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Abstract. The distance degree sequence and distance neighborhood degree sequence are 

two sequences in fuzzy graphs. In graph theory, the distance degree sequence of a vertex 

involves the concept of the number of vertices at various distances from the given vertex 

of a graph. The concept of distance degree sequence of a vertex in fuzzy graph is developed 

by taking into account the membership values of the edges which are incident on the 

vertices at various distances from the given vertex of fuzzy graphs, and the distance 

neighborhood degree sequence considers the membership values of the vertices at various 

distances. The drastic sum of fuzzy graphs is an operation in fuzzy graph theory, which is 

the extension of the standard operations on graphs using the drastic sum of fuzzy sets. The 

drastic sum provides a way to combine two fuzzy graphs into a new fuzzy graph by using 

a specific rule for combining the membership values of edges and vertices between two 

fuzzy graphs. In this paper, the distance degree sequence and distance neighborhood degree 

sequence of the vertices in the drastic sum of two fuzzy graphs on star graphs are obtained 

in terms of the parameters of the given graphs by considering all possible cases of drastic 

sum in detail. 

Keywords: Fuzzy graphs, distance degree sequence, distance neighborhood degree 

sequence, drastic sum, Star graph.  
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1. Introduction  

The concept of fuzzy graphs originates from the broader field of fuzzy set theory, which 

was introduced byRosenfiled in 1975 [11]. In graph theory, the degree sequence of a graph 

is a fundamental concept that refers to the sequence of vertex degrees (i.e., the number of 

edges incident to each vertex) in a non-decreasing order. The distance degree sequence 

(DDS) is an extension of this idea, introduced by Huilgol in the year 2019 [12]. The drastic 

sum and drastic product of fuzzy sets were introduced by Dubois in the year 1980 [14]. 
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Masaharu Mizumoto, in the year 1981 [13], studied the algebraic properties of these two 

operations. The distance degree sequence (DDS), distance neighborhood degree sequence 

(DnDS) and the drastic operations are introduced in fuzzy graphs by Radha and Gayathri 

[10]. 

  

2. Methodology 

In this section, the basic definitions used in this paper are given. 

 

Definition 2.1. Consider a fuzzy graph G:( σ, 𝜇) where G*(V, E) is the underlying crisp 

graph and V = {𝑣1, 𝑣2, ⋯ , 𝑣𝑛}. The DDS of a vertex 𝑣𝑖 in G is given by the sequence 

(𝑑𝑖0
, 𝑑𝑖1

, 𝑑𝑖2
… . , 𝑑𝑖𝑗

… , 𝑑𝑖𝑒(𝑣𝑖)
) where 𝑑𝑖0

 is given by σ(𝑣𝑖), 𝑑𝑖1
 is given by 

∑ 𝜇(𝑢𝑣𝑖)𝑢∈𝑁1(𝑣𝑖) , 𝑑𝑖𝑗
 is given by ∑ 𝜇(𝑤𝑢)𝑢∈𝑁𝑗(𝑣𝑖)  where 𝑤𝑢 is the edge adjacent to 𝑢  in 

the 𝑣𝑖 − 𝑢 path of length j in G* for every j≠ 0, j≠ 1. Here 𝑒(𝑣𝑖) is the eccentricity of the 

vertex 𝑣𝑖in G*. 

The DDS(G) with n vertices is given by the n-tuple of DDS of the n vertices of G 

and is denoted by DDSG(𝑣1, 𝑣2, 𝑣3, ⋯ , 𝑣𝑛).[2] 

 

Definition 2.2. Let G:( σ,𝜇) denote a fuzzy graph with the underlying crisp graph G* 

having vertex set V = {𝑣1, 𝑣2, ⋯ , 𝑣𝑛}. The DnDS of vertex 𝑣𝑖in G, denoted by DnDS(𝑣𝑖),  

is given by the sequence (𝑛𝑑𝑖0
, 𝑛𝑑𝑖1

, 𝑛𝑑𝑖2
, ⋯ , 𝑛𝑑𝑖𝑗

⋯ , 𝑛𝑑𝑖𝑒(𝑣𝑖)
), where 𝑛𝑑𝑖0

 is given by 

σ(𝑣𝑖), 𝑛𝑑𝑖𝑗
 is given by ∑ σ(𝑢)𝑢∈𝑁𝑗(𝑣𝑖) , where 𝑖 = 1, 2, 3, ⋯, n, 𝑗 = 2, 3, ⋯, e(𝑣𝑖), e(𝑣𝑖) is 

the eccentricity of 𝑣𝑖 and 𝑁𝑗(𝑣𝑖) is the 𝑗𝑡ℎ neighborhood of 𝑣𝑖 in G*. 

The DnDS(G) with n vertices is given by n-tuple of DnDS of the n vertices of G 

and is denoted by DnDS(𝑣1, 𝑣2, 𝑣3, ⋯ , 𝑣𝑛).[2] 

 

Definition 2.3. Let 𝐺1: (σ1, 𝜇1) and 𝐺2: (σ2, 𝜇2) be two fuzzy graphs with underlying crisp 

graphs 𝐺1
∗: (𝑉1, 𝐸1) and 𝐺2

∗: (𝑉1, 𝐸2) respectively. The drastic sum of 𝐺1and 𝐺2 is given by  

(𝐺1 ∪̂ 𝐺2):(σ1 ∪̂ σ2, 𝜇1 ∪̂ 𝜇2), 

(σ1 ∪̂ σ2)(𝑢) = {

σ1(𝑢),     𝑖𝑓 𝑢𝜖𝑉1 − 𝑉2

σ2(𝑢),    𝑖𝑓 𝑢𝜖𝑉2 −   𝑉1

1,           𝑖𝑓 𝑢 ∈  𝑉1 ∩ 𝑉2

 

(𝜇1 ∪̂ 𝜇2)(𝑢𝑣) = {

𝜇1(𝑢𝑣),   𝑖𝑓 𝑢𝑣𝜖𝐸1 −  𝐸2

𝜇2(𝑢𝑣),   𝑖𝑓 𝑢𝑣𝜖𝐸2 −  𝐸1

1,           𝑖𝑓 𝑢𝑣 ∈  𝐸1 ∩ 𝐸2

”[9] 

(𝐺1 ∪̂ 𝐺2):(σ1 ∪̂ σ2, 𝜇1 ∪̂ 𝜇2) is also denoted as (𝐺1 ∪̂ 𝐺2):(𝜎𝐺1∪̂𝐺2
, 𝜇𝐺1∪̂𝐺2

). 

 
3. Results and discussions 
In this section, the DDS and DnDS of Drastic sum of fuzzy graphs on stars in all possible 

cases are discussed. 

 

3.1. DDS of drastic sum of fuzzy graphs on star graphs 

In this section, the DDS of the vertices in drastic sum of two fuzzy graphs on star graphs 

are obtained in terms of the parameters of the given graphs by considering all possible 

combinations of star graphs for the drastic sum. 
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Theorem 3.1.1. Let 𝐺1:( 𝜎1, 𝜇1) and 𝐺2: ( 𝜎2, 𝜇2) have vertex sets {𝜀, 𝜀1, 𝜀2, … , 𝜀𝑛} and 

{𝜀, 𝜗1, 𝜗2, … , 𝜗𝑚} respectively, where 𝜀 is the apex vertex of both 𝐺1 and 𝐺2 and 𝜀𝑖 ≠ 𝜗𝑗 

for any 𝑖 and 𝑗. Then the DDS of vertices in the drastic sum are as follows: 

DDS(𝜀)= (1, 𝑑𝐺1
(𝜀) + 𝑑𝐺2

(𝜀)), 

For 𝑖 = 1,2, … , 𝑛, DDS(𝜀𝑖)= (𝜎1(𝜀𝑖), 𝑑𝐺1
(𝜀𝑖), 𝑑𝐺1

(𝜀) + 𝑑𝐺2
(𝜀) − 𝜇1(𝜀𝜀𝑖)), 

For 𝑗 = 1,2, … , 𝑚, DDS(𝜗𝑗)= (𝜎2(𝜗𝑗), 𝑑𝐺2(𝜗𝑗), 𝑑𝐺1
(𝜀) + 𝑑𝐺2

(𝜀) − 𝜇2(𝜀𝜗𝑗)). 

Proof: Since the apex vertex 𝜀 is the only common vertex of 𝐺1 and 𝐺2, the drastic sum of 

𝐺1and 𝐺2 is also a star with apex vertex 𝜀 and pendant vertices 𝜀1, 𝜀2, … , 𝜀𝑛, 𝜗1, 𝜗2, … , 𝜗𝑚. 

