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Abstract. A setSof vertices in a grapts = (V.E) is a dominating set @ if every vertex
of V =Sis adjacent to some vertex 8fA setS of vertices is an exagtstep dominating
set if any vertex o6 is at distancé from exact one vertex @& In this paper, at the first
we study on the strength of strongest 2-step ddimgpaet in 2-corona fuzzy graphs and
then we study on dominating set in fuzzy graphseeigfly fuzzy paths and fuzzy
cycles.Then we introduce the concepts of strendthstingest dominating set in
complement of fuzzy graphs.
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1. Introduction

Zadeh’s paper developed a theory which proposedngdke grade of membership of an
element in a subset of a universal set a valugdclosed interval of real numbers. Zadeh's
ideas have found applications in many areas ofnseieand technology. Theoretical
mathematics have also been touched by fuzzy setythEhe ideas of fuzzy set theory have
been introduced into topology, abstract algebranmggry, graph theory, and analysis [17].
Fuzzy graphs were introduced by Rosenfeld, whodessribed the fuzzy analogue of
several graph theoretic concepts like paths, cytleas and connectedness [23]. Nagoor
Gani and Chandrasekaran defined dominating setlamihation number in fuzzy graphs
in [20]. Recently, several concepts in intuitiom$tizzy graphs, picture fuzzy graphs, and
cubic fuzzy graphs investigated in [18-2B]this paper, we study domination in fuzzy
graphs. We introduce the concept of strength ohgest dominating set by using
membership values of vertices and edges in fuzagtyy. We present some bounds
for the strength of strongest dominating set irzjugraphs and then determine the
strength of strongest dominating set in some famibf fuzzy graphs including
complete fuzzy graphs and complete bipartite fugraphs. We also introduce the
concept of strength of strongésstep dominating set in fuzzy graphs, and present
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various bounds for the strength of strength ofrgjest 1-step dominating set in
fuzzy graphs.

2. Definitions and notations

In this section we introduce some graph theory el as fuzzy graph theory definitions
and notations.

Let G = (V,E) be a graph of orden(G) = V | and sizen(G) = [E(G)| = E|. The
degree of a vertexin G is number of edges that are adjacentamd denote it by degv)
= dg(v). The maximum (minimum) degree among the vertwfe® is denoted by (G)
(6(G), respectively). A patlP, of G is a sequencevi...\, of vertices ofG in whichviis
adjacent tosi+1for i= 1.2....n— 1 . A subse8of V is called adominating sein G if every
vertex inV\Sis adjacent to some vertexthThedomination numbeof G is the minimum
cardinality taken over all dominating sets@rand is denoted by G), or simplyy [3]. A
subsetSof Vis called a total dominating set@if every vertex inV is adjacent to some
vertex inS Thetotal domination numbeof G is the minimum cardinality taken over all
total dominating sets i@ and is denoted by(G), or simplyy.. The literature on the subject
of domination and total domination parameters apbs have been surveyed and detailed
in the books [8,9].

Two verticesu andv in a graphG for which d(u,V) =k, are said td-step dominate each
other. The set Mv) denotes the set of vertices of G that are g-steminated by v. Schultz [24]
defined a set S = {uv2s...svi} of vertices in a graph G, for some integerm, as a step dominating
set for G if there exist nonnegative integers. kk such that the sets {ivi)} form a partition of V
(G). The minimum cardinality of a step dominatireg & called the step domination number of G.
A set S of vertices of G is called a k-step doniimtaset ifU,¢s Ny (v) = V(G). A k-step dominating
setSsuch that the sédg(v) , v € S. are pairwise disjoint. Is called an exact k-step dominating set.
If a graph G has an exact k-step dominating seh @ is called an exact k-step domination graph.
The concepts of step domination and exact k-stepirition were further studied in [4,5,10].

We next introduce fuzzy graph theory definitionsl aotations.

