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Abstract. The concept, tools and techniques, of an intuitionistic fuzzy graph have found
many applications in different areas such as topology, all kinds of systems and networks,
computer science, etc. An intuitionistic fuzzy graph is a generalized structure of a fuzzy
graph that provides more flexibility, adaptability and compatibility to real human-centric
systems than a simpler fuzzy graph. So, in this paper, we study some results in the
intuitionistic fuzzy graph (IFG) and present some basic definitions. We investigate several
kinds of arcs, for example, ay,-strong, B,,-strong, §,,-arc in an intuitionistic fuzzy graph and
analyse some properties. Also, we give intuitionistic fuzzy bridge, intuitionistic fuzzy cut
nodes and some interesting properties of an intuitionistic fuzzy bridge.
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1. Introduction
In 1965, Zadeh [54] introduced the notion of a fuzzy subset of a set as a method for

representing uncertainty. Since then, the theory of fuzzy sets has become a vigorous area
of research in different disciplines including medical and life sciences, management
sciences, social sciences, engineering, statistics, graph theory, artificial intelligence, signal
processing, multiagent systems, pattern recognition, robotics, computer networks, expert
systems, decision making and automata theory.

Ten years after Zadeh’s landmark paper, Rosenfeld [26] and Yeh and Bang [53]
introduced the concept of fuzzy graphs. Models based on fuzzy graphs are powerful tools
and techniques to deal with many combinatorial problems in a wide array of different
domains in science and technology exemplified by algebra, topology, optimization,
computer science, social science, etc. The fuzzy graph models often outperform graph
models, that is, non-fuzzy graph models, because of the inherent existence of vagueness,
imprecision and ambiguity in virtually all practical problems, and fuzzy graphs provide in
this respect an additional modelling capability. The fuzzy relations between fuzzy sets were
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also considered by Rosenfeld and he developed the structure of fuzzy graphs, obtaining
analogs of several graph theoretical concepts. Later on, Bhattacharya [3] gave some
remarks on fuzzy graphs, and some operations on fuzzy graphs were introduced by fuzzy
graph theory is now finding numerous applications in modern science and technology,
especially in the fields of information theory, neural networks, expert systems, cluster
analysis, medical diagnosis, control theory, etc. Fuzzy trees were characterized by Sunitha
and Vijayakumar [38]. The authors have characterized fuzzy trees using their unique
maximum spanning tree. Bhutani and Rosenfeld [4] have introduced the concepts of strong
arcs [5], fuzzy end nodes [6], etc. They have shown the existence of a strong path between
any two nodes of a fuzzy graph and have studied the strong arcs of a fuzzy tree. In [5], the
concepts of fuzzy end nodes and multimin and locamin cycles were studied.

Atanassov [1] introduced the concept of intuitionistic fuzzy (IF) relations and
intuitionistic fuzzy graphs (IFGs). Research on the theory of intuitionistic fuzzy sets (IFSs)
has been witnessing exponential growth in mathematics and its applications. This ranges
from traditional Mathematics to Information Sciences. This leads to consider IFGs and
their applications. Parvathy and Karunambigai [25] introduced the concept of the
intuitionistic fuzzy graph (IFG) as a special case of Atanassov’s IFGs and analyzed its
components. In [20], some important operations on IFGs are defined and their properties
are studied. Ghorai et al. [10, 11] studied certain graph parameters in bipolar fuzzy
environment and results of m-polar fuzzy graphs with application. Khatun et al. [15,16]
investigated a comprehensive study on m-polar picture fuzzy graphs and its application and
picture fuzzy cubic graphs and their applications. Lakdashti et al. [17] presented some
results on edge irregular product vague graphs. Shao et al. [45] defined certain concepts of
vague graphs with application to medical diagnosis. Talebi and Rashmanlou [52] gave
domination set in vague graphs with application. Borzooei and Rashmanlou [9] defined
Cayley interval-valued fuzzy graphs. Topological indices in fuzzy graphs studied by Kosari
et al. [13]. Also, they defined some types of domination in vague graphs with applications
in medicine [14]. Talebi et al. [46-51] investigated new results in interval-valued fuzzy
graphs and bipolar fuzzy graphs.

