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Abstract. A set S of vertices in a graph G = (V.E) is a dominating set of G if every vertex 
of V −S is adjacent to some vertex of S. A set S of vertices is an exact k-step dominating 
set if any vertex of G is at distance k from exact one vertex of S. In this paper, at the first 
we study on the strength of strongest 2-step dominating set in 2-corona fuzzy graphs and 
then we study on dominating set in fuzzy graphs especially fuzzy paths and fuzzy 
cycles.Then we introduce the concepts of strength of strongest dominating set in 
complement of fuzzy graphs. 
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1. Introduction 
Zadeh’s paper developed a theory which proposed making the grade of membership of an 
element in a subset of a universal set a value in the closed interval of real numbers. Zadeh’s 
ideas have found applications in many areas of science and technology. Theoretical 
mathematics have also been touched by fuzzy set theory. The ideas of fuzzy set theory have 
been introduced into topology, abstract algebra, geometry, graph theory, and analysis [17]. 
Fuzzy graphs were introduced by Rosenfeld, who has described the fuzzy analogue of 
several graph theoretic concepts like paths, cycles, trees and connectedness [23]. Nagoor 
Gani and Chandrasekaran defined dominating set and domination number in fuzzy graphs 
in [20]. Recently, several concepts in intuitionistic fuzzy graphs, picture fuzzy graphs, and 
cubic fuzzy graphs investigated  in  [18-22]. In this paper, we study domination in fuzzy 
graphs. We introduce the concept of strength of strongest dominating set by using 
membership values of vertices and edges in fuzzy graphs. We present some bounds 
for the strength of strongest dominating set in fuzzy graphs and then determine the 
strength of strongest dominating set in some families of fuzzy graphs including 
complete fuzzy graphs and complete bipartite fuzzy graphs. We also introduce the 
concept of strength of strongest k-step dominating set in fuzzy graphs, and present 
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various bounds for the strength of strength of strongest 1-step dominating set in 
fuzzy graphs. 

2. Definitions and notations 
In this section we introduce some graph theory as well as fuzzy graph theory definitions 
and notations. 

Let G = (V,E) be a graph of order n(G) = |V | and size m(G) = |E(G)| = |E|. The 
degree of a vertex v in G is number of edges that are adjacent to v and denote it by degG(v) 
= dG(v). The maximum (minimum) degree among the vertices of G is denoted by ∆(G) 
(δ(G), respectively). A path Pn of G is a sequence v0v1...vn of vertices of G in which vi is 
adjacent to vi+1 for i= 1.2.....n − 1 . A subset S of V is called a dominating set in G if every 
vertex in V \S is adjacent to some vertex in S. The domination number of G is the minimum 
cardinality taken over all dominating sets in G and is denoted by γ(G), or simply γ [3]. A 
subset S of V is called a total dominating set in G if every vertex in V is adjacent to some 
vertex in S. The total domination number of G is the minimum cardinality taken over all 
total dominating sets in G and is denoted by γt(G), or simply γt. The literature on the subject 
of domination and total domination parameters in graphs have been surveyed and detailed 
in the books [8,9]. 
 Two vertices u and v in a graph G for which d(u,v) = k, are said to k-step dominate each 
other. The set Nk(v) denotes the set of vertices of G that are k-step dominated by v. Schultz [24] 
defined a set S = {v1وv2و...وvr} of vertices in a graph G, for some integer r ≤ n, as a step dominating 
set for G if there exist nonnegative integers k1,...,kr such that the sets {Nki(vi)} form a partition of V 
(G). The minimum cardinality of a step dominating set is called the step domination number of G. 
A set S of vertices of G is called a k-step dominating set if ∪�∈� N��v	 = V�G	. A k-step dominating 
setSsuch that the sets N��v	 , v ∈ S. are pairwise disjoint. Is called an exact k-step dominating set. 
If a graph G has an exact k-step dominating set, then G is called an exact k-step domination graph. 
The concepts of step domination and exact k-step domination were further studied in [4,5,10]. 

We next introduce fuzzy graph theory definitions and notations. 

