in G
Since G is semi complete fuzzy graph, Then thevgiis G such that wsand wv, are the
effective edges in G. Therefore, Ii°Gs; is not dominated by a vertex in D. This implies,
D is not a sgfd-set in G, which is a contradiction.

Therefore we getys{(G) > Min{ ¢ (V)+ o (V) + o (V)} , 1 # ] # k for semi
complete fuzzy graph.

Theorem 4.14. Let G =@ , ) be the fuzzy graph with strong arcs .Then,

vs{G) =Min{ o (Vi)+ o (Vj) }, i # if and only if there is an strong arc uv in GBuhat
each vertex in V —{u, v} is adjacent to u or v lmatt both.

Proof: Supposegs{G) = Min{c (Vi)+ o (Vj) },i #]j.

We assume D = {u, v} be the sgfd-set in G.Let<Degsnected in G, then uv is an strong
arc in G.If any vertex w in V-{u,v} is adjacent tmth u and v, Which implies D is not a
dominating set for &, which is a contradiction i.e., strong arc uv insGch that each
vertex in V —{u,v} is adjacent to u or v but naith.

Conversely, each vertex in V —{u,v} is adjacenttor v but not both, then

Vs G) = Min{o (Vi)* o (V)) },i #].

Theorem 4.15. The set [XV is a sgfd-set in the strong fuzzy graph G if amy if each
vertex in V — D lies on an effective edge whose eedices are totally dominated by
distinct vertices in D.
Proof: Let us assume D is a sgfd-set in the strong fgzaph G. Let v€ {V- D}. Then
there exist distinct vertices,ws in D such that w, in E(G) and ws in E(G),
Since \vs is in E(GY), there exist yin V such that w, and vv; are effective edges in G.
Case 1. Suppose ¥= W, Then, y, and yv; are effectives edges in G which impligs v
lies on the edgev,; and \, v, are dominated by,vand yrespectively from D — {}
and D— { v,v;}
Case 2: Suppose M~ Vo, Then <yv; v, V3> is path in G which implies;\ties on the edge
viVv4 and \, v, are dominated by,\and s respectively from D- { yv4}
i.e., the end points are totally dominated by didtvertices in D.

Conversely, assume & {V-D}. By our assumption there is an edggevwvin G such
that v vs, V1V, are effective edges in G and:{w,} are in G ( \&£vy)
If va= v, then <y v, v,> is a path in G andyv, is G, Vv, is in G
If va #v, then < yv; v, v;> is a path in G, which implieg vs is in G and yv, is in G*.
Hence, we have D is sgfd-set in G.
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5. Conclusion

Here, new type of fuzzy graphs such as semi comgtéamy fuzzy graph and semi
complete fuzzy graph are introduced. Some resultS@mi complementary and Semi
complete fuzzy graphs are derived. Also the semibal fuzzy domination set and its
number of fuzzy graphs are discussed, which isuligef solve fuzzy Transportation
problems in more efficient way. Some bounds on sgohal fuzzy domination number
are established. Further some other dominationnpeteas will be introduced in fuzzy
graphs.
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