Many results in different kinds of fuzzy graphs were studied in [27-37, 41-45]. Fuzzy
graphs and algorithms based on them can be very useful for the solution of many problems
of practical interest. Since uncertain and imprecise information is an essential characteristic
feature of virtually all real-life problems, mostly uncertain, the modelling of such problems
using fuzzy graphs is difficult, even for an expert. An intuitionistic fuzzy graph, an
extension of the basic concept of a fuzzy graph, can be employed to deal with deeper
aspects of uncertainty and imprecision for which the use of fuzzy graphs would not fully
succeed. In this paper, we define types of arcs in intuitionistic fuzzy graphs and
intuitionistic fuzzy trees. Also, we study intuitionistic fuzzy bridges and intuitionistic fuzzy
cut nodes and we investigate some important properties IFB. we define the intuitionistic
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fuzzy cycle and intuitionistic fuzzy tree and examine the relationship between an IFT and
IFC, we also discuss about important properties of an /FT and IFC.

In this research work, we study some properties of the intuitionistic fuzzy graph(IFG)
and some basic definitions. We investigate several kinds of arcs, for example: ay, -
strong, B,,-strong, §,,-arc in an intuitionistic fuzzy graph and present some properties of

theirs. Also, we present an intuitionistic fuzzy bridge (IFB), intuitionistic fuzzy cut nodes
(IFCN), and some interesting properties of an intuitionistic fuzzy bridge.

2. Preliminaries
Definition 2.1. Let X be a fixed set, An intuitionistic fuzzy set (IFS ) Ain X is an object

of the form A = {(x,,uA(x),vA(x)N x € X}, where uys:X - [0,1] and v4: X -
[0, 1] determine the degree of membership and the degree of non-membership of
the elementx € X, respectively and foreveryx € X,0 < puy(x) +v,(x) < 1.

Definition 2.2. An intuitionistic fuzzy graph (IFG)is of the form G = (V,E) where
() V = {vg, vy, ..., v} such that p :V—[0,1] and y,:V - [0,1] denote the
degree of membership and non-membership of the element v; €
Vrespectively and 0 <y, (vi) + p,(vj) < 1lforv; € V,(i=1,2,..,n).
(i) E € VxVwherep,:VxV-[01]andy,:V XV - [0,1] such that
() My (Vi' V]') = min[“1 i), Hy (Vi)]'
() v, (vi,vj) < max[y, (vi), v, (vj)].
(© 0=, (vi,vj) + v,(vi,vj) <1, forevery (v;,vj) € E.
Here the triple (vj, 1 ;, v,;) denotes the degree of membership and degree of non-
membership of the vertex v;. The triple ( ey, uZi].,yzu.) denotes the degree of
membership and degree ofnon-membership of the edge ej; = (vj,vj)on V. If we

consider arcs of G only with the degree of memberships, then is called p-arcs and if
we consider arcs of G only with the degree of non-memberships, then is called y-arcs.

Remark 2.3. Let G = (V, E) be an IFG. If we consider all of the vertices and arcs only with
the degree of memberships, then G induce a fuzzy graph than the degree of membership.
All of the definitions and theorems for a fuzzy graph satisfy it.

Definition 2.4. Let G = (V,E) be an IFG. An IFGH = (V,E") is said to be an
intuitionistic fuzzy subgraph (IFSG) of G, if V'€ V and E' € E such that for x € V', if

uy(x) >0 or y;(x) > 0, then u, (x) = py (x) and y;(x) =y,(x) and for (x,y) € E if
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up(x,y) > 0 0ry,(x,) > 0, then p,(x,¥) = u, (x,y) and y, (x,y) = v,(x,y). Also, H
is said to be an intuitionistic spanning fuzzy subgraph (IFSS) of G, if V' = V.