 

2.1. Fuzzy graph theory 
We use the notations ∨ for supremum and ∧ for infimum. A fuzzy subset of S is a mapping 
µ: S → [0.1], where [0.1] denotes the set {t ∈R : 0 ≤ t ≤ 1}. We purpose µ as assigning to 
each element x ∈S . a degree of membership .0 ≤ µ(x) ≤ 1 [17].  A fuzzy graph G = (V,σ,µ) 
is a nonempty set V together with a pair of functions σ : V → [0.1] and µ : V × V → [0.1] 
such that for all x.y ∈ V, we have µ(x.y) ≤ σ(x) ∧σ(y). For the sake of notational convenience, 
we omit V in the sequel and use the notation G = (σ,µ). The underlying graph of fuzzy 
graph G = (σ,µ), is the graph with vertices and edges of G = (σ,µ) such that σ(x) = 1, for 
every vertex x of the fuzzy vertices of G = (σ,µ), and µ(x.y) = 1, for every edge (x.y) of the 
fuzzy edges of G = (σ,µ) and is denoted by G *= (σ,µ) or G *. The order p and size q of a 
fuzzy graph G= (σ,µ) are defined as � = ∑  �!	"∈# and q = ∑ $�!. %	"&∈' . Let  : ) →
+0.1.be a fuzzy subset of V . Then the complete fuzzy graph on    is defined as 0� . $	. 
where $�!. %	 > 0   for all x.y∈E and is denoted by Kσ. A fuzzy graph G = (σ,µ) is said to 
be bipartite if the set of vertices V can be partitioned into two nonempty sets V1 and V2 such 
that µ(v1,v2) = 0 if v1 ∈V1 and v2 ∈V1 or v1 ∈V2 and v2 ∈V2 . Further if µ(u.v) >0 for all u ∈V1 

and v ∈V2, then G is called a complete bipartite fuzzy graph and is denoted by Kσ1,σ2, where 
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σ1 and σ2 are the restrictions of σ to V1 and V2, respectively. 

Let G = (σ,µ) be a fuzzy graph on V and S ⊆f V . Then the fuzzy cardinality of S is defined 
to be ∑  �3	#∈4  and is denoted by |6|7. For a vertex x the set N[x] = {N(x) U{x}} is the 
closed neighborhood of x. A vertex u of a fuzzy graph G is said to be an isolated vertex if 
µ(u,v) = 0 for all v ∈V \ {u}, that is, N(u) = ∅, [17]. Also µ(v.S) is equal to the minimum 
membership of edges between v and vertices of the set S. The degree of a vertex v is ∑σ(u), 
where u ∈N(v). We denote by ∆f(G) and δf(G) the maximum and minimum degree in fuzzy 
graph G = (σ,µ), respectively. For a vertex v, we define the depth of v as the minimum 
membership of edges adjacent to v and denote it by d(v). A vertex with maximum 
membership in a fuzzy graph G is denoted by vs and a vertex with minimum membership 
in fuzzy graph G is denoted by vw. Also an edge with maximum membership is denoted by 
es and an edge by minimum membership is denoted by ew. The edge euv is called strong edge 
if µ(e.v) = ∧[σ(u),σ(v)]. The complement of a fuzzy graph G= (σ,µ), denoted by G¯  = 
(σ,µ¯ ), is G¯  = (σ,µ¯ ), where µ¯ (x.y) = σ(x) ∧σ(y) − µ(x.y), for all x.y ∈V. If edge euv is 
strong edge, then µ(u.v) = 0[14]. 
 A path P in a fuzzy graph G = (σ,µ) is a sequence of distinct vertices x0.x1.....xn 

(except possibly x0 and xn) such that µ�!:;<. !:	>0.1 ≤ i ≤ n. Here n ≥ 1 is called the length 
of the path P. The consecutive pairs (!:;<. !:) are called the edges of the path. The strength 

of the path of length k from x0 to xk, is defined as  and is denoted by 
µk(x0,xk). In other words, the strength of a path is defined to be the weight of the weakest 
edge of the path. 
 A single vertex x may also be considered as a path. In this case, the path is of length 
0. If a path has length 0, it is convenient to define its strength to be µ(x0). It may be noted 
that any path of length n >0 can be defined as a sequence of edges (!:;<. !:), 1 ≤ i≤ n, 
satisfying the condition µ(!:;<. !:) >0 for 1 ≤ i ≤ n, [17]. 
 A vertex x in a fuzzy graph G = (σ,µ), dominates a vertex y if µ(x.y) >0. A subset 
S of vertices is called a dominating set in G = (σ,µ) if for every vertex3 ∌ >, there exists a 
vertex u ∈S such that u dominates v. The minimum fuzzy cardinality of a dominating set 
in G = (σ,µ) is called the domination number of fuzzy graph G = (σ,µ) and is denoted by 
γf(G) or γf. A subset S of vertices is called a total dominating set in G = (σ,µ) if for every 
vertex v of G = (σ,µ), there exists u ∈S such that u dominates v. The minimum fuzzy 
cardinality of a total dominating set in G = (σ,µ) is called the total domination number of 
fuzzy graph G = (σ,µ) and is denoted by γtf(G) or γtf. Domination in fuzzy graphs are studied 
in, for example [15,16,18,19,20]. 
 Let G = (σ,µ) be a fuzzy graph. Analogue to k-step domination in graphs we can 
define k-step domination in fuzzy graphs as follows. A set S ⊆V (G) is a k-step dominating 
set of G if for every vertex v there exists at least one path of length k between v and the 
vertices of S, that is, there exists at least one vertex u of S such that µk(v,u) >0. A k-step 
dominating set S of G such that the sets Nk(v) = {u ∈V (G)|µk(v.u) >0}, v ∈S, are pair-wise 
disjoint, is called an exact k-step dominating set. If a fuzzy graph G has an exact k-step 
dominating set, then G is called an exact k-step domination fuzzy graph. 
 