2.1. Fuzzy graph theory

We use the notationsfor supremum and for infimum. A fuzzy subset dBis a mapping
H: S— [0.1], where [01] denotes the set £R : 0<t < 1}. We purposgl as assigning to
each elementeS. a degree of membership<@(x) <1 [17]. A fuzzy graplG = (V,o,1)

is a nonempty séf together with a pair of functions: V — [0.1] andu : V x V — [0.1]
such that for alk.ye V, we havau(x.y) <a(X) Aa(y). For the sake of notational convenience,
we omitV in the sequel and use the notat®re (o,1). The underlying graph of fuzzy
graphG = (o,M), is the graph with vertices and edge$sof (o,11) such that(x) = 1, for
every vertex of the fuzzy vertices db = (o,1t), andu(x.y) = 1, for every edgex(y) of the
fuzzy edges o6 = (o,1) and is denoted b§ "= (o) or G . The ordep and sizeq of a
fuzzy graphG= (o,1) are defined ap = },c, o(x)andq = ¥ yep u(x.y). Leto:V -
[0.1]be a fuzzy subset &f . Then the complete fuzzy graph enis defined as G (0. u).
whereu(x.y) > 0 for all x.yeE and is denoted bi,. A fuzzy graphG = (o,M) is said to
be bipartite if the set of vertic&can be partitioned into two nonempty sétandV.such
thatpu(va,v2) = 0 if vi €Viandvz €Vior vi Ve andvz €V, Further ifu(u.v) >0 for allu eV,
andv €V,, thenG is called a complete bipartite fuzzy graph anceisaded byK,1,2, where
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orandaare the restrictions aefto ViandVs, respectively.

LetG = (o,1) be a fuzzy graph oiandSc<f V. Then the fuzzy cardinality &is defined
to be} ,e;0(v) and is denoted bj§| . For a vertex x the s&{x] = {N(x) U{x}} is the
closed neighborhood af A vertexu of a fuzzy graplG is said to be an isolated vertex if
H(u,v) = 0 for allv eV \ {u}, that is,N(u) = @, [17]. Alsop(v.S is equal to the minimum
membership of edges betweeand vertices of the s&t The degree of a vertanxs > a(u),
whereu eN(v). We denote by(G) anddi(G) the maximum and minimum degree in fuzzy
graphG = (o,), respectively. For a vertex we define the depth afas the minimum
membership of edges adjacentvwaand denote it byd(v). A vertex with maximum
membership in a fuzzy grafbis denoted bysand a vertex with minimum membership
in fuzzy graphG is denoted by,. Also an edge with maximum membership is denoted b
esand an edge by minimum membership is denotesl.byhe edgeuis called strong edge
if pu(e.y) = Alo(u),a(v)]. The complement of a fuzzy grage (o), denoted byG =
(o, ), iIsG = g,1u ), whergt &.y) = a(X) Aa(y) — u(x.y), for all x.y €V. If edgeewis
strong edge, thep(u.v) = 0[14].

A pathP in a fuzzy graphs = (o,J) is a sequence of distinct verticesx......%

(except possiblyoandx,) such thapi(x;_;.x;)>0.1<i <n. Heren> 1 is called the length
of the pathP. The consecutive pairs;(;. x;) are called the edges of the path. The strength

of the path of lengttk from xo to X, is defined aNi—1(zi-1,%:) and is denoted by
1 (%0,%). In other words, the strength of a path is defiteebe the weight of the weakest
edge of the path.

A single vertexx may also be considered as a path. In this caspathés of length
0. If a path has length 0, it is convenient to mefits strength to be(xo). It may be noted
that any path of length >0 can be defined as a sequence of edges.f;), 1 <i<n,
satisfying the conditiop(x;_;.x;) >0 for 1<i<n, [17].

A vertexx in a fuzzy graptG = (o,1), dominates a vertexif p(x.y) >0. A subset
Sof vertices is called dominating sein G = (o) if for every vertex 2 s, there exists a
vertexu eSsuch thau dominatess. The minimum fuzzy cardinality of a dominating set
in G = (o,}) is called thedomination numbeof fuzzy graphG = (¢,) and is denoted by
»(G) or yr. A subsetS of vertices is called #tal dominating sein G = (o,) if for every
vertexv of G = (g,l), there exista €S such thatu dominatesv. The minimum fuzzy
cardinality of a total dominating set @ = (o,1) is called theotal domination numbeof
fuzzy graphG = (g,1) and is denoted by(G) or y+. Domination in fuzzy graphs are studied
in, for example [15,16,18,19,20].