Definition 2.5. An IFGG = (V, E) is strong, if for all (v;, vj) € Euyi; = min(uy;, 4q5) and
Y2ij = max (yqj, ¥1j) and is complete if for all vj, vj; € Viuyy; = min(uq;, pqj) and y;5 =

max (Y1, Y1j)-

Remark 2.6. When p,;; = y,;; = 0 for some i and j, then there is no edge between v; and
v;. Otherwise, there exists an edge between v; and v;.

Definition 2.7. An IFGG = (V,E)is a u-tree (also ay-tree), ifG; and Gy* are tree,
respectively andG is a tree, if is a u-tree, (also ay-tree) and G; = G;. Also G is a u-cycle
(also y-cycle), if G; and Gy* are cycle, respectively and G is a cycle, if is a u-cycle, (also a

*

y-cycle) and G; = Gy.

Remark 2.8. Let G = (V,E) be an IFG. If Gis a u-cycle, then the weakest u-arc of G is
the arc with minimum degree of membership. If G is a y-cycle, then the weakest y-arc of
G is the arc with maximum degree of non-membership.

Example 2.9. In Figure 1, letG = (V,E)be an IFG, such that V = {x,u, v, w},
E = {(x,u), (u,v), (v,w), (x,w)}. Then G is a u-tree and y-tree, but is not a tree.

(0.2,0)

G:G,G>
Y
Figure 1: u-tree and y-tree G

Definition 2.10. LetP:x = vy, vy, ..., v, = y be a sequence of distinct vertices in an
intuitionistic fuzzy graph, then P is a u-path from x to y, if u,(v;_1,v;) > 0, and is a y-
path, ify,(v;_y,v;) > 0,fori =1,2,..,n. Also, P is a path, if is bothu-path andy-path,
then P is called a (x — y)path and the length of P forn > Qisn.If x =yandn > 3, P is
called u-cycle,y-cycle and cycle, respectively.
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Definition 2.11. An intuitionistic fuzzy graph G = (V, E) is u-connected, if there exists a

u-path between every pair of vertices in Gand is y-connected, if there exists a y-path
between every pair of vertices in G. Also, G is called strong connected, if there exists a
path between every pair of vertices in G.

Remark 2.12. In Figure 1,G is u-connected and y-connected, but is not connected. There
exist a y-path and y-path from x to v, but there no exist a path.

Definition 2.13. If v;,v; € V < G, the u-strength of connectedness between v; andv; is
uz (v, vj) = sup{u’g(vi,vj) |k=1,2,...,n} and the y -strength of connectedness
between v; andv; is y3'(v;, v)) = inf{y¥ (v, v)| k =1,2,...,n}.p5 (u, v)is defined as
sup{ py(u, v1) Ay (v1,v2) A e Aty (V_q, V)| U, V1, V..., V1,V EV}, if u,v are
connected by u-paths of length k. Also if u, v are connected by y-paths of length k, then
Y¥(u, v) is defined as

inf{y2 (w, v)Vy2 (1, v2)V.. . VY2 (V-1, V) | U, V1, V2, ..., Vg, V € V.

Theu-strength and y -strength of connectedness between v;andv; in G = (V,E) is
denoted by ug (v, v;) and v (v;, v;), respectively. Also, uz°(v;, v;) and y;° (v;, v;) denote
HE (v Wi vp) and yg’_(vi l7]_)(171-, v;), where G — (v;, v;) obtain from G by deleting the

arc (v, vj)-

Remark 2.14. If P is a u-path in G = (V,E) from x to y, then the wu-strength of P is
denoted byup (x,y)and if P is a y-path in G, then they-strength of P is denoted by
yp (x,y). A path between a pair of vertices x and y is the u-strongest (x — y) path and y-
strongest (x — y) path, if theu-strength and y-strength of it is equal to u3'(x,y) and
y2 (x,y), respectively.