3. Strongest dominating set in fuzzy graphs 
Following the definition of dominating sets in fuzzy graphs, we note that every vertex has 
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a degree of membership in a fuzzy graph. So two different minimum dominating sets of a 
fuzzy graph may have non-equal fuzzy cardinality. Furthermore, given a dominating set S 
in a fuzzy graph G = (σ,µ), a vertex may be dominated by several vertices of S with different 
memberships. This motivate us to define the best dominating set for a fuzzy graph G = 
(σ,µ) by contemplate degree of membership of vertices and edges as follows. For a 
dominating set S and a vertex v ∈G \ S, we define max{ µ(u.v)|u ∈S. v ∈G\ S} as the strength 
of dominance on v and denote it by sdom(v.S). We also define min{sdom(v.S)|v ∈G \ S} as 
the dominate strength of S and denote it by sdom(G \ S,S). We denote by Ss(G) the set of 
minimum dominating sets with maximum sdom(G \ S,S). A set with maximum fuzzy 
cardinality between all minimum dominating sets of Ss(G) is called the strongest 
dominating set and its fuzzy cardinality is called strength of strongest dominating set in G 
= (σ,µ) and is denoted it by ssd(G)[6]. 
In the following, we have theorems that are proved in [6] for the strength of strongest 
dominating set in fuzzy graphs. 

 

Theorem 1 [6]. For every fuzzy graph G = (σ,µ), γf(G) ≤ ssd(G). 
 
Theorem 2 [6]. For any fuzzy graph G = (σ,µ) of order p, ssd(G) ≤ p. and equality holds if and 
only if each vertex of G is an isolated vertex 
 
Theorem 3[6]. For every fuzzy graph G = (σ,µ), γ(G∗).σ(vw) ≤ ssd(G) ≤ γ(G∗).σ(vs) . 
 
Theorem 4[6] .Let G = (σ,µ) be a complete fuzzy graph Kσ. Then ssd(Kσ) = max{σ(v)|v 
∈S}, where S is the set of vertices of Kσ with maximum dept.  
 
Theorem 5[6]. Let G = (σ,µ) be a complete bipartite fuzzy graph KAB.AC

 . Then 
ssd(KAB.AC

) = max{σ1(v) + σ2(w)|{v.w} ∈S}, where S is the set contains every pair of 
vertices {v.w} such that v ∈σ1.w ∈σ2  and d(v) ∧d(w)  maximum among all pair of 
vertices {v.w} with v ∈σ1 and w ∈σ2. Also we have following theorems for strength of 
strongest exact 1-step dominating set in fuzzy graphs in [6]. 
 
Theorem 6[6]. Let G = (σ,µ) be an exact 1-step domination fuzzy graph. If v is an 

arbitrary vertex of G and S is an exact 1-step dominating set of G, then sdom1(v,S) = 

µ(v,S). 

 
Theorem 7[6]. For every exact 1-step domination fuzzy graph G = (σ,µ). we have 

γtf(G) ≤ ssd1(G). 
 
4. Strength of strongest 2-step dominating set 
The 2-corona fuzzy graph GOPF= (σc.µc) of a fuzzy graph G = (σ,µ) is the fuzzy graph 
obtained from G by attaching a fuzzy path P2 = (ν,ρ) = x0.x1.x2 of length 2 such that ρ2(x0.x2) 
>0, for every vertex v ∈GOPF, if v ∈G, then σc(v) = σ(v) and if v = xi ∈P2, then σc(v) = 
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ν(xi) .Also for every edge e ∈GOPF, if e ∈G, then µc(v) = µ(v), and if e ∈P2, then µc(v) = 
ρ(e). 
 In the following, we obtained the strength of strongest 2-step dominating set in 2-
corona fuzzy graphs. 
 