Let G = (o,0) be a fuzzy graph. Analogue kestep domination in graphs we can
definek-step domination in fuzzy graphs as follows. AS&1V (G) is ak-step dominating
setof G if for every vertexv there exists at least one path of lengtietweenv and the
vertices ofS that is, there exists at least one veref Ssuch thap“(v,u) >0. A k-step
dominating seSof G such that the set(v) = {u €V (G)|u*(v.u) >0}, v €S, are pair-wise
disjoint, is called amxact k-step dominating sét a fuzzy graphG has an exadt-step
dominating set, the@ is called arexact k-step domination fuzzy graph

3. Strongest dominating set in fuzzy graphs
Following the definition of dominating sets in fyzgraphs, we note that every vertex has
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a degree of membership in a fuzzy graph. So twiergifit minimum dominating sets of a
fuzzy graph may have non-equal fuzzy cardinalitytiftermore, given a dominating et
in a fuzzy grapl® = (o,1), a vertex may be dominated by several vertic&nith different
memberships. This motivate us to define the bestimtating set for a fuzzy grap® =
(o,1) by contemplate degree of membership of vertioed @dges as follows. For a
dominating seBand a vertex eG\ S we definanaX p(u.V)|u €S. veG\ S} as thestrength
of dominance®nv and denote it bgdonfv.S. We also define mirgdon{v.9v eG\ § as
thedominate strengtbf Sand denote it bgdon{G \ S,3. We denote by(G) the set of
minimum dominating sets with maximusdon{G \ S,§. A set with maximum fuzzy
cardinality between all minimum dominating sets ®fG) is called thestrongest
dominating se&nd its fuzzy cardinality is callestrength of strongest dominating getG

= (o,1) and is denoted it bysdG)[6].

In the following, we have theorems that are proied6] for the strength of strongest
dominating set in fuzzy graphs.

Theorem 1[6]. For every fuzzy graph G ={u),yf(G) < ssd(G).

Theorem 2[6]. For any fuzzy graph G =s(u) of order p, ssd(& p. and equality holds if and
only if each vertex of G is an isolated vertex

Theorem J6]. For every fuzzy graph G s 1), v(G*).6(Vw) < ssd(G)X y(G*).o(Vs) .

Theorem 46] .Let G = E,) be a complete fuzzy graph.Khen ssd(K) = max{o(v)|v
€S}, where S is the set of vertices afwith maximum dept.

Theorem H6]. Let G = E,u) be a complete bipartite fuzzy gragly, s, Then
ssdKs,.0,) = Max{o1(v) + c2(w)|{v.w} €S}, where S is the set contains every pair of
vertices {v.w} such that \ec1.w €o> and d(v)Ad(w) maximum among all pair of
vertices {v.w} with veciand weo,. Also we have following theorems for strength of
strongest exact 1-step dominating set in fuzzyusap [].

Theorem g6]. Let G = E,u) be an exact 1-step domination fuzzy graph. i an
arbitrary vertex of G and S is an exact 1-step datitig set of G, then sda(w,S) =

H(v,S).

Theorem7[6]. For every exact 1-step domination fuzzy graph (G,1). we have
v#(G) < ssd(G).

4. Strength of strongest 2-step dominating set

The 2-corona fuzzy grapkhOP,= (oc.lc) of a fuzzy graph G =o(j) is the fuzzy graph
obtained from G by attaching a fuzzy patRv,p) = %o.X1.x20f length 2 such thaf(xo.x2)
>0, for every vertex \EGOP,, if v €G, theno(v) = 6(v) and if v = x€P,, theno(v) =
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v(xi) .Also for every edge eGOP,, if e €G, then (v) = p(v), and if e=P,, then (v) =
p(e)-

In the following, we obtained the strength of stfest 2-step dominating set in 2-
corona fuzzy graphs.