Also, there is no edges in 𝐸1 ∩ 𝐸2. By the definition of the drastic sum, 

(𝜎𝐺1∪̂𝐺2
)(𝜀) = 1, (𝜎𝐺1∪̂𝐺2

)(𝜀𝑖) = 𝜎1(𝜀𝑖), for all 𝑖 and (𝜎𝐺1∪̂𝐺2
)(𝜗𝑗) = 𝜎2(𝜗𝑗), for all 𝑗. 

(𝜇𝐺1∪̂𝐺2
)(𝜀𝜀𝑖) = 𝜇1(𝜀𝜀𝑖) for all 𝑖 and (𝜇𝐺1∪̂𝐺2

)(𝜀𝜗𝑗) = 𝜇2(𝜀𝜗𝑗) for all𝑗. 

Let the vertices of 𝐺1 ∪̂ 𝐺2 be arranged as 𝜀, 𝜀1, … , 𝜀𝑛, 𝜗1, 𝜗2, … , 𝜗𝑚. 

Consider the vertex 𝜀. The eccentricity of 𝜀 in (𝐺1 ∪̂ 𝐺2)∗ is 1. 

𝑑𝑖0
(𝜀) = (𝜎𝐺1∪̂𝐺2

)(𝜀) = 1 

𝑑𝑖1
(𝜀) = ∑ (𝜇𝐺1∪̂𝐺2

)(𝜀𝑤)𝜀𝑤𝜖𝐸1∪𝐸2
=∑ 𝜇1(𝜀𝜀𝑖)𝑛

𝑖=1 + ∑ 𝜇2(𝜀𝜗𝑗)𝑚
𝑗=1 = 𝑑𝐺1

(𝜀) + 𝑑𝐺2
(𝜀). 

Therefore, DDS(𝜀)= (1, 𝑑𝐺1
(𝜀) + 𝑑𝐺2

(𝜀)). 

For any 𝑖 = 1,2, … , 𝑛, the eccentricity of 𝜀𝑖 is 2. 

𝑑(𝑖+1)0
(𝜀𝑖) = (𝜎𝐺1∪̂𝐺2

)(𝜀𝑖) = 𝜎1(𝜀𝑖),   𝑑(𝑖+1)1
(𝜀𝑖) = (𝜇𝐺1∪̂𝐺2

)(𝜀𝜀𝑖) = 𝜇1(𝜀𝜀𝑖) = 𝑑𝐺1
(𝜀𝑖) 

The paths of length 2 are 𝜀𝑖𝜀𝜀𝑘 , 𝑘 = 1,2, … , 𝑛, k≠ 𝑖 and 𝜀𝑖𝜀𝜗𝑗, 𝑗 = 1,2, … , 𝑚. Therefore 

𝑑(𝑖+1)2
(𝜀𝑖) = ∑ (𝜇𝐺1∪̂𝐺2

))(𝜀𝜀𝑘)𝑛
𝑘=1
𝑘≠𝑖

+ ∑ (𝜇𝐺1∪̂𝐺2
))(𝜀𝜗𝑗)𝑚

𝑗=1 =∑ 𝜇1(𝜀𝜀𝑘)𝑛
𝑘=1
𝑘≠𝑖

+ ∑ 𝜇2(𝜀𝜗𝑗)𝑚
𝑗=1  

 = ∑ 𝜇1(𝜀𝜀𝑘)𝑛
𝑘=1 − 𝜇1(𝜀𝜀𝑖) + ∑ 𝜇2(𝜀𝜗𝑗)𝑚

𝑗=1  =𝑑𝐺1
(𝜀) − 𝜇1(𝜀𝜀𝑖) + 𝑑𝐺2

(𝜀) 

Therefore, DDS(𝜀𝑖)= (𝜎1(𝜀𝑖), 𝑑𝐺1
(𝜀𝑖), 𝑑𝐺1

(𝜀) + 𝑑𝐺2
(𝜀) − 𝜇1(𝜀𝜀𝑖)) 

For any 𝑗 = 1,2, … , 𝑚, the eccentricity of 𝜗𝑗 is 2. 

𝑑(𝑗+𝑛+1)0
(𝜗𝑗) = (𝜎𝐺1∪̂𝐺2

)(𝜗𝑗) = 𝜎2(𝜗𝑗), 

𝑑(𝑗+𝑛+1)1
(𝜗𝑗) = (𝜇𝐺1∪̂𝐺2

)(𝜀𝜗𝑗) = 𝜇2(𝜀𝜗𝑗) = 𝑑𝐺2
(𝜗𝑗). 

The paths of length 2 are 𝜗𝑗𝜀𝜀𝑖 , 𝑖 = 1,2, … , 𝑛,  and 𝜗𝑗𝜀𝜗𝑘 , 𝑘 = 1,2, … , 𝑚, 𝑘 ≠ 𝑗. 

𝑑(𝑗+𝑛+1)2
(𝜗𝑗) = ∑ (𝜇𝐺1∪̂𝐺2

)(𝜀𝜀𝑖)𝑛
𝑖=1 + ∑ (𝜇𝐺1∪̂𝐺2

)(𝜀𝜗𝑘)𝑚
𝑘=1
𝑘≠𝑗

=∑ 𝜇1(𝜀𝜀𝑖)𝑛
𝑖=1 +

∑ 𝜇2(𝜀𝜗𝑘)𝑚
𝑘=1
𝑘≠𝑗

 

= ∑ 𝜇1(𝜀𝜀𝑖)𝑛
𝑖=1 + ∑ 𝜇2(𝜀𝜗𝑘)𝑚

𝑘=1 − 𝜇2(𝜀𝜗𝑗) =𝑑𝐺1
(𝜀) + 𝑑𝐺2

(𝜀) − 𝜇2(𝜀𝜗𝑗) 

Therefore, DDS(𝜗𝑗)= (𝜎2(𝜗𝑗), 𝑑𝐺2(𝜗𝑗), 𝑑𝐺1
(𝜀) + 𝑑𝐺2

(𝜀) − 𝜇2(𝜀𝜗𝑗)). 

 

Theorem 3.1.2. Let 𝐺1:( 𝜎1, 𝜇1) and 𝐺2: ( 𝜎2, 𝜇2) have 𝜅 common end vertices with vertex 

sets {𝜀, 𝑤1, 𝑤2, … , 𝑤𝜅 , 𝜀𝜅+1, … , 𝜀𝑛} and {𝜗, 𝑤1, 𝑤2, … , 𝑤𝜅 , 𝜗𝜅+1, … , 𝜗𝑚}, where 𝜀 and 𝜗 are 

the apex vertices of 𝐺1 and 𝐺2 respectively. Then the DDS of drastic sum are as follows: 

DDS(𝜀)= (𝜎1(𝜀), 𝑑𝐺1
(𝜀), ∑ 𝑑𝐺2(𝑤𝑗)𝜅

𝑗=1 , ∑ 𝑑𝐺2(𝜗𝑗)𝑚
𝑗=𝜅+1 ) 

DDS(𝜗)= (𝜎2(𝜗), 𝑑𝐺2
(𝜗), ∑ 𝑑𝐺1

(𝑤𝑖)𝜅
𝑖=1 , ∑ 𝑑𝐺1

(𝜀𝑖)𝑛
𝑖=𝜅+1 ) 

For 𝑖 = 1,2, … , 𝜅, DDS(𝑤𝑖)= (1, 𝑑𝐺1
(𝑤𝑖) + 𝑑𝐺2

(𝑤𝑖), ∑ 𝑑𝐺1
(𝜀𝑙)𝑛 

𝑙=𝜅+1 , ∑ 𝑑𝐺2(𝜗𝑗)𝑚
𝑗=𝜅+1 ) 

For 𝑖 = 𝜅 + 1, 𝜅 + 2, … , 𝑛, 
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DDS(𝜀𝑖)= (𝜎1(𝜀𝑖), 𝑑𝐺1
(𝜀𝑖), 𝑑𝐺1

(𝜀)−𝑑𝐺1
(𝜀𝑖), ∑ 𝑑𝐺2(𝑤𝑗)𝜅 

𝑗=1 , ∑ 𝑑𝐺 2(𝜗𝑗)𝑚
𝑗=𝜅+1 ) 

For 𝑗 = 𝜅 + 1, 𝜅 + 2, … , 𝑚, 

DDS(𝜗𝑗)= (𝜎2(𝜗𝑗), 𝑑𝐺2(𝜗𝑗), 𝑑𝐺2
(𝜗)−𝑑𝐺2(𝜗𝑗), ∑ 𝑑𝐺1

(𝑤𝑖)𝜅 
𝑖=1 , ∑ 𝑑𝐺1

(𝜀𝑖)𝑚
𝑖=𝜅+1 ). 