Theorem 8. Let G = (σ,µ) be a 2-step domination fuzzy graph with n vertices. If 

GOPF= (σc.µc) is a 2-corona fuzzy graph of G, then ssd2(GOPF) = P. 

Proof: Let S ⊆V (G) be a 2-step dominating set of fuzzy graph G = (σ,µ) and GOPF= 
(σc.µc) be a 2-corona fuzzy graph of G that is obtained from G by attaching a path P2 = 
ziuiwi of length 2 to each vertex of vi of G, for i= 1.2,...,n, by merging zi with vi. For every 
vertex vi of G there exists at least one path of length 2 between vi and the vertices of S. 
For every vertex vi of G, for i= 1.2,...,n, there exists at least one vertex tk of S such that 
if P2 = vi,vj,tk is the path of length 2 between vi and vertex tk of S, then µ2(vi.tk) >0 and so 
µ(vi.vj) >0 and µ(vj.tk) >0. Let H = V (G). Since S ⊆H is a 2-step dominating set of G, 
any vertex of G is 2-step dominated by H. On the other hand, every vertex wi is at 
distance 2 of vertex vi ∈H.Also every vertex ui is at distance 2 of vertex vj∈H. So H = V 
(G) is a 2-step dominating set of fuzzy graph GOPF= (σc.µc). Because every vertex vi of 
V (G), i= 1.2.....n, must be in every 2-step dominating set of fuzzy graph GOPF= (σc.µc) 
for 2-step dominating vertices wi, so for every vertex vi of V (G) we have the set V (G) 
\ {v i} is not a 2-step dominating set of GOPF= (σc.µc) and so H = V (G) is a minimal 2-
step dominating set of GOPF= (σc.µc) .Also if HH  be another minimal 2-step dominating 
set of GOPF = (σc.µc), then every vertex vi of V (G), i= 1.2.....n, must be in HH , for 
dominating vertices wi. Therefore H ⊂HH  and so |H|J < LHH L

J
.so H is the only minimum 

2-step dominating set of GOPF= (σc.µc) and ssd2(GOPF) = |H|J= |V �G	|J= P. 

 
5. New results for complement of fuzzy graphs 
In these section first we study on strength of strongest dominating set in complement of 
fuzzy paths and fuzzy cycles. Then we introduce the concepts of strength of strongest 
dominating set in complement of other fuzzy graphs. 
  
Theorem 9. Let Pn be fuzzy path. Then ssd(PMN) ≤ 2σ(vs). 

Proof. Let path Pn be a fuzzy path that is a sequence of distinct vertices x0,x1,...,xn 
(except possiblyxP and xN ) such that µ(xQ;<. xQ) >0 ,1 ≤ i≤ n . if Pn has no strong edge . 
Then we have µR(xQ;<. xQ) >0 ,1 ≤ i≤ n in PMNtoo .also every two vertex that are not injoyed.  
Are injoyed in PMN. Therefore the vertex xP and also vertex xN dominate all vertices in PMN. 
Minimum dominating set a fuzzy path PMN has exactly on vertex. so ssd(PMN) ≤ σ(vs). 
 Now let the path Pn has at least one strong edge. If strong edge not be (xP. x<) or (xN;<. xN), 

then also the vertex x0 or vertex xn dominate all vertices in PMN and so minimum dominating 
set of fuzzy path PMN has exactly one vertex. So ssd(PMN) ≤ σ(vs)  .But let the edge (xP. x<) or 
(xN;<. xN) be strong edge. Let (x0.x1) be strong edge, so uM (x0.x1) = σ(x0) ∧σ(x1) − µ(x0.x1) 
= 0 and there is no edge between x0 and x1. So we need two vertivesx0 and x1 in dominating 
set of PNM  and we have ssd(PMN) ≤ 2σ(vs).  
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Theorem 10. Let Cn be a fuzzy cycle. Then ssd(CRN) ≤ 3σ(vs). 
Proof: Let the cycle Cn be a fuzzy cycle that is a sequence of distinct vertices x0,x1,...,xn=!P 
such that  µ(!:;<. !:) > 0 ,1 ≤ i ≤ n, if  UVhas no strong edge. Then the set of very vertex 
!:,  1 ≤ i ≤ n-1 , is dominating set for  U̅V.Therefor we have ssd(U̅V	 ≪  �34) . Now let the 
cycle Cn has at least one strong edge. If there exist the vertex such as !Y in cycle Cn that 
two edges that are injoyed by !Y  not be strong, then Z!Y[is dominating set for fuzzy cycle 
UV̅. So in these case ssd(\RV	 ≪  �34)  . At the worst case if for every vertex in fuzzy cycle 
UV  two edges that are injoyed by these vetices be strong, then we need tree vertices for 
minimum dominating set of fuzzy cycle UV̅. So we have ssd(U̅V) ≤ 3σ(vs). 
 Now let the cycle Cn has at least one strong edge. If there exist the vertex such as 
xk in cycle Cn that two edges that are injoyed by xk not be strong, then {xk} is dominating 
set for fuzzy cycle U̅V So in these case ssd(\RV) ≤ σ(vs). At the worst case if for every vertex 
in fuzzy cycle Cn two edges that are injoyed by these vertices be strong, then we need tree 
vertices for minimum dominating set of fuzzy cycle U̅V. So we have ssd(UV̅) ≤ 3σ(vs). 