Theorem 8.Let G = @E,l) be a 2-step domination fuzzy graph with n eedi If
GOP,= (oc. o) is @ 2-corona fuzzy graph of G, then£$60P,) = P.

Proof: Let SCV (G) be a 2-step dominating set of fuzzy graph (&,8) andGOP,=
(oc.lc) be a 2-corona fuzzy graph of G that is obtaimechfG by attaching a path £
ziuiw; of length 2 to each vertex afof G, for i= 1.2,...,n, by mergingwith vi. For every
vertex vof G there exists at least one path of length @/beh vand the vertices of S.
For every vertexwf G, for i= 1.2,...,n, there exists at least opetex L of S such that
if P2= v,vj,tis the path of length 2 betweeraad vertexdof S, then f(vi.t) >0 and so
p(v.vj) >0 and p(pty) >0. Let H = V (G). Since &H is a 2-step dominating set of G,
any vertex of G is 2-step dominated by H. On thHeeitand, every vertex;vg at
distance 2 of vertex, @H.Also every vertexus at distance 2 of vertexyaH. SoH =V
(G) is a 2-step dominating set of fuzzy gr&jP,= (cc.l\c). Because every vertexof

V (G), i= 1.2.....n, must be in every 2-step dortiimgset of fuzzy grapfOP,= (oc. L)
for 2-step dominating vertices,vgo for every vertex;of V (G) we have the set V (G)
\ {vi} is not a 2-step dominating set GOP,= (oc.lic) and so H =V (G) is a minimal 2-
step dominating set &fOP,= (cc.l) -Also if H be another minimal 2-step dominating
set ofGOP,= (o..lc), then every vertex;wf V (G), i= 1.2.....n, must be iH, for
dominating vertices wTherefore HcH and sqH|¢ < |H|f.so H is the only minimum

2-step dominating set GOP,= (oc.[ic) and ssg{GOP,) = |H|= |V (G)|= P.

5. New results for complement of fuzzy graphs

In these section first we study on strength ofrgiest dominating set in complement of
fuzzy paths and fuzzy cycles. Then we introducecdcepts of strength of strongest
dominating set in complement of other fuzzy graphs.

Theorem9. Let R, be fuzzy path. Then sR}i{ < 2c(vs).

Proof. Let path Rbe a fuzzy path that is a sequence of distinctiogsty,x1,...,%
(except possibly, and x,, ) such that ;_,.x;) >0 ,1<i<n. if R,has no strong edge .
Then we hav@(x;_;.x;) >0 ,1<i< ninP,too .also every two vertex that are not injoyed.
Are injoyed inP,. Therefore the vertex, and also vertex, dominate all vertices iR,.
Minimum dominating set a fuzzy pabj has exactly on vertex. so sBg(< o(Vs).

Now let the path Phas at least one strong edge. If strong edgeenfatbx;) or (X,—1-Xpn),

then also the vertexrr vertex xdominate all vertices iR, and so minimum dominating
set of fuzzy patl®, has exactly one vertex. So g(< o(vs) .But let the edgex{.x;) or
(xp—1-Xp) be strong edge. Let{xi) be strong edge, 3Xo.X1) = 6(Xo) Ac(X1) — H(%.X1)

= 0 and there is no edge betweeand x. So we need two vertivegsand x in dominating
set ofP, and we have ssBj() < 26(vs).
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Theorem 10.Let G,be a fuzzy cycle. Then s€t}) < 3o(vs).
Proof: Let the cycleC,be a fuzzy cycle that is a sequence of distindicasxo, xa,...,%=x,
such that w_,.x;) >0 ,1<i<n, if C,has no strong edge. Then the set of very vertex
x;, 1<i<n-1,is dominating set fo€,.Therefor we have ss@() < o(v,) . Now let the
cycle C, has at least one strong edge. If there exist énex such asg; in cycle C, that
two edges that are injoyed lry not be strong, thefx, }is dominating set for fuzzy cycle
C,,.. So in these case sBgf < o(v,) .At the worst case if for every vertex in fuzzycle
C, two edges that are injoyed by these vetices loagt then we need tree vertices for
minimum dominating set of fuzzy cyct®,. So we havesdC,,) < 3o(Vs).