Proof: Since 𝑤1, 𝑤2, … , 𝑤𝜅 are the only 𝜅 common vertices of 𝐺1 and 𝐺2, and no two 𝑤𝑖’s 

are adjacent, there is no common edge between 𝐺1 and 𝐺2. 

Therefore, by the definition of the drastic sum, 

(𝜎𝐺1∪̂𝐺2
)(𝑤𝑖) = 1, 𝑖 = 1,2, … , 𝜅 

(𝜎𝐺1∪̂𝐺2
)(𝜀) = 𝜎1(𝜀), (𝜎𝐺1∪̂𝐺2

)(𝜀𝑖) = 𝜎1(𝜀𝑖), 𝑖 = 𝜅 + 1, 𝜅 + 2, … , 𝑛, 

(𝜎𝐺1∪̂𝐺2
)(𝜗) = 𝜎2(𝜗),  (𝜎𝐺1∪̂𝐺2

)(𝜗𝑗) = 𝜎2(𝜗𝑗), 𝑗 = 𝜅 + 1, 𝜅 + 2, … , 𝑚, 

(𝜇𝐺1∪̂𝐺2
)(𝑒) = 𝜇1(𝑒) for every edge 𝑒 in 𝐺1 

and (𝜇𝐺1∪̂𝐺2
)(𝑒) = 𝜇2(𝑒) for every edge 𝑒 in 𝐺2. 

Let the vertices be arranged in the order 𝜀, 𝜗, 𝑤1, … , 𝑤𝜅 , 𝜀𝜅+1, … , 𝜀𝑛, 𝜗𝜅+1, … , 𝜗𝑚. 
Consider the vertex 𝜀. The eccentricity of 𝜀 in(𝐺1 ∪̂ 𝐺2)∗ is 4. 

𝑑𝑖0
(𝜀) = (𝜎𝐺1∪̂𝐺2

)(𝜀) = 𝜎1(𝜀). 

𝑑𝑖1
(𝜀) = ∑ (𝜇𝐺1∪̂𝐺2

)(𝜀𝑥)𝜀𝑥𝜖𝐸1∪𝐸2
 =∑ 𝜇1(𝜀𝑥)𝜀𝑥∈𝐸1

= 𝑑𝐺1
(𝜀). 

𝜀𝑤𝑗𝜗 is the path of length 2 for 𝑗 = 1,2, … , 𝜅. Therefore  

𝑑𝑖2
(𝜀) = ∑ (𝜇𝐺1∪̂𝐺2

)(𝑤𝑗𝜗)𝜅
𝑗=1  

                                   = ∑ 𝜇1(𝑤𝑗𝜗)𝜅
𝑗=1  

                                   = ∑ 𝑑𝐺2
(𝑤𝑗)𝜅

𝑗=1  

𝜀𝑤𝑖𝜗𝜗𝑗 is the path of length 3 for 𝑖 = 1,2, … , 𝜅 and 𝑗 = 𝜅 + 1, 𝜅 + 2, … , 𝑚. 

Therefore,  

𝑑𝑖3
(𝜀) = ∑ (𝜇𝐺1∪̂𝐺2

)(𝜗𝜗𝑗)

𝑚

𝑗=𝜅+1

= ∑ 𝜇2(𝜗𝜗𝑗)

𝑚

𝑗=𝜅+1

= ∑ 𝑑𝐺 2
(𝜗𝑗)

𝑚

𝑗=𝜅+1

 

Therefore, DDS(𝜀)= (𝜎1(𝜀), 𝑑𝐺1
(𝜀), ∑ 𝑑𝐺2(𝑤𝑗)𝜅

𝑗=1 , ∑ 𝑑𝐺2
(𝜗𝑗)𝑚

𝑗=𝜅+1 ). 

Similarly, DDS(𝜗)= (𝜎2(𝜗), 𝑑𝐺2
(𝜗), ∑ 𝑑𝐺1

(𝑤𝑖)𝜅
𝑖=1 , ∑ 𝑑𝐺1

(𝜀𝑖)𝑚
𝑖=𝜅+1 ). 

Consider the vertex 𝑤𝑖, 𝑖 = 1,2, … , 𝜅. The eccentricity of 𝑤𝑖 in the underlying graph 

(𝐺1 ∪̂ 𝐺2)∗ of the drastic sum is 2. 

For 𝑖 = 1,2, … , 𝜅,  

𝑑(𝑖+2)0
(𝑤𝑖) = (𝜎𝐺1∪̂𝐺2

)(𝑤𝑖) = 1 

𝑑(𝑖+2)1
(𝑤𝑖) = ∑ (𝜇𝐺1∪̂𝐺2

)(𝑤𝑖𝑥)𝑤𝑖𝑥𝜖𝐸1∪𝐸2
=𝜇1(𝜀𝑤𝑖) + 𝜇2(𝜗𝑤𝑖) = 𝑑𝐺1

(𝑤𝑖) + 𝑑𝐺2
(𝑤𝑖). 

The paths of length 2 are 𝑤𝑖𝜀𝜀𝑙 , 𝑙 = 𝜅 + 1, 𝜅 + 2, … , 𝑛 and 𝑤𝑖𝜗𝜗𝑗, 𝑗 = 𝜅 + 1, 𝜅 + 2, … , 𝑚. 

Therefore, for 𝑖 = 1,2, … , 𝜅, 

𝑑(𝑖+1)2
(𝑤𝑖) = ∑ (𝜇𝐺1∪̂𝐺2

))(𝜀𝜀𝑙)𝑛
𝑙=𝜅+1 + ∑ (𝜇𝐺1∪̂𝐺2

))(𝜗𝜗𝑗)𝑚
𝑗=𝜅+1  

=∑ 𝜇1(𝜀𝜀𝑙)𝑛
𝑙=𝜅+1 + ∑ 𝜇2(𝜗𝜗𝑗)𝑚

𝑗=𝜅+1  =∑ 𝑑𝐺1
(𝜀𝑙)𝑛

𝑙=𝜅+1 + ∑ 𝑑𝐺1
(𝜗𝑗)𝑚

𝑗=𝜅+1 . 

Therefore, 𝑖 = 1, 2, … , 𝜅,  

DDS(𝑤𝑖)= (1, 𝑑𝐺1
(𝑤𝑖) + 𝑑𝐺2

(𝑤𝑖), ∑ 𝑑𝐺1
(𝜀𝑙)𝑛

𝑙=𝜅+1 + ∑ 𝑑𝐺1
(𝜗𝑗)𝑚

𝑗=𝜅+1 ) 

Consider the vertex 𝜀𝑖, 𝑖 = 𝜅 + 1, 𝜅 + 2, … , 𝑛. 

The eccentricity of 𝜀𝑖 in the drastic sum is 4. 

𝑑(𝑖+𝜅+2)0
(𝜀𝑖) = (𝜎𝐺1∪̂𝐺2

)(𝜀𝑖) = 𝜎1(𝜀𝑖). 

𝑑(𝑖+𝜅+2)1
(𝜀𝑖) = ∑ (𝜇𝐺1∪̂𝐺2

)(𝜀𝑖𝑥)𝜀𝑖𝑥𝜖𝐸1∪𝐸2
= (𝜇𝐺1∪̂𝐺2

)(𝜀𝑖𝜀)= 𝜇1(𝜀𝜀𝑖) = 𝑑𝐺1
(𝜀𝑖). 
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The paths of length 2 are 𝜀𝑖𝜀𝑤𝑗, 𝑗 = 1,2, … , 𝜅 and 𝜀𝑖𝜀𝜀𝑗, 𝑗 = 𝜅 + 1, 𝜅 + 2, … , 𝑛, 𝑗 ≠ 𝑖. 

Therefore,  

𝑑(𝑖+𝜅+1)2
(𝜀𝑖) = ∑(𝜇𝐺1∪̂𝐺2

)(𝜀𝑤𝑗)

𝜅

𝑗=1

+ ∑ (𝜇𝐺1∪̂𝐺2
)(𝜀𝜀𝑗)

𝑚

𝑗=𝜅+1

 

=∑ 𝜇1(𝜀𝑤𝑗)𝜅
𝑗=1 + ∑ 𝜇1(𝜀𝜀𝑗)𝑚

𝑗=𝜅+1
𝑗≠𝑖

= 𝑑𝐺1
(𝜀) − 𝜇(𝜀𝜀𝑖) = 𝑑𝐺1

(𝜀) − 𝑑𝐺1
(𝜀𝑖). 