Now we proved new theorems for domination in complement of fuzzy graphs and 
study on relationship between these parameters. 
 
Theorem 11. Let G be a fuzzy graph without isolated vertex. Then ssd(G)+ssd(GM) ≤ 2P. 
Proof: Let G be a fuzzy graph without isolated vertex. Then ssd(0̅) = max{ |6|7| S ∈ Ss(0̅)} . 
It is distinct that ssd(0̅) ≤ p. We have ssd(G)+ssd(0̅) ≤ 2P. 
 
Theorem 12. Let G be a fuzzy graph without strong edge and S be dominating set for G. 
Then S is dominating set for GMtoo. 
Proof: Let G be a fuzzy graph without strong edge and S be dominating set for G. Then 
for every vertex such as u in G \ S there exist at least one vertex v in S that is adjacent with 
u by edge uv and membership µ(u,v) . Now let u be a vertex in 0̅ \ S. The vertex v in S is 
adjacent with u by edge uv and membership µ¯ (u.v) = σ(u)∧σ(v)−µ(u.v) >0. So S is 
dominating set for G¯  too.  
 
Theorem 13. Let G be a fuzzy graph without strong edge. Then γf(G) = γf(GM) 
 
Theorem 14. Let G be a fuzzy graph that have at least one vertex that is joined by exact 
one vertex with strong edge. Then ssd(GM)) ≤ 2σ(vs) 
Proof. Let G be a fuzzy graph and v be a vertex that is joined by exact one vertex u with 
strong edge. Then vertex v is joined by all vertices in GM except u, because uv is strong edge. 
So {u,v} is dominating set for GM with minimum cardinality. Let S = {u,v} be in the set 
Ss(G) that is the set of minimum dominating sets with maximum sdom(G\S,S). 
Because vs is the vertex by maximum membership, So we have ssd(GM) ≤ 2σ(vs). 
 
Corollary15. Let G be a fuzzy graph that have at least one vertex that is joined by exact 
one vertex with strong edge. Then γf(GM) = min{σ(vi) + σ(ui)} that uivi is strong edge. 
 

Theorem 16. Let G be a fuzzy graph without strong edge by γ(G∗) = 1. Then ssd(G) ≤ 
σ(vs). 
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Proof: Let G be a fuzzy graph without strong edge by γ(0∗) = 1. Because all edge uv of G 
has degree under σ(u)∧σ(v), so µ¯ (u.v) = σ(u)∧σ(v)−µ(u.v) >0 and the vertex that is 
dominated G also dominate 0̅. Let set S = {v} be dominating set of G. Then set {v} is 
dominating set of 0̅ by minimum cardinality. So sdom(G\S.S) = min{sdom(u.S)|u ∈G \ S} 
= d(v). So Ss is the set of vertices that are dominating set for G by minimum depth. Therefor 
we have ssd(G) = max{σ(vi)|{vi} ∈Ss} . 
Theorem 17. Let G be a fuzzy graph and every vertex in G is injoyed by at least two 
vertices with edge by positive integer. Then 

σ(vw) + δf(G) ≤ ssd(G). 
Proof: Let G be a fuzzy graph and every vertex in G is injoyed by at least two vertices with 
edge by positive integer and u be an arbitrary vertex of G. If all vertices adjacent with u be 
adjacent with another n − 1 vertices of G by strong edges, then we have N(u) vertices that 
are isolated in 0̅ and u must be adjacent by V (0̅)−N(u) vertices with edge by positive 
integer. So {u.N(u)} is minimal dominating set for 0̅ and so γf(0̅) = σ(u) +∑  �3	#∈]�^	   
for as much as 3_ has minimum membership of vertices in G and0̅ , we have  �3_	 +
a7�0̅	 =  �3_	 + a7�0	 ≪ a7�0̅	, we have  �3_	 + a7�0	 ≪ >>b�0̅	   .  
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