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Abstract. We introduce the concept of sandwich set of twazyumatrices.By using the
new concept of sandwich set, we provide a metho@irfding a semi inverse of max-min
product of fuzzy matrices.
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1. Introduction
Generalized inverse of matrices and its applicateme studied by Rao and Mitra[3].

Ren et.al[4] introduced the concept of sdod sets of matrices. By using the
sandwich sets of matrices, they provided an effeatiethod for finding a semi inverse
of product of two matrices.

The Fuzzy matrices are successfully used when furmertainty occurs in a
problem. Fuzzy matrices become popular for lastdecades.

In 1977, Thomasan [5] initiated the study on cogeece of powers of fuzzy
matrices. Kim and Roush [1] gave a systematic dgreént to fuzzy matrix theory.
They introduced various inverses of a fuzzy mat#ilso, they gave algorithms to find
the inverse and generalized inverse of a givenyfumatrix. It is well known that, semi
inverse exist for a complex matrix [2],whereas dofuzzy matrix,this need not be true.
On this line, we establish that, & has a semi inverse arldl has a semi inverse, then
AB has a semi inverse with some conditions.

2. Prelimineries
A fuzzy algebra is a mathematical syst¢m,+,.) with two binary operations '+' and .’

defined on the seF by a+b=maxa,b) and ab =min(a,b). By a fuzzy matrix, we
mean a matrix over a fuzzy algebra.Here we confiilke matrices over a fuzzy algebra
F =[0,1] under the max-min operation and with the usuatond on real numbers.

Definition 2.1. [2] Let F, denote the set of athxn fuzzy matrices oveF . If m=n,
in short we writeF ..

Definition 2.2. [2] Let A= (g, )0F,,, and B = (b, )UF,,,. Then the matrix
A+B=(maxa;,b;}) UF, is called the sum oA and B.
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Definition 2.3. [2] For A= (g;)0F,,, and B = (b, )UF
AB:(mka){mlr{aﬂ(’hq}}) |:|-¢mn'

ons the max-min product

Definition 2.4. [2] A matrix ALLF,, is said to be invertible if and only if there ésis
BOF, such thatAB=BA=1 .

Definition 2.5. [2] A square matrix is called a permutation matifievery row and every
column contains exactly orfeand all the other entries ar8.

Definition 2.6. [2] A fuzzy matrixA which satisfies the relatiod\® = A is called
idempotent fuzzy matrix. Lét be the set of afixn idempotent fuzzy matrices, that is

£={E/E*=E,EOF)}.

Proposition 2.7. (pp32[2]) Let ALLF,,. A is invertible if and only ifA is a permutation
matrix.In this case, the transpog¥ is the unique inverse oA

Definition 2.8. [2] For ALLF,, if there existsX[F,, such that
AXA=A and XAX=X(2.1), then X is called a semi inverse §t,2} inverse of A,

denoted byA™. We denote the set of &ll,2} inverses A™ of a fuzzy matrix A by
F(A).

3. Main Results
In order to obtain a semi inverse for product afzfy matrices , we now introduce the
following:

Definition 3.1. Suppose thaE, F are idempotent fuzzy matrices of order n. Then we
call S(E,F)={G0OE&|GE=FG =GandEGF = EF} ,the sandwich set of fuzzy
matricesE and F.

The sandwich set of fuzzy matrices have the faligwroperties.

Proposition 3.2. (i) S(E,F) defined above is non empty.

(i) [S(E,F)|=1if and only if GH = HG for any G, H O S(E, F).

(i) For any EOE,S(E,E) contains a unique idempotent fuzzy matrk, i.e
S(E,E) ={E}.