The paths of length 3 from 𝜀𝑖 in the drastic sum are 𝜀𝑖𝜀𝑤𝑗𝜗, 𝑗 = 1,2, … , 𝜅. Therefore,  

𝑑(𝑖+𝜅+1)3
(𝜀𝑖) = ∑ (𝜇𝐺1∪̂𝐺2

)(𝑤𝑗𝜗)𝜅
𝑗=1 =∑ 𝜇2(𝑤𝑗𝜗)𝜅

𝑗=1 = ∑ 𝑑𝐺2
(𝑤𝑗)𝜅

𝑗=1 . 

The paths of length 4 from 𝜀𝑖 in the drastic sum are 𝜀𝑖𝜀𝑤𝑙𝜗𝜗𝑗, 𝑙 = 1,2, … , 𝜅, 

  𝑗 = 𝜅 + 1, 𝜅 + 2, … , 𝑚. Therefore,  

𝑑(𝑖+𝜅+1)4
(𝜀𝑖) = ∑ (𝜇𝐺1∪̂𝐺2

)(𝜗𝑗𝜗)𝑚
𝑗=𝜅+1 =∑ 𝜇2(𝜗𝑗𝜗)𝑚

𝑗=𝜅+1 = ∑ 𝑑𝐺2
(𝜗𝑗)𝑚

𝑗=𝜅+1 . 

Hence, for 𝑖 = 𝜅 + 1, 𝜅 + 2, … , 𝑛, 

DDS(𝜀𝑖)=(𝜎1(𝜀𝑖), 𝑑𝐺1
(𝜀𝑖), 𝑑𝐺1

(𝜀) − 𝑑𝐺1
(𝜀𝑖), ∑ 𝑑𝐺2

(𝑤𝑗), ∑ 𝑑𝐺2
(𝜗𝑗)𝑚

𝑗=𝜅+1
𝜅
𝑗=1 ) 

Similarly, for 𝑗 = 𝜅 + 1, 𝜅 + 2, … , 𝑚, 

DDS(𝜗𝑗)=(𝜎2(𝜗𝑗), 𝑑𝐺2
(𝜗𝑗), 𝑑𝐺2

(𝜗) − 𝑑𝐺2
(𝜗𝑗), ∑ 𝑑𝐺1

(𝑤𝑖), ∑ 𝑑𝐺1
(𝜀𝑖)𝑛

𝑖=𝜅+
+1

𝜅
𝑖=1 ). 

 

Theorem 3.1.3. Let 𝐺1:( 𝜎1, 𝜇1) and 𝐺2: ( 𝜎2, 𝜇2) have 𝑛 + 1 and 𝜅 + 1 vertices 

respectively (𝑛 > 𝜅) such that 𝐺2 is a fuzzy subgraph of 𝐺1.Then the DDS of drastic sum 

are as follows: 

If 𝜀 is the apex vertex of 𝐺1, DDS(𝜀)= (1, 𝜅, ∑ 𝑑𝐺1
(𝜗)𝜗∈𝑉1−𝑉2

). 

For 𝜗 ∈ 𝑉1 ∩ 𝑉2, DDS(𝜗)= (1,1, 𝜅 − 1 + ∑ 𝑑𝐺1
(𝑤)𝑤∈𝑉1−𝑉2

). 

For 𝜗 ∈ 𝑉1 − 𝑉2, DDS(𝜗)= (𝜎1(𝜗), 𝑑𝐺1
(𝜗), 𝜅 + ∑ 𝑑𝐺1

(𝑤)𝑤≠𝜗
𝑤∈𝑉1−𝑉2

). 

Proof: Let {𝜀, 𝜀1, 𝜀2, … , 𝜀𝑛} be the vertex set of 𝐺1. Since both 𝐺1 and 𝐺2 are fuzzy graphs 

on star graphs and 𝐺2 is a fuzzy subgraph of 𝐺1, 𝜀 is also the apex vertex of 𝐺2. 

Without loss of generality, let 𝑉2 = {𝜀, 𝜀1, 𝜀2, … , 𝜀𝜅} be the vertex set of 𝐺2 and let 𝑉1 =
{𝜀, 𝜀1, 𝜀2, … , 𝜀𝜅 , 𝜀𝜅+1, … , 𝜀𝑛} be the vertex set of 𝐺1. (This can be done by relabeling the 

vertices if necessary.) 

Then, 𝜀, 𝜀1, 𝜀2, … , 𝜀𝜅 ∈ 𝑉1 ∩ 𝑉2 and 𝜀𝜅+1, 𝜀𝜅+2, … , 𝜀𝑛 ∈ 𝑉1 − 𝑉2. 

By the definition of the drastic sum,  
(𝜎𝐺1∪̂𝐺2

)(𝜀) = 1, (𝜎𝐺1∪̂𝐺2
)(𝜀𝑖) = 1, 𝑖 = 1,2, … , 𝜅 

(𝜎𝐺1∪̂𝐺2
)(𝜀𝑖) = 𝜎1(𝜀𝑖), 𝑖 = 𝜅 + 1, 𝜅 + 2, … , 𝑛 

(𝜇𝐺1∪̂𝐺2
)(𝜀𝜀𝑖) = 1, 𝑖 = 1,2, … , 𝜅 

(𝜇𝐺1∪̂𝐺2
)(𝜀𝜀𝑖) = 𝜇1(𝜀𝜀𝑖), 𝑖 = 𝜅 + 1, 𝜅 + 2, … , 𝑛. 

Here, the drastic sum 𝐺1 ∪̂ 𝐺2 is a fuzzy graph on a star graph with vertices 

𝜀, 𝜀1, 𝜀2, … , 𝜀𝜅 , 𝜀𝜅+1, … , 𝜀𝑛 having 𝜀 as the apex vertex.  

Consider the vertex 𝜀. The eccentricity of 𝜀 in the drastic sum is 1.  

𝑑𝑖0
(𝜀) = (𝜎𝐺1∪̂𝐺2

)(𝜀) = 1. 

𝑑𝑖1
(𝜀) = ∑ (𝜇𝐺1∪̂𝐺2

)(𝜀𝜀𝑖)𝑛
𝑖=1 = ∑ (𝜇𝐺1∪̂𝐺2

)(𝜀𝜀𝑖)𝜅
𝑖=1 + ∑ (𝜇𝐺1∪̂𝐺2

)(𝜀𝜀𝑖)𝑛
𝑖=𝜅+1  

=∑ 1𝜅
𝑖=1 + ∑ 𝜇1(𝜀𝜀𝑖)𝑛

𝑖=𝜅+1  = 𝜅 + ∑ 𝑑𝐺1
(𝜀𝑖)𝑛

𝑖=𝜅+1  
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Therefore, DDS(𝜀)= (1, 𝜅 + ∑ 𝑑𝐺1
(𝜀𝑖)𝑛

𝑖=𝜅+1 ). 

Consider the vertex 𝜀𝑖, 𝑖 = 1,2, … , 𝜅. The eccentricity of 𝜀𝑖 in the drastic sum is 2. 

𝑑(𝑖+1)0
(𝜀𝑖)=(𝜎𝐺1∪̂𝐺2

)(𝜀𝑖) = 1;      𝑑(𝑖+1)1
(𝜀𝑖)=(𝜇𝐺1∪̂𝐺2

)(𝜀𝜀𝑖) = 1. 

𝜀𝑖𝜀𝜀𝑗 , 𝑗 ≠ 𝑖, are paths of length 2. Therefore, 

𝑑(𝑖+1)2
(𝜀𝑖) = ∑ (𝜇𝐺1∪̂𝐺2

)(𝜀𝜀𝑗)𝑛
𝑗=1
 𝑗≠𝑖

= ∑ (𝜇𝐺1∪̂𝐺2
)(𝜀𝜀𝑗)𝜅

𝑗=1
 𝑗≠𝑖

+ ∑ (𝜇𝐺1∪̂𝐺2
)(𝜀𝜀𝑗)𝑛

𝑗=𝜅+1  

=∑ 1𝜅
𝑗=1
𝑗≠𝑖

+ ∑ 𝜇1(𝜀𝜀𝑗)𝑛
𝑗=𝜅+1 = 𝜅 − 1 + ∑ 𝑑𝐺1

(𝜀𝑗)𝑛
𝑗=𝜅+1 . 