Now let the cycleC, has at least one strong edge. If there exist ¢hiex such as
Xk in cycleC,that two edges that are injoyed xynot be strong, thenx§} is dominating
set for fuzzy cycle,, So in these cassdP,) < o(Vs). At the worst case if for every vertex
in fuzzy cycleC,two edges that are injoyed by these vertices loagtthen we need tree
vertices for minimum dominating set of fuzzy cy€lg So we havesdC,,) < 3o(Vs).

Now we proved new theorems for domination in comm@et of fuzzy graphs and
study on relationship between these parameters.

Theorem 11.Let G be a fuzzy graph without isolated vertex. Thed(G)+ss@) < 2P.
Proof: Let G be a fuzzy graph without isolated vertex. ThedG) = max IS||S€E S(G)}.
It is distinct thasssdG) < p. We havessdG)+ssdG) < 2P.

Theorem 12.Let G be a fuzzy graph without strong edge and 8dminating set for G.
Then S is dominating set fGtoo.

Proof: Let G be a fuzzy graph without strong edge &ige dominating set fo. Then
for every vertex such asin G\ Sthere exist at least one vertein Sthat is adjacent with
u by edgeuv and membership(u,V) . Now letu be a vertex i \ S The vertex in Sis
adjacent withu by edgeuv and membership (.v) = o(U)Ac(V)—(u.v) >0. SoSis
dominating set fo66™ too.

Theorem 13.Let G be a fuzzy graph without strong edge. ThéB) =y:(G)

Theorem 14.Let G be a fuzzy graph that have at least one x¢hi& is joined by exact
one vertex with strong edge. Then $)IK 26(vs)

Proof. Let G be a fuzzy graph and v be a vertex thatirejbby exact one vertex u with
strong edge. Then vertex v is joined by all vediiteG except u, because uv is strong edge.
So {u,v} is dominating set fo& with minimum cardinality. Let S = {u,v} be in thset
S{(G) that is the set of minimum dominating sets withiximum sdom(G\S,S).

Because dis the vertex by maximum membership, So we havéGsso2c(vs).

Corollary15. Let G be a fuzzy graph that have at least one x¢hig is joined by exact
one vertex with strong edge. Tha(G) = min{c(vi) + o(u)} that uv;is strong edge.

Theorem 16.Let G be a fuzzy graph without strong edgeyfy*) = 1. Then ssd(G¥
o(Vs).
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Proof: Let G be a fuzzy graph without strong edgeybg*) = 1. Because all edger of G
has degree undef(u)Ac(Vv), sou (.V) = o(U)Ac(V)—p(u.v) >0 and the vertex that is
dominatedG also dominatés. Let setS = {v} be dominating set o6s. Then set {} is
dominating set o by minimum cardinality. Sedon{G\S.S = min{sdonfu.Sju €G\ §}
=d(v). SoSsis the set of vertices that are dominating seGfby minimum depth. Therefor
we havessqG) = maX a(v)[{v} €S} .
Theorem 17.Let G be a fuzzy graph and every vertex in G isyief by at least two
vertices with edge by positive integer. Then

o(Vw) + 3(G) < ssd(G).
Proof: Let G be a fuzzy graph and every verteXdiis injoyed by at least two vertices with
edge by positive integer ancbe an arbitrary vertex @. If all vertices adjacent with be
adjacent with another— 1 vertices of5 by strong edges, then we ha\@) vertices that
are isolated iff andu must be adjacent by (G)-N(u) vertices with edge by positive
integer. So §.N(u)} is minimal dominating set foff and sop(G) = o(U) +Xyencw) o(v)
for as much as,, has minimum membership of vertices in G @ndve haves(v,,) +
Yr(G) = o(vy,) + ¥,(G) K y(G), we haver () + £ (G) K ssd(G).
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