3. Types of arcs and paths
Definition 3.1. An arc (x,y) in an IFGG = (V,E)is called p-strong and y-strong, if

(%) = uy°(xy) and v, (x,y) < v5° (%, y), respectively. Also, (x,y) is called strong, if
it p-strong or y-strong.

Definition 3.2. An arc (x,y) in G= (V,E) is called o, -strong, B, -strong, &, -arc, a,, -
strong, By -strong and & -arc, if p,(x,y) > pz°(xy), Ha(xy) = 13" (X y), K2(xy) <

R EY) o Y23y) <VPxY) L v2(xy) = v (xy) and ya(xy) > v (xy)
respectively.

Example 3.3. In Figure 2, letG = (V,E)be an IFG, such that V= {x,u,v,w,z}, E =
{xw), % v), (w,v), (u,w),(v,2),(w,z)}. Then the arc (x,u) is §,-arc and «,-strong, the
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arc(x,v)is a,-strong and 8, -arc, the arc(u,v) is a,-strong and a, -strong and the arcs
(u,w), (v,z) and (w, z) are B,-strong and B, -strong.

Definition 3.4. Let P: x = vy, vy, ..., v, = y be a u-path from x to yinanG = (V,E). P is
u-strong (a,-strong), if fori =1, 2, ..., n, the arcs (v;_4, v;) are u-strong (a,-strong). Let
P be a y-path, then P is y-strong («,-strong), if for i = 1,2, ..., n, the arcs (v;_,, v;) are y-
strong (a, -strong). Let P be a path, then P is strong (a-strong), if P is u-strong or y-strong
(a,-strong or a,-strong).

Remark 3.5. In Figure 2, the path P: x, v, u is a a,,-strong path and the path P:x,uvisa
o,,-strong path. Hence P and P’ are o-strong paths.

(0.2,0.3) (0.3,0.4)

(0.4,0.3)

Figure 2: Intuitionistic fuzzy graph G

Proposition 3.6. If G = (V, E) be a y-connected IFG, then there exists a y-strong path
between every vertices of G.

Proof: An IFG G isy-connected, hence there exists y-path between every vertices. If
(x,y) is not y-strong arc, then we have y,(x,y) > y5* (x,y). Hence there exists a y-path
P from x to y, which y-strength of it is less than y, (x,y). Now if some arcs of P are not
y-strong, we repeat this argument. Finally we will have a y-path from x to y, which is y-
strong. This complete the proof.

Proposition 3.7. If a path P fromx toy in an IFGG = (V, E) is a,,-strong, then P is a y-
strongest (x — y) path.

Proof: Let P:x = vy, vy, ..., v, =y be a a,-strong path and suppose that P is not a y-
strongest (x — y) pathin G. Let P": x = v,',v,/, ..., v, = y be a y-strongest (x — y) path
in G. Hence y,(vi_,v{) <yp’(x,y), fori =1,2,..,n. Also P and P’ form a y-cycle,
called C. The weakest y-arc ofCis in P. Let (u, v) be a weakest y-arc in P. We consider P"
be the (u —v) path in Cnot include (u,v). It follows that y,(u,v) = y;? (u,v) =
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¥z~ (u, v) which implies that (u, v) is not a a, -strong arc, this contradicts the assumption.
Therefore, P is y-strongest (x — y) path in G.

Definition 3.8. An arc (x,y) in an IFGG = (V,E) is said to be an intuitionistic fuzzy u-
bridge (IFu-bridge), if deleting (x, y) reduces the u-strength of connectedness between
some pair of vertices. Equivalently, there exist u, v € Vsuch that (x, y) is an arc of every
u-strongest (u — v) path. An arc (x, y) is said to be an intuitionistic fuzzy y-bridge (IF y-
bridge), if deleting (x, y) increases the y-strength of connectedness between some pair of
vertices. Equivalently, there exist u, v € V such that (x, y) is an arc of every y-strongest
(u — v) path. An arc (x, y) is said to be an intuitionistic fuzzy bridge (IFB), if itisan IFu-
bridge or IFy-bridge.