Therefore for 𝑖 = 1,2, … , 𝜅, DDS(𝜀𝑖)= (1,1, 𝜅 − 1 + ∑ 𝑑𝐺1
(𝜀𝑗)𝑛

𝑗=𝜅+1 ). 

Consider the vertex 𝜀𝑖, 𝑖 = 𝜅 + 1, 𝜅 + 2, … , 𝑛. The eccentricity of 𝜀𝑖 in the drastic sum is 

2. 

𝑑(𝑖+1)0
(𝜀𝑖)=(𝜎𝐺1∪̂𝐺2

)(𝜀𝑖) = 𝜎1(𝜀𝑖) 

𝑑(𝑖+1)1
(𝜀𝑖)=(𝜇𝐺1∪̂𝐺2

)(𝜀𝜀𝑖) = 𝜇1(𝜀𝜀𝑖) = 𝑑𝐺1
(𝜀𝑖). 

𝜀𝑖𝜀𝜀𝑗 , 𝑗 ≠ 𝑖, are paths of length 2 from 𝜀𝑖. Therefore, 

𝑑(𝑖+1)2
(𝜀𝑖) = ∑ (𝜇𝐺1∪̂𝐺2

)(𝜀𝜀𝑗)𝑛
𝑗=1
 𝑗≠𝑖

= ∑ (𝜇𝐺1∪̂𝐺2
)(𝜀𝜀𝑗)𝜅

𝑗=1 + ∑ (𝜇𝐺1∪̂𝐺2
)(𝜀𝜀𝑗)𝑛

𝑗=𝜅+1  

=∑ 1𝜅
𝑗=1 + ∑ 𝜇1(𝜀𝜀𝑗)𝑛

𝑗=𝜅+1
𝑗≠𝑖

= 𝜅 + ∑ 𝑑𝐺1
(𝜀𝑗)𝑛

𝑗=𝜅+1
𝑗≠𝑖

. 

Therefore for 𝑖 = 𝜅 + 1, 𝜅 + 2, … , 𝑛, DDS(𝜀𝑖)= (𝜎1(𝜀𝑖), 𝑑𝐺1
(𝜀𝑖), 𝜅 + ∑ 𝑑𝐺1

(𝜀𝑗)𝑛
𝑗=𝜅+1

𝑗≠𝑖

). 

Theorem 3.1.4. Let 𝐺1:( 𝜎1, 𝜇1) and 𝐺2: ( 𝜎2, 𝜇2) have same vertex sets (𝜀, 𝜀1, 𝜀2, … , 𝜀𝑛). 

Then the DDS of the vertices in the drastic sum are 

DDS(𝜀) = (1, 𝑛) and DDS(𝜀𝑖) = (1,1, 𝑛 − 1), 𝑖 = 1,2, … , 𝑛 

Proof: Since 𝐺1 and 𝐺2 are fuzzy graphs on same star graph, by the definition of the drastic 

sum  (𝜎𝐺1∪̂𝐺2
)(𝜗) = 1 for all vertices 𝜗 and(𝜇𝐺1∪̂𝐺2

)(𝜀𝜀𝑖) = 1 for all edges 𝜀𝜀𝑖. 

Consider the vertex 𝜀. The eccentricity of the vertex 𝜀 is 1. 

𝑑10(𝜀)=(𝜎𝐺1∪̂𝐺2
)(𝜀) = 1;        𝑑11(𝜀𝑖)=∑ (𝜇𝐺1∪̂𝐺2

)(𝜀𝜀𝑖)𝑛
𝑖=1 = ∑ 1𝑛

𝑖=1 = 𝑛 

Therefore, DDS(𝜀) = (1, 𝑛) 

Consider the vertex 𝜀𝑖, 𝑖 = 1,2, … , 𝑛. The eccentricity of 𝜀𝑖 in the drastic sum is 2. 

𝑑(𝑖+1)0
(𝜀𝑖)=(𝜎𝐺1∪̂𝐺2

)(𝜀𝑖) = 1;      𝑑(𝑖+1)1
(𝜀𝑖)=(𝜇𝐺1∪̂𝐺2

)(𝜀𝜀𝑖) = 1. 

𝜀𝑖𝜀𝜀𝑗 , 𝑗 ≠ 𝑖, are paths of length 2 from 𝜀𝑖 in the drastic sum. Therefore, 

𝑑(𝑖+1)2
(𝜀𝑖) = ∑(𝜇𝐺1∪̂𝐺2

)(𝜀𝜀𝑗)

𝑛

𝑗=1
 𝑗≠𝑖

= ∑ 1

𝑛

𝑗=1
 𝑗≠𝑖

= 𝑛 − 1 

Therefore, DDS(𝜀𝑖)= (1,1, 𝑛 − 1), 𝑖 = 1,2, … , 𝑛. 

 

Remark 3.1.5. If 𝐺1 and 𝐺2are two different fuzzy graphs with no vertex in common, then 

the DDS of a vertex 𝜗 in the drastic sum is, 

𝐷𝐷𝑆𝐺1∪̂𝐺2
(𝜗) = {

𝐷𝐷𝑆𝐺1
(𝜗), if 𝜗 ∈ 𝑉1

𝐷𝐷𝑆𝐺2
(𝜗), if 𝜗 ∈ 𝑉2

 

 

 

 



Distance Degree Sequence and Distance Neighborhood Degree Sequence of Vertices of 

Drastic Sum of two Fuzzy Graphs on Stars 

7 

 

3.2. DnDS of drastic sum of fuzzy graphs on stars 

In this section, the DnDS of the vertices in drastic sum of two fuzzy graphs on star graphs 

are obtained in terms of the parameters of the given graphs. 

 

Theorem 3.2.1. Let 𝐺1 and 𝐺2 have vertex sets {𝜀, 𝜀1, 𝜀2, … , 𝜀𝑛} and {𝜀, 𝜗1, 𝜗2, … , 𝜗𝑚} 

respectively, where 𝜀 is the apex vertex of both 𝐺1and 𝐺2 and 𝜀𝑖 ≠ 𝜗𝑗 for any 𝑖 and 𝑗. Then 

the DnDS of drastic sum are as follows: 

DnDS(𝜀)= (1, 𝑛𝑑𝐺1
(𝜀) + 𝑛𝑑𝐺2

(𝜀)) 

For 𝑖 = 1,2, … , 𝑛, DnDS(𝜀𝑖)= (𝜎1(𝜀𝑖), 1, 𝑛𝑑𝐺1
(𝜀) + 𝑛𝑑𝐺2

(𝜀) − 𝜎1(𝜀𝑖)) 

For 𝑗 = 1,2, … , 𝑚, DnDS(𝜗𝑗)= (𝜎2(𝜗𝑗), 1, 𝑛𝑑𝐺1
(𝜀) + 𝑛𝑑𝐺2

(𝜀) − 𝜎2(𝜗𝑗)) 

Proof: Since the apex vertex 𝜀 is the only common vertex of 𝐺1 and 𝐺2, the drastic sum of 

𝐺1and 𝐺2 is also a star with apex vertex 𝜀 and vertices 𝜀1, 𝜀2, … , 𝜀𝑛, 𝜗1, 𝜗2, … , 𝜗𝑚. Also, 

there is no edges in 𝐸1 ∩ 𝐸2. By the definition of the drastic sum, 

(𝜎𝐺1∪̂𝐺2
)(𝜀) = 1, (𝜎𝐺1∪̂𝐺2

)(𝜀𝑖) = 𝜎1(𝜀𝑖), for all 𝑖 and (𝜎𝐺1∪̂𝐺2
)(𝜗𝑗) = 𝜎2(𝜗𝑗), for all 𝑗. 

Let the vertices of 𝐺1 ∪̂ 𝐺2 be arranged as 𝜀, 𝜀1, … , 𝜀𝑛, 𝜗1, 𝜗2, … , 𝜗𝑚. 

Consider the vertex 𝜀. The eccentricity of 𝜀 in (𝐺1 ∪̂ 𝐺2)∗ is 1. 

𝑛𝑑𝑖0
(𝜀) = (𝜎𝐺1∪̂𝐺2

)(𝜀) = 1 

𝑛𝑑𝑖1
(𝜀) = ∑ (𝜎𝐺1∪̂𝐺2

)(𝑤)𝑤𝜖𝑉1∪𝑉2
=∑ 𝜎1(𝜀𝑖)𝑛

𝑖=1 + ∑ 𝜎2(𝜗𝑗)𝑚
𝑗=1 = 𝑛𝑑𝐺1

(𝜀) + 𝑛𝑑𝐺2
(𝜀). 

