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Abstract. In this paper, we have discussed a nhew and singhl¢ian method to solve a
fuzzy system of linear equations having fuzzy dogffits and crisp variables using a
polynomial parametric form of fuzzy numbers. Hesdared theorems are stated and
discussed and the proposed methods are used ® esawnple problems. The results of
the examples obtained are also compared with therkrsolutions and are found to be in
good agreement.
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1. Introduction

The system of linear equations plays a vital ralegal-life problems, i.e. optimization,
engineering, etc. A standard real system may bitenwras AX= B, where A and B are real
crisp matrices and X be the unknown real vector.dasy and simple computation, the
variables are generally taken as crisp numbers.iBthe real situation, the variables may
be uncertain. So these variables may be considsraduzzy number [4]. So, to represent
such vagueness or uncertainty, one may use fuzmpens in place of crisp numbers. Thus
the system of linear equations becomes a systdfnzdy Linear Equations (FSLE). It is
an important area of research in recent years.

Fuzzy sets were introduced by Zadeh (1965)[4] agxdansion of crisp sets
(classical sets) or non-fuzzy sets. A fuzzy sed dass of objects with a continuum of
grades of membership function which assigns to edsjbct a grade of membership
ranging between zero and one.

A fuzzy real system of linear equations has begastigated by various authors.
Also, different authors discovered different praoed to solve systems of fuzzy linear
equations. The solution methods depend upon th#ficieat matrix, fuzziness of the
variables, right-hand side vector, etc. Cong-Xing &ing (1991)[2] used an embedding
approach for fuzzy number space. Friedman et 891(I2] proposed a general model for
solving a fuzzy system of linear equations by ushig embedding concept. Wang et al.
(2001)[16] discovered an iterative method for suva system of linear equations of the
form X = AX + B. Asady et al. (2005)[6] also devpta different methods of a general

71



Arnab Bag

fuzzy system using an embedding approach.

Vroman et al. (2007)[14] solved the fuzzy geneinkdr systems using the
parametric form of fuzzy numbers. Recently, Lile{2010) presented a new procedure to
solve a fuzzy system of linear equations. Sevastjand Dymova (2009) developed a new
method for both the interval and fuzzy systems.gGard Singh (2008)[10] solved the
fuzzy system of linear equations with the Gaus$iemzy membership function using a
numerical approach. Behera and Chakraverty (20[L&{&ntly developed a new solution
method which can handle both fuzzy real and comgjstems of linear equations. Also
recently Amirfakhrian (2012)[1] developed one swmntmethod for solving a system of
fuzzy linear equations using a fuzzy distance aagnoChakraverty and Behera (2012)[8]
developed a centre and width-based approach fangdluzzy systems of linear equations.
Chakraverty and Behera (2015)[9] also proposedaaamproach to solving a fully fuzzy
system of linear equations using single and dopbhtametric forms of fuzzy numbers.
Senthilkumara and Rajendran (2011)[13] proposedlgarithmic approach for solving
fuzzy linear systems. Das and Chakraverty (2012884 Senthilkumara and Rajendran
(2011)[13] also investigated a fully fuzzy systefnlinear equations. Akram et al. [7]
proposed methods for solving LR-bipolar fuzzy linsgstems. Jun [11] discovered a
relaxation technique for solving fuzzy linear sys$eof linear fuzzy real numbers. Abbasi,
Allahviranloo [3] solve a fully fuzzy linear systera new solution concept. Saqib et al.
[12] proposed certain efficient iterative methods bipolar fuzzy systems of linear
equations.

The coefficient matrix is considered as real cusgereas the unknown variable
vector and right-hand side vector are considerddzay or whole as fuzzy in general. But,
in this paper, we have considered the fuzzy systéntinear equations with fuzzy
coefficients and crisp variables using a polynomatmetric form of fuzzy numbers. The
same type of problem is investigated by Amirfakhrfd007) [1] excellently. Here fuzzy
real system of linear equations is taken as

AX=b
where the coefficient matri¥ is a real fuzzy matrix,b is a column vector of fuzzy
numbers and is the vector of crisp variables.

This paper aims to propose two new methods whiolhaadle the real fuzzy linear
systems. Accordingly, Section 2, introduces thdimpiearies with fuzzy arithmetic. A
fuzzy system of linear equations with the propasethodologies is explained in Section
3. In the Section 4, numerical examples are distlgsdvantages are discussed in Section
5. The last section includes the conclusion.

