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1. Introduction

The foundations of fuzzy set theory and fuzzy mitigecs were laid down by Zadeh [25]
in 1965 by the introduction of the notion of fuzzgts. The theory of fuzzy sets has vast
applications in applied sciences and engineeriagh s neural network theostability
theory mathematical programmingeneticsnervous systemgémage processingontrol
theory etc. to name a few. The theory of fixed ®is one of the basic tools for handling
physical formulations. This has led to the develeptmand fuzzification of several
concepts of analysis and topology. In 19kEamosil and Michalek [12] introduced the
concept of a fuzzy metric space by generalizingctineept of a probabilistic metric space
to the fuzzy situation. The concept of Kramosil afidhalek of a fuzzy metric space was
later modified by George and Veeramani [5] in 19941988 Grabeic [6] followed the
concept of Kramosil and Michalek and obtained thez§ version of Banach'’s fixed point
theorem. Using the notion of weak commuting propé&essa [18] improved commutative
conditions in fixed point theorems. Jungck [10tdaatuced the concept of compatibility in
metric spaces. The concept of compatibility in furretric space was proposed by Mishra
et al. [13]. In 2006Jungck and Rhodes [11] introduced the conceptaatkly compatible
maps which was a more generalized concept than atiinlgp maps. The concept of
compatibility in fuzzy metric spaces was broughtmfard by Singh and Chauhan [19].
Popa [15] proved some fixed point theorems for weaompatible non-continuous
mappings using implicit relations. Imdad [7] exteddis work by using implicit relations
for coincidence commuting property. Singh and J20j extended the results of Popa [15]
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for fuzzy metric spaces. In 20Q¥ain and Singh [8] used the concept of compatitdes
of type (4) and proved a fixed point theorem for six self miapa fuzzy metric space.

In 2007 itself Jain et. al [9] using the concept of compatiblepsnaf type ),
proved a fixed point theorem in fuzzy metric spaiegh et al. [2122] in 2010 and 2011
proved the fixed point theorems in fuzzy metriccgpand menger space using the concepts
of semi-compatibilityweak compatibility and compatibility of typg)(respectively. The
notions of sub-compatible maps and subequential continuifywhich are weaker than
occasionally weak compatibility and reciprocal ¢ounity respectivelywere introduced by
Bouhadjera and Godet —Thobie [3] in 2009 and pravedmmon fixed point theorem.
Ranjeth Kumar et al. [16] introduced the conceptssob—-compatibility and sub-
—sequential continuity i2 - metric spaces and proved a common fixed pointrémo
Singh et al. [24] in 2011 used the concepts of-sdmpatibility and subsequential
continuity in fuzzy metric spaces and proved a camiixed point theorem. Ali et al. 2]
in 2015 and 2016 proved the fixed point theor@mfsizzy metric space an@ — metric
space using the concepts of sub—compatibility amo-sequential continuity respectively.

In this paperwe prove a common fixed point theorem for six sadfps in a fuzzy
metric space using the concepts of sub-compatildlitd sub-sequential continuity. The
established result generalizxtend unify and fuzzify several existing fixed point vits
in metric space and fuzzy metric space. For the sHkcompleteness we recall some
definitions and results in the next section.

2. Preliminaries
Definition 2.1. A t — norm or more precisely triangular normis a binary operation
defined on[0, 1] such that for alt, b, c,d € [0,1], following conditions are satisfied:

Q) ax1=1;

(2) a*b=b=xa;

(3) a*b <cx*dwhenevera <candb <d;
(4) ax(b*xc)=(axb)=* c.

Definition 2.2. The 3 — tuple (X, M ,*) is called a fuzzy metric spaceXfis an arbitrary
non — empty sets is a continuoug — norm and M is a fuzzy set inX? x (0, 0)
satisfying the following conditions, for akt,y,z € X ands,t > 0:

Q) M (x,y,0) > 0;

2) M (x,y,t) =1forallt >0, iff x=y;

B) M (x,y,