(iv) Suppose thatl is the usual identity fuzzy matrix,the8(l,l) contains a unique
identity fuzzy matrix| .
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Proof. (i) It is clear that, for any two idempotent fuzmatricesE, F [1 F ,its product
EF is also a fuzzy matrix of order. Assume that §1,2} inverse ofEF exists. Let it
be P,i.e POF(EF),G =FPE. Then we have
G? = FPEFPE = F(PEFP)E = FPE=G.
So that,G is an idempotent fuzzy matrix. Also, by DefinitiBnl and formula2.1)
we can see that,
GE = (FPE).E = (FP)(EE) = FPE* = FPE=G.
FG=F(FPE)=(FF)PE=FPE=G
and EGF = E(FPE)F = (EF)P(EF) = EF sinceP U F(EF).
This proves thaG OS(E, F)
and hence the proof is complete.
(ii) First, let|S(E, F)| =1. Let GO S(E, F) which impliesG is idempotent.
= GG=G*=G
= GH =HG foranyG,H OS(E, F).
On the other hand, lé6H = HG for any G,H O S(E, F). Then by the Definition 3.1,it
is evident that GGHOE such that GE=FG=G and EGF=EF. Also
HE = FH = H and EHF = EF. This implies,
GHG = (GE)H (FG) = G(EHF)G = G(EF)G = (GE)(FG) = GG =G* =G.
By the same way
HGH=H
Therefore
G =GHG=G(HG) =G(GH) =G’H =GH =GH? = (GH)H = (HG)H =H.
This proves thatS(E, F)| =1.
(i) Suppose thaGOS(E,E). Then by the Definition 3.1, we have
EGE=E?*=E,EG=GE=G. HenceE = (EG)E=GE=G.
Thus,S(E, E) contains a unique idempotent fuzzy matrix.
(iv) Suppose that| is the usual identity fuzzy matrix, from (ii(1,l) contains a
unigue identity fuzzy matrix .

Theorem 3.3. Suppose thaAJ 7, and BO F,, such thatA” [ F (A) and
B OF(B) . ThenB"GA™ O F(AB) for any GO S(A"A,BB").

Proof. A”A and BB~ are both idempotent fuzzy matrices. TakilgA=EBE = F.
Then by using the Definition 3.1, for afy[] S(E, F), we have

(AB)(B"GA")(AB) = A(BB")G(A A)B = A(FG)EB = A(GE)B
= AGB= (AA"A)G(BB B) = A(A"A)G(BB")B = A(EGF)B
= AEFB= A(A A)(BB')B = AB,
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On the other hand,
(B"GA)(AB)(B'GA) =B G(A"A(BB)GA =B (GE)(FG)A™
=B G’A" =B GA..

Thus by the semi inverse of a fuzzy matrix, we se@ thatB"GA™ [J F (AB).
Corollary 3.4. Suppose thaALlF,  and BOF . If A"0F(A) and B" 0F(B)
suchthatA"A=BB™ =E. ThenB A" O F(AB).
Proof. (AB)(B"A")(AB) = A(BB")(A"A)B

= AE’B

= AEE since A”A and BB are fuzzy idempotent matrices.

= A(BB)B

= AB.
Also (B"A")(AB)(B"A))=B (A"A(BB)A"

=B E’A”

=B EA

=B (A AA

=B A".
Hence, by the definition of the semi inverse ofizzfy matrix, we have

B A 0 F(AB).
Corollary 3.5. Suppose thaAlF,  and BOF . If A"0OF(A) and B- 0F(B)
such thatA"A=BB =1 .ThenB A" is a semi inverse oAB.
Proof. (AB)(B"A™)(AB) = A(BB)(A"A)B = AB.
Also,(B"A")(AB)(B"A) =B (A"A(BB)A"=B"A".
Hence, by the definition of the semi inverse ofiaziy matrix, we havelB™ A~ is a semi
inverse of AB.

Corollary 3.6. (i) If A is an invertible fuzzy matrix of order with the inverseA” and
BOF,,.then for anyB™ 0. F(B),B" A" O.F(AB).
(i If AOF,,and B is an invertible fuzzy matrix of order with the inverseB' , then
forany A" OF(A),B"A"OF(AB).
Proof. (i) Consider,
AB(B"A")AB = A(BB)(A'AB
= A(BB)B
= AB.
Also,
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(B"AT)(AB)(B"A") =B (A"A)(BB)A'
=B (BB)A'
=B A,
Hence,B"A" 0 F(AB).
(ii) It is similar to (i).

Corollary 3.7. Suppose thaAll 7, and BOF, . Then for anyA™ [0 7 (A) and

B~ OF(B), the productB™ A" is a semi inverse foAB .
Proof. It is obvious that, the fuzzy sandwich s& A”A BB) contains a unique
elementl.

4. Conclution

We extended the concept of sandwich set of twomegdtices to the concept of sandwich
set of two fuzzy matrices. By using the new conaapsandwich set, we provided a
method for finding a semi inverse of max-min pradafcfuzzy matrices.
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