2. Preliminaries
An interval number is defined as an ordered pafinite real numberda, b], wherea <
b. Whena = b the interval numbefa, b] degenerates to the scalar real number &€ ad€™.
An interval number can be thought of as
(i) an extension of the concept of a real numberadso as a subset of the real line,
(i) the simplest form of tolerance-type uncertginith no information about the
probabilities within this tolerance range,
(iii) a grey number whose exact value is unknowh dwange within which the
value lies is known.
Thus an interval number represents a set of pesgéilies that a particular entity

72



Solution of System of Fuzzy Linear Equations vigfthlynomial Parametric Form

or variable may assume without any prior assumpaioout exact value and probability
measure. In other words, interval numbers shouldaskd whenever decision variables can
assume different values, but a probability measurghese values is not available or
justifiable.

Let F(R) be the set of all normal and convex fuzagnbers on the real line [1].

2.1. Member ship function
A generalized LR fuzzy numbet with the membership functiopz(x), x € R can be
defined as[1]

lz(x), a<x<b
1, b<x<c
ri(x), c<x<d
0, otherwize

ni(x) = (2.1)

where [;(x) is the left membership function which is an insiag function in the interval
[a,b] andrz(x) is the right membership function that is a dedrepgunction in the
interval [c, d] such thatlz(a) = r3(d) = 0 andlz(b) =rz(c) = 1.

If 1z(x) andrz(x) are linear, the is a trapezoidal fuzzy number. It is denoted
by (a, b, c, d).

If b= c, then we may be written g®,c,d) or (a, b,d), which is a triangular
fuzzy number.

The parametric form of a fuzzy number is given by (v(x), v(x)), where
functionsv(x) andv(x) ; 0 < x < 1 satisfy the following requirements:

v(x) is a bounded left continuous non-decreasing fanativer [0,1]

v(x) is a bounded right continuous non-increasing fonabver [0,1]

v(x) < v(x), 0<x<1
Fuzzy centre of an arbitrary fuzzy numbee (v(x), v(x)) is defined agi¢ =
(wx) +v(x))/2,forall0 <x <1

2.2. Some basic properties
The fuzzy numbers may be transformed into an ialettwough parametric form. So, for

any arbitrary fuzzy numbet = ( x(a),x(a)) andy = ( y(a), y(a)) and scalaik, the
interval based fuzzy arithmetic is defined as
% =y ifand only if x(a) = y(a) andx(a) = y(a)
+7 = (x(a@) + y(@),x() + y(a))
-5 =(x@—-y@),x(@) - y@)
&+ § = [min((x(@)) (@), (x(0)) (@), @(@) (@), (@) ¥ (@))),
max((x(@) (¥ (@), (@) (@), (x(@) (@), (@) ¥(@))]

=N
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%/ = (x(@), (x(@)))/ ¥ (@), ¢(@) = x(@))/ ¥ (@), (x(a))/(y(a))
provided

@) =@@)#0

iz = (Uex(@), kx(@), if k<0
*T {[kf(a), kx(a)], if k=0.

Some well-known facts about fuzzy arithmetic aferessed below
X — ¥ can be represented &st (—1)y
¥+0=%
0xx=0=0
In the above expressior) is the zero fuzzy number. For triangular and
trapezoidal zero fuzzy numbefsmay be represented as (0,0,0) and (0,0,0,0) régpkyc

Polynomial representation of fuzzy numbers

We say a fuzzy numbef has m-degree polynomial form if there exist twdypomials
pm () andq,,(a), of degree at mosh; such thatd = (p,, (@), g, (a)), which is also
called polynomial parametric fuzzy number [1].

2.3. Types of fuzzy sets
Now we proceed to define certain standard set-#tieooperations for fuzzy sets.

Empty fuzzy set
A fuzzy setd defined over the universe X is said to be emptigimembership function
is identically zero, i.e. ifiz(x) = 0 for all x in X.

Subset
A fuzzy setA is said to be a subset of a fuzzy seti{x) < uz(x) for all x in X. This
is denoted byd < B.

Equality of fuzzy set
Two fuzzy setsd and B are said to be equal A € B andB c 4 i.e. if uz(x) = uz(x)
for all x in X.

Complement
The complement of a fuzzy sdt defined over the universal set X is another fudzy
defined by the membership functipny (x) = 1 — pz(x) for all x in X.