Therefore, DnDS(𝜀)= (1, 𝑛𝑑𝐺1
(𝜀) + 𝑛𝑑𝐺2

(𝜀)). 

For any 𝑖 = 1,2, … , 𝑛, the eccentricity of 𝜀𝑖 is 2. 

𝑛𝑑(𝑖+1)0
(𝜀𝑖) = (𝜎𝐺1∪̂𝐺2

)(𝜀𝑖) = 𝜎1(𝜀𝑖),    𝑛𝑑(𝑖+1)1
(𝜀𝑖) = (𝜎𝐺1∪̂𝐺2

)(𝜀) = 1. 

The paths of length 2 are 𝜀𝑖𝜀𝜀𝜅 , 𝜅 = 1,2, … , 𝑛, 𝜅 ≠ 𝑖 and 𝜀𝑖𝜀𝜗𝑗, 𝑗 = 1,2, … , 𝑚. 

𝑛𝑑(𝑖+1)2
(𝜀𝑖) = ∑ (𝜎𝐺1∪̂𝐺2

)(𝜀𝜅)𝑛
𝜅=1
𝜅≠𝑖

+ ∑ (𝜎𝐺1∪̂𝐺2
)(𝜗𝑗)𝑚

𝑗=1 =∑ 𝜎1(𝜀𝜅)𝑛
𝜅=1
𝜅≠𝑖

+ ∑ 𝜎2(𝜗𝑗)𝑚
𝑗=1  

=𝑛𝑑𝐺1
(𝜀) − 𝜎1(𝜀𝜀𝑖) + 𝑛𝑑𝐺2

(𝜀) 

Therefore, DnDS(𝜀𝑖)= (𝜎1(𝜀𝑖), 1, 𝑛𝑑𝐺1
(𝜀) + 𝑛𝑑𝐺2

(𝜀) − 𝜎1(𝜀𝑖)). 

For any 𝑗 = 1,2, … , 𝑚, the eccentricity of 𝜗𝑗 is 2. 

𝑛𝑑(𝑗+𝑛+1)0
(𝜗𝑗) = (𝜎𝐺1∪̂𝐺2

)(𝜗𝑗) = 𝜎2(𝜗𝑗);     𝑛𝑑(𝑗+𝑛+1)1
(𝜗𝑗) = (𝜎𝐺1∪̂𝐺2

)(𝜀) = 1. 

The paths of length 2 are 𝜗𝑗𝜀𝜀𝑖 , 𝑖 = 1,2, … , 𝑛,  and 𝜗𝑗𝜀𝜗𝜅 , 𝜅 = 1,2, … , 𝑚, 𝜅 ≠ 𝑗. 

𝑛𝑑(𝑗+𝑛+1)2
(𝜗𝑗) = ∑ (𝜎𝐺1∪̂𝐺2

)(𝜀𝑖)𝑛
𝑖=1 + ∑ (𝜎𝐺1∪̂𝐺2

)(𝜗𝜅)𝑚
𝜅=1
𝜅≠𝑗

=∑ 𝜎1(𝜀𝑖)𝑛
𝑖=1 + ∑ 𝜎2(𝜗𝑗)𝑚

𝜅=1
𝜅≠𝑗

 

=𝑛𝑑𝐺1
(𝜀) − 𝜎2(𝜗𝑗) + 𝑛𝑑𝐺2

(𝜀) 

Therefore, DnDS(𝜗𝑗)= (𝜎2(𝜗𝑗), 1 , 𝑛𝑑𝐺1
(𝜀) − 𝜎2(𝜗𝑗) + 𝑛𝑑𝐺2

(𝜀)) 

 

Theorem 3.2.2. Let 𝐺1:( 𝜎1, 𝜇1) and 𝐺2: ( 𝜎2, 𝜇2) have 𝜅 common end vertices with vertex 

sets (𝜀, 𝑤1, 𝑤2, … , 𝑤𝜅 , 𝜀𝜅+1, … , 𝜀𝑛) and (𝜗, 𝑤1, 𝑤2, … , 𝑤𝜅 , 𝜗𝜅+1, … , 𝜗𝑚), where 𝜀 and 𝜗 are 

the apex vertices of 𝐺1and 𝐺2 respectively. Then the DnDS of drastic sum are as follows: 

DnDS(𝜀)= (𝜎1(𝜀), 𝜅 + ∑ 𝜎1(𝜀𝑖)𝑛
𝑖=𝜅+1 , 𝜎2(𝜗), ∑ 𝜎2(𝜗𝑗)𝑚

𝑗=𝜅+1 ) 

DnDS(𝜗)= (𝜎2(𝜗), 𝜅 + ∑ 𝜎2(𝜗𝑗)𝑚
𝑗=𝜅+1 , 𝜎1(𝜀), ∑ 𝜎1(𝜀𝑖)𝑛

𝑖=𝜅+1 ) 

For 𝑖 = 1,2, … , 𝜅,  

DDS(𝑤𝑖)= (1, 𝜎1(𝜀) + 𝜎2(𝜗), ∑ 𝜎1(𝜀𝑖)𝑛
𝑖=𝜅+1 + ∑ 𝜎2(𝜗𝑗)𝑚

𝑗=𝜅+1 + 𝜅 − 1) 
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For 𝑖 = 𝜅 + 1, 𝜅 + 2, … , 𝑛, 

DnDS(𝜀𝑖)= (𝜎1(𝜀𝑖), 𝜎1(𝜀), 𝜅 + ∑ 𝜎1(𝜀𝑙)𝑛
𝑙=𝜅+1

𝑙≠𝑖

, 𝜎2(𝜗), ∑ 𝜎2(𝜗𝑗)𝑚
𝑗=𝜅+1 ) 

For 𝑗 = 𝜅 + 1, 𝜅 + 2, … , 𝑚, 

DnDS(𝜗𝑗)= (𝜎2(𝜗𝑗), 𝜎2(𝜗), 𝜅 + ∑ 𝜎2(𝜗𝑙)𝑚
𝑙=𝜅+1

𝑙≠𝑗

, 𝜎1(𝜀), ∑ 𝜎1(𝜀𝑖)𝑛
𝑖=𝜅+1 ). 

Proof: Since 𝑤1, 𝑤2, … , 𝑤𝜅 are the only 𝜅 common vertices of 𝐺1 and 𝐺2. Therefore, by 

the definition of the drastic sum, 

(𝜎𝐺1∪̂𝐺2
)(𝑤𝑖) = 1, 𝑖 = 1,2, … , 𝜅;     (𝜎𝐺1∪̂𝐺2

)(𝜀) = 𝜎1(𝜀), 

(𝜎𝐺1∪̂𝐺2
)(𝜀𝑖) = 𝜎1(𝜀𝑖), 𝑖 = 𝜅 + 1, 𝜅 + 2, … , 𝑛, 

(𝜎𝐺1∪̂𝐺2
)(𝜗) = 𝜎2(𝜗);     (𝜎𝐺1∪̂𝐺2

)(𝜗𝑗) = 𝜎2(𝜗𝑗), 𝑗 = 𝜅 + 1, 𝜅 + 2, … , 𝑚, 

Let the vertices be arranged in the order 𝜀, 𝜗, 𝑤1, … , 𝑤𝜅 , 𝜀𝜅+1, … , 𝜀𝑛, 𝜗𝜅+1, … , 𝜗𝑚. 
Consider the vertex 𝜀. The eccentricity of 𝜀 in (𝐺1 ∪̂ 𝐺2)∗ is 3. 

𝑛𝑑𝑖0
(𝜀) = (𝜎𝐺1∪̂𝐺2

)(𝜀) = 𝜎1(𝜀) 

𝑛𝑑𝑖1
(𝜀) = ∑ (𝜎𝐺1∪̂𝐺2

)(𝑥)

𝑥𝜖𝑁1(𝜀)

= ∑(𝜎𝐺1∪̂𝐺2
)1(𝑤𝑖)

𝜅

𝑖=1

+ ∑ (𝜎𝐺1∪̂𝐺2
)(𝜀𝑖)

𝑛

𝑖=𝜅+1

 

= 𝜅 + ∑ 𝜎1(𝜀𝑖)𝑛
𝑖=𝜅+1  

𝜀𝑤𝑗𝜗 is the path of length 2 for 𝑗 = 1,2, … , 𝜅. Therefore  

𝑛𝑑𝑖2
(𝜀) = 𝜎2(𝜗). 