Definition3.9. A vertex x € V is an IFGG = (V,E) is an intuitionistic fuzzy u-cut vertex
(IFu-cut vertex), if deleting it reduce the u-strength of connectedness between some pair
of vertices. Equivalently, there exist u, v € VV such that x is a vertex of every p-strongest
(u —v) path. A vertex x €V is an intuitionistic fuzzy y-cut vertex (IFy-cut vertex), if
deleting it increase the y -strength of connectedness between somepair of vertices.
Equivalently, there exist u, v € V such that xis a vertex of every y-strongest (u — v) path.
A vertex x € V is an intuitionistic fuzzy cut vertex (IFCV), if it is an IFu-cut vertex or
IF y-cut vertex.

Example 3.10. In Figure 3, let G = (V,E) be an IFG, such thatV = {x,u,v,w,z}, E =
{(x,w), (x,v), (W, v), (w,w), (v,2),(w,z)}. Then the arcs (x,u)and (x,v)are B, -strong
and a, -strong, the arcs (u,v) and (u,w) are g, -strong andé, -arc, the arcs(v,z) and
(w, z) are a,-strong and a, -strong. Hence all arcs are strong. Also the arcs(v,z) and
(w, 2) are IFu-bridge, and the arcs (x, u), (x, v), (v, z) and (w, z) are IF y-bridge. Hence
all arcs except (u,v) are IFB. Also, z is an IF u-cut vertex and x, z are IF y-cutvertex.
Hence x,z are IFCV.

(0.3,0.2)

(0.4,0.6) (0,5,0.5)

Figure 3: Intuitionistic fuzzy graph G
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Theorem 3.11. Let (x,y) beanarcinan IFGG = (V,E), then

() (x,y) is an IFu-bridge iff u, (x, y) > uy°(x, y).

(i) (x,y) is an IFy-bridge iff y,(x,y) < y3*(x,y).

(iii) (x,y) isan IFB iff p,(x,y) > g™ (x, ) or y2(x, y) <y2°(x,¥).

Proof: (i) It is obvious.

(ii) Assume that (x,y) is an IFy-bridge, hence there exist u, v € V such that (x,y) is an
arc of y-strongest (u — v) path, which is called P. Now let P’ be a y-path from u to v not
include (x, y) and the y-strength of it be minimum between all the y-paths from u to v not
include (x,y). Then P and P’ form a cycle called € and C — (x,y) is ay-path called P".
We claim that P" is the y-strongest path between x and y. Let p’ be a y-strongest path
between x and y, then deleting (x,y) not increase the y -strength of u and v. This
contradicts the assumption. Hence, y,-(x,y) = ¥,” (x,y). Also, the weakest y-arc of C is
on P’, therefore y,(x,y) <y, (x,y) implies that y,(x,y) < y;”(x,y). Conversley, if
v2(x,y) < y5°(x,y), then deleting (x, y) increase y-strength of connectedness between x
and y, hence (x, y) is an IF y-bridge.

(iii) It follows from (i) and (ii).

4. Conclusions

Graphs theory has a wide range of applications in diverse fields. Fuzzy graph theory has
numerous applications in modern sciences and technology, especially in the fields of
operations research, neural networks, artificial intelligence and decision making. In this
paper, the IFT,IFC,IFB,IFCN and types of arc in anIFG has been investigated. The
concepts of intuitionistic fuzzy graphs can be applied in various areas of engineering,
computer science: database theory, expert systems, neural networks, artificial intelligence,
signal processing, pattern recognition, robotics, computer networks, and medical diagnosis.
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