Union
The union of two fuzzy setd andB is another fuzzy sef defined by the membership
function pus(x) = max[ug(x), uz(x)] for all x in X.

I ntersection ) )
The intersection of two fuzzy sets and B is another fuzzy se€ defined by the
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membership functioms(x) = min[uz(x), uz(x)] forall x in X.
3. System of fuzzy linear equations

The n x n fuzzy system of linear equations witl-degree polynomial parametric form
may be written as

11X, + Aupx+ ... +a1x, = by (3.1)
p12X1 + GppXp+ ... +lppX, = by (3.2)
........................ (3.3)
A1 Xy + GppXot ... +appX, = by (3.4)

In matrix notation, the above system may be written

AX =b
where the coefficient matrix
A = (@) = (axj(@),agj@) = A4 A)1<kj<n (3.5)
is a fuzzyn X n matrix,
b = (by) = (b (@), by(@)) = (b,b) 1<k <n (3.6)

is a column vector of fuzzy number aid= x; is the vector of crisp unknown. For
positive integem, all @,; and by, are fuzzy numbers witim-degree polynomial form.

The above systerAX = b, can be written as

Yoy Gjxj = by, k=12,....,n (3.7
As per the parametric form, we may write Equaf®®) as

Yi=1 (@kj(a), aj(@))x; = (bx(@), be(a), k =1.2,...,n (3.8)

where 0 < a <1, (3.9)

Equation (3.8) can equivalently be written as thlofving two Equations (3.10)
and (3.11)

Y20 Akj (@)X + Xy <o Gkj(@)x; = by(a) (3.10)
and B
Y20 Akj(@)xj + Xy <o Akj(@)x; = b (a) (3.11)

3.1. Proposed methods for solving system of fuzzy linear equations
In this section, we propose a new method to sofuzzy system of linear equations. One
related theorem is proved related to the presetegoiure below.

Theorem 1. If X is the solution vector of the fuzzy systet = b, then X is the solution
vector of the crisp system of linear equafiér A)X = b + b.

Proof: Let us now first consider the left-hand side @&f gystem
(A+A)X =b +b. (3.12)
Hence one may writéd + A)X as
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Yi=1 (aj(@) + agj(@)x;, for k=12,...,n (3.13)

This can be written a¥7_; a;x; + X7=; ax;(a)x;
which is equivalent to

Y20 Qiej (@)X + Xj<o Qiej (@)X + X jz0 Akj (@)X + Xx <0 Akj(@)x; (3.14)

Using Equations (3.10) and (3.11), the above esmescan be written as
combining first with fourth term and second witlirthterm respectively in the above
equation we get,

by (@) + by(a) = [b + b]
Thus, we have

(A+A)X =b+b. (3.15)
This proves that X is the solution vector of tggtem

(A+A)X =b+b. (3.16)

Similarly to find the crisp solution of a system fufzzy linear equations as
discussed in the previous discussion, here ontedeiheorem is stated below.

Theorem 2. If X is the solution vector of fuzzy systeAX = b, thenX is the solution
vector of the crisp system of linear equatiok = d whereC = (agj(a) + ayj(a))/2

andd = (by(a) + b(a))/2

4. Numerical examples
Some examples are here

4.1. Example 1
Now let us consider & x 2 system of fuzzy linear equations and the equatemes
represented as a linear polynomial form.
(-1+a3—-a)x; +(1+2a,4—a)x, =(—12+ 11,17 — 8a) (4.2)
(-1+2a,3-2a)x; + Ba,6 — 2a)x, = (—15+ 19,23 — 16a) (4.2)

Using Theorem 1. the above system is now conveotéuk following system.
(-1+a+3—-a)+(Q+20+4—-—a)x, =(—-12+11la+17 —8a) (4.3)

(-1+2a+3-2a)x; + Ba+6—2a)x, = (—=15+ 19a + 23 — 16a) (4.4)
Implies,

2x1+ (a+5)x, =3a+5 (4.5)
2x1+ (a+6)x, =3+ 8 (4.6)
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Solving these equations, we ggt= -5, x, = 3 for anya.
4.2. Example 2
Again consider anothe x 2 fuzzy system of linear equation and representiegystem
of equation using second degree polynomial.

11Xy + Gy2X; = by (4.7)
Q1% + Gypxy = by (4.8)
where it is assumed that
iy, = Ba+a?7—3a+2a?) (4.9)
i = Qa+a?4—2a+2a?) (4.10)
;= (1+2a+a?8—3a+a?) (4.11)
Ay, = (14 2a + a?,6 — 3a + 2a?) (4.12)
b, = (48.45a + 17.1a?,111.15 — 48.45a + 34.2a?) (4.13)
b, = (17.1 + 34.2a + 17.12?,131.1 — 51.3a + 19.95a?) (4.14)
Using Theorem (1) the above system is now conveddige following system
Ba+a?+7-3a+2a®)x;+ Qa+a’+4—-2a+2a*)x, =
(48.45a + 17.1a? + 111.15 — 48.45a + 34.2a?)
(1+2a+a?+8-3a+ad)x;+(1+2a+a?+6—3a+2a?)x, =
(17.1 + 34.2a + 17.1a? + 131.1 — 51.3a + 19.95a?)
Implies,
(Ba? + 7)x; + (3a? + 4)x, = (51.3a? + 111.15) (4.15)

Ra? —a+9)x, + Ba? —a+ 7)x, = (37.05a% — 17.1a + 148.2) (4.16)
From equation(4.15) we have,

_ (51.3a2 + 111.15) — (3a2 + 4)x,
B 3a2+7

X1

(4.17)
Putting the value of; in equation (4.16), we get,
Qa? —a +9)[(51.3a% + 111.15) — (3a? + 4)x,] + Ba? —a + 7)(Ba? + 7)x,
= (37.05a% — 17.1a + 148.2)(3a? + 7)
o, [Ba?—a+7)Ba?+7)—- (2a%?—a+9)(3a?+4)x, = (37.05a2 —17.1a +
148.2)(3a? + 7) — (2a? — a + 9)(51.3a? + 111.15)
or,
(9a* —3a3 + 21a? + 21a? — 7a + 49 — 6a* + 3a® — 27a? — 8a? + 4a — 36)x,
= 111.15a* — 51.3a3 + 444.6a” + 259.35a? — 119.7a + 1037.4
—102.6a* + 51.3a% — 461.7a? — 222.3a?
+111.15a — 1000.35
or,
(Ba* + 7a? — 3a + 13)x, = 8.55a* + 19.95a? — 8.55a + 37.05
or,
(Ba* + 7a? — 3a + 13)x, = 2.85(3a* + 7a? — 3a + 13)

77



Arnab Bag

Finally,
x2 = 2.85
Putting the value ok, in (4.17) we get,

(51.3a?% + 111.15) — (3a? + 4) x 2.85
B 3a2+7
The solution isx; = 14.25, x, = 2.85.

Now we try to compare the obtained results by tkegnt method with the solution
obtained by Amirfakhrian (2007)[1] and are tabuliire Table 1 for all the examples as
discussed in Section 4. The results obtained byptbposed method are the same as that
of Amirfakhrian (2007) for Example 1. However, thesults of Example 2 are quite
different from Amirfakhrian (2007). It is worth moning that the results obtained by the
present method exactly satisfy the correspondisteay whereas Amirfakhrian (2007) it
is not. The solution by Amirfakhrian (2007) may baome typographical errors.

= 14.25

X1

Amirfakhrian (2007) Present method
Examples
1 x; =—5andx, =3 x; =—5andx, =3
2 x; = 14.85 andx, = 2.25 x; = 14.25 andx, = 2.85

Table 1. Comparison of results between Amirfakhrian andpifessent method

5. Advantages

This paper deals with a new and simple soluticsotee a fuzzy system of linear equations
having fuzzy coefficients and crisp variables usangplynomial parametric form of fuzzy
numbers. The main advantage of the previous proposgthods is that, in the solution
procedure the order of original fuzzy systems dusschange. But in the other methods,
the order of the fuzzy system changes just by doittbbriginal order order. So, the present
procedures have less effort to solve a system zAyflinear equations. Therefore it is
computationally efficient.

6. Conclusions

In this paper, a general system of fuzzy lineaaéiqus having fuzzy coefficients and crisp
variables using a polynomial parametric form ofzZjnumbers is solved by new and
simple procedures. Here we have to chomsdepending on the shape of left and right
spread functions L and R, and their derivation nrilee proposed methods can be applied
to any system of equations with LR fuzzy numbeifficients.
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