𝜀𝑤𝑖𝜗𝜗𝑗 is the path of length 3 for 𝑖 = 1,2, … , 𝜅 and 𝑗 = 𝜅 + 1, 𝜅 + 2, … , 𝑚. 

Therefore,  

𝑛𝑑𝑖3
(𝜀) = ∑ (𝜎𝐺1∪̂𝐺2

)(𝜗𝑗)

𝑚

𝑗=𝜅+1

= ∑ 𝜎2(𝜗𝑗)

𝑚

𝑗=𝜅+1

 

Therefore, DnDS(𝜀)= (𝜎1(𝜀), 𝜅 + ∑ 𝜎1(𝜀𝑖)𝑛
𝑖=𝜅+1 , 𝜎2(𝜗), ∑ 𝜎2(𝜗𝑗)𝑚

𝑗=𝜅+1 ) 

Similarly, DnDS(𝜗)= (𝜎2(𝜗), 𝜅 + ∑ 𝜎2(𝜗𝑗)𝑚
𝑗=𝜅+1 , 𝜎1(𝜀), ∑ 𝜎1(𝜀𝑖)𝑛

𝑖=𝜅+1 ) 

Consider the vertex 𝑤𝑖, 𝑖 = 1,2, … , 𝜅. The eccentricity of 𝑤𝑖 in the underlying graph 

(𝐺1 ∪̂ 𝐺2)∗ of the drastic sum is 2. 

For 𝑖 = 1,2, … , 𝜅,  
𝑛𝑑(𝑖+2)0

(𝑤𝑖) = (𝜎𝐺1∪̂𝐺2
)(𝑤𝑖) = 1;     𝑛𝑑(𝑖+2)1

(𝑤𝑖) = 𝜎1(𝜀) + 𝜎2(𝜗) 

The paths of length 2 are 𝑤𝑖𝜀𝜀𝑙 , 𝑙 = 𝜅 + 1, 𝜅 + 2, … , 𝑛 and 𝑤𝑖𝜀𝜗𝑗, 𝑗 = 𝜅 + 1, 𝜅 + 2, … , 𝑚. 

Therefore, for 𝑖 = 1,2, … , 𝜅 

𝑛𝑑(𝑖+1)2
(𝑤𝑖) = ∑ 𝜎1(𝜀𝑙)

𝑛

𝑙=𝜅+1

+ ∑(𝜎𝐺1∪̂𝐺2
)(𝑤𝑖)

𝜅

𝑗=1
𝑗≠𝑖

+ ∑ 𝜎2(𝜗𝑗)

𝑚

𝑗=𝜅+1

 

= ∑ 𝜎1(𝜀𝑙)

𝑛

𝑙=𝜅+1

+ ∑(𝜎𝐺1∪̂𝐺2
)(𝑤𝑖)

𝜅

𝑗=1
𝑗≠𝑖

+ ∑ 𝜎2(𝜗𝑗)

𝑚

𝑗=𝜅+1

= ∑ 𝜎1(𝜀𝑙)

𝑛

𝑙=𝜅+1

+ ∑ 1

𝜅

𝑗=1
𝑗≠𝑖

+ ∑ 𝜎2(𝜗𝑗)

𝑚

𝑗=𝜅+1
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𝑛𝑑(𝑖+1)2
(𝑤𝑖) = ∑ 𝜎1(𝜀𝑙)

𝑛

𝑙=𝜅+1

+ 𝜅 − 1 + ∑ 𝜎2(𝜗𝑗)

𝑚

𝑗=𝜅+1

 

Therefore, 𝑖 = 1,2, … , 𝜅,  

DnDS(𝑤𝑖)= (1, 𝜎1(𝜀) + 𝜎2(𝜗), ∑ 𝜎1(𝜀𝑙)𝑛
𝑙=𝜅+1 + 𝜅 − 1 + ∑ 𝜎2(𝜗𝑗)𝑚

𝑗=𝜅+1 ) 

Consider the vertex 𝜀𝑖, 𝑖 = 𝜅 + 1, 𝜅 + 2, … , 𝑛. 

The eccentricity of 𝜀𝑖 in the drastic sum is 4. 

𝑛𝑑(𝑖+𝜅+2)0
(𝜀𝑖) = (𝜎𝐺1∪̂𝐺2

)(𝜀𝑖) = 𝜎1(𝜀𝑖);     𝑛𝑑(𝑖+𝜅+2)1
(𝜀𝑖) =  𝜎1(𝜀) 

The paths of length 2 are 𝜀𝑖𝜀𝑤𝑗, 𝑗 = 1,2, … , 𝜅 and 𝜀𝑖𝜀𝜀𝑗, 𝑗 = 𝜅 + 1, 𝜅 + 2, … , 𝑛, 𝑗 ≠ 𝑖. 

Therefore,  

𝑛𝑑(𝑖+𝜅+1)2
(𝜀𝑖) = ∑(𝜎𝐺1∪̂𝐺2

)(𝑤𝑖)

𝜅

𝑖=1

+ ∑ 𝜎1(𝜀𝑙)

𝑛

𝑙=𝜅+1
𝑙≠𝑖

= ∑ 1

𝜅

𝑖=1

+ ∑ 𝜎1(𝜀𝑙)

𝑛

𝑙=𝜅+1
𝑙≠𝑖

 

                                     = 𝜅 + ∑ 𝜎1(𝜀𝑙)𝑛
𝑙=𝜅+1

𝑙≠𝑖

. 

The paths of length 3 from 𝜀𝑖 in the drastic sum are 𝜀𝑖𝜀𝑤𝑗𝜗, 𝑗 = 1,2, … , 𝜅. Therefore,  

𝑛𝑑(𝑖+𝜅+1)3
(𝜀𝑖) = 𝜎2(𝜗) 

The paths of length 4 from 𝜀𝑖 in the drastic sum are 𝜀𝑖𝜀𝑤𝑙𝜗𝜗𝑗, 𝑙 = 1,2, … , 𝜅, 

  𝑗 = 𝜅 + 1, 𝜅 + 2, … , 𝑚. Therefore,  

𝑛𝑑(𝑖+𝜅+1)4
(𝜀𝑖) = ∑ 𝜎2(𝜗𝑗)

𝑚

𝑗=𝜅+1

 

Hence, for 𝑖 = 𝜅 + 1, 𝜅 + 2, … , 𝑛, 

DnDS(𝜀𝑖)=(𝜎1(𝜀𝑖), 𝜎1(𝜀), 𝜅 + ∑ 𝜎1(𝜀𝑙)𝑛
𝑙=𝜅+1

𝑙≠𝑖

,𝜎2(𝜗), ∑ 𝜎2(𝜗𝑗)𝑚
𝑗=𝜅+1 ) 

Similarly, for 𝑗 = 𝜅 + 1, 𝜅 + 2, … , 𝑚, 

DnDS(𝜗𝑗)=(𝜎2(𝜗𝑗), 𝜎2(𝜗), 𝜅 + ∑ 𝜎2(𝜗𝑗)𝑚
𝑙=𝜅+1

𝑙≠𝑖

, 𝜎1(𝜀), ∑ 𝜎1(𝜀𝑖)𝑛
𝑗=𝜅+1 ). 

 

Theorem 3.2.3. Let 𝐺1:( 𝜎1, 𝜇1) and 𝐺2: ( 𝜎2, 𝜇2) have 𝑛 + 1 and 𝜅 + 1 vertices 

respectively (𝑛 > 𝜅) such that 𝐺2 is a fuzzy subgraph of 𝐺1, then the DnDS of drastic sum 

are as follows: 

If 𝜀 is the apex vertex of 𝐺1, DnDS(𝜀)= (1, 𝜅 + ∑ 𝜎1(𝜀𝑖)𝑛
𝑖=𝜅+1 ) 

For 𝜀𝑖 ∈ 𝑉1 ∩ 𝑉2, DnDS(𝜀𝑖)= (1,1, 𝜅 − 1 + ∑ 𝜎1(𝜀𝑖)𝑛
𝑖=𝜅+1 ) 

For 𝜀𝑖 ∈ 𝑉1 − 𝑉2, DnDS(𝜀𝑖)= (𝜎1(𝜀𝑖),1, 𝜅 + ∑ 𝜎1(𝜀𝑗)𝑛
𝑗=𝜅+1

𝑖≠𝑗

) 

Proof: Let {𝜀, 𝜀1, 𝜀2, … , 𝜀𝑛} be the vertex set of 𝐺1. Since both 𝐺1 and 𝐺2 are fuzzy graphs 

on star graph and 𝐺2 is a fuzzy subgraph of 𝐺1, 𝜀 is also the apex vertex of 𝐺2.  

Without loss of generality, let 𝑉2 = {𝜀, 𝜀1, 𝜀2, … , 𝜀𝜅} be the vertex set of 𝐺2 and let 𝑉1 =
{𝜀, 𝜀1, 𝜀2, … , 𝜀𝜅 , 𝜀𝜅+1, … , 𝜀𝑛} be the vertex set of 𝐺1. 
Then, 𝜀, 𝜀1, 𝜀2, … , 𝜀𝜅 ∈ 𝑉1 ∩ 𝑉2 and 𝜀𝜅+1, 𝜀𝜅+2, … , 𝜀𝑛 ∈ 𝑉1 − 𝑉2. 

By the definition of the drastic sum,  
(𝜎𝐺1∪̂𝐺2

)(𝜀) = 1, (𝜎𝐺1∪̂𝐺2
)(𝜀𝑖) = 1, 𝑖 = 1,2, … , 𝜅 

(𝜎𝐺1∪̂𝐺2
)(𝜀𝑖) = 𝜎1(𝜀𝑖), 𝑖 = 𝜅 + 1, 𝜅 + 2, … , 𝑛 
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Here, the drastic sum 𝐺1 ∪̂ 𝐺2 is a fuzzy graph on a star graph with vertices 

𝜀, 𝜀1, 𝜀2, … , 𝜀𝜅 , 𝜀𝜅+1, … , 𝜀𝑛 having 𝜀 as the apex vertex.  

Consider the vertex 𝜀. The eccentricity of 𝜀 in the drastic sum is 1.  

𝑛𝑑𝑖0
(𝜀) = (𝜎𝐺1∪̂𝐺2

)(𝜀) = 1 

𝑛𝑑𝑖1
(𝜀) = ∑(𝜎𝐺1∪̂𝐺2

)(𝜀𝑖)

𝜅

𝑖=1

+ ∑ (𝜎𝐺1∪̂𝐺2
)(𝜀𝑖)

𝑛

𝑖=𝜅+1

= 𝜅 + ∑ 𝜎1(𝜀𝑖)

𝑛

𝑖=𝜅+1

 

Therefore, DnDS(𝜀)= (1, 𝜅 + ∑ 𝜎1(𝜀𝑖)𝑛
𝑖=𝜅+1 ). 

Consider the vertex 𝜀𝑖, 𝑖 = 1,2, … , 𝜅. The eccentricity of 𝜀𝑖 in the drastic sum is 2. 

𝑛𝑑(𝑖+1)0
(𝜀𝑖)=(𝜎𝐺1∪̂𝐺2

)(𝜀𝑖) = 1;     𝑛𝑑(𝑖+1)1
(𝜀𝑖)=(𝜎𝐺1∪̂𝐺2

)(𝜀) = 1. 

𝜀𝑖𝜀𝜀𝑗 , 𝑗 ≠ 𝑖, are paths of length 2. Therefore, 

𝑛𝑑(𝑖+1)2
(𝜀𝑖) = ∑ (𝜎𝐺1∪̂𝐺2

)(𝜀𝑗)𝑛
𝑗=1
 𝑗≠𝑖

= ∑ (𝜎𝐺1∪̂𝐺2
)(𝜀𝑗)𝑛

𝑗=1 − (𝜎𝐺1∪̂𝐺2
)(𝜀𝑖) 

                                        = 𝑛𝑑𝐺1∪̂𝐺2
(𝜀) − 1 

 

Therefore, for 𝑖 = 1,2, … , 𝜅, DnDS(𝜀𝑖)= (1,1, 𝑛𝑑𝐺1∪̂𝐺2
(𝜀) − 1). 

Consider the vertex 𝜀𝑖, 𝑖 = 𝜅 + 1, 𝜅 + 2, … , 𝑛. The eccentricity of 𝜀𝑖 in the drastic sum is 

2. 

𝑛𝑑(𝑖+1)0
(𝜀𝑖)=(𝜎𝐺1∪̂𝐺2

)(𝜀𝑖) = 𝜎1(𝜀𝑖);       𝑛𝑑(𝑖+1)1
(𝜀𝑖)=(𝜎𝐺1∪̂𝐺2

)(𝜀) = 1. 

𝜀𝑖𝜀𝜀𝑗 , 𝑗 ≠ 𝑖, are the paths of length 2 from 𝜀𝑖. Therefore, 

𝑛𝑑(𝑖+1)2
(𝜀𝑖) = ∑ (𝜎𝐺1∪̂𝐺2

)(𝜀𝑗)𝑛
𝑗=1
 𝑗≠𝑖

= ∑ (𝜎𝐺1∪̂𝐺2
)(𝜀𝑗)𝑛

𝑗=1 − (𝜎𝐺1∪̂𝐺2
)(𝜀𝑖)  

                     = 𝑛𝑑𝐺1∪̂𝐺2
(𝜀) − 𝜎1(𝜀𝑖) 

Therefore for 𝑖 = 𝜅 + 1, 𝜅 + 2, … , 𝑛, 
DnDS(𝜀𝑖)= (𝜎1(𝜀𝑖), 1, 𝑛𝑑𝐺1∪̂𝐺2

(𝜀) − 𝜎1(𝜀𝑖)). 

 

Theorem 3.2.4. Let 𝐺1:( 𝜎1, 𝜇1) and 𝐺2: ( 𝜎2, 𝜇2) have same vertex set {𝜀, 𝜀1, 𝜀2, … , 𝜀𝑛}. 

Then the DnDS of the vertices in the drastic sum are 

DnDS(𝜀) = (1, 𝑛) and DDS(𝜀𝑖) = (1,1, 𝑛 − 1), 𝑖 = 1,2, … , 𝑛 

Proof: Since 𝐺1 and 𝐺2 are fuzzy graphs on same star graph, by the definition of the drastic 

sum  (𝜎𝐺1∪̂𝐺2
)(𝜗) = 1 for all vertices 𝜗. 

Consider the vertex 𝜀. The eccentricity of the vertex 𝜀 is 1. 

𝑛𝑑10(𝜀)=(𝜎𝐺1∪̂𝐺2
)(𝜀) = 1;      n𝑑11(𝜀)=∑ (𝜎𝐺1∪̂𝐺2

)(𝜀𝑖)𝑛
𝑖=1 = ∑ 1𝑛

𝑖=1 = 𝑛 

Therefore, DnDS(𝜀) = (1, 𝑛) 

Consider the vertex 𝜀𝑖, 𝑖 = 1,2, … , 𝑚. The eccentricity of 𝜀𝑖 in the drastic sum is 2. 

𝑛𝑑(𝑖+1)0
(𝜀𝑖)=(𝜎𝐺1∪̂𝐺2

)(𝜀𝑖) = 1;     𝑛𝑑(𝑖+1)1
(𝜀𝑖)=(𝜎𝐺1∪̂𝐺2

)(𝜀) = 1. 

𝜀𝑖𝜀𝜀𝑗 , 𝑗 ≠ 𝑖, are paths of length 2 from 𝜀𝑖 in the drastic sum. Therefore, 

𝑛𝑑(𝑖+1)2
(𝜀𝑖) = ∑(𝜎𝐺1∪̂𝐺2

)(𝜀𝑗)

𝑛

𝑗=1
 𝑗≠𝑖

= ∑ 1

𝑚

𝑗=1
 𝑗≠𝑖

= 𝑛 − 1 

Therefore, DnDS(𝜀𝑖)= (1,1, 𝑛 − 1), 𝑖 = 1,2, … , 𝑛. 

Remark 3.2.5. If 𝐺1 and 𝐺2 are two different fuzzy graphs with no vertex in common, then 

the DnDS of a vertex 𝜗 in the drastic sum is, 
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DnDS𝐺1∪̂𝐺2
(𝜗) = {

𝐷𝑛𝐷𝑆𝐺1
(𝜗), 𝑖𝑓 𝜗 ∈ 𝑉1

𝐷𝑛𝐷𝑆𝐺2
(𝜗), 𝑖𝑓 𝜗 ∈ 𝑉2

 

4. Conclusion 

The DDS, DnDS and the drastic sum of fuzzy graphs have various real-world applications, 

especially DDS, which is used in molecular chemistry to differentiate and study the 

properties of isomers. Therefore, DDS    and DnDS of drastic sum of fuzzy graphs create 

a better scope in the field of science. The DDS and DnDS of a drastic sum of fuzzy graphs 

on stars have been explored in all possible cases in this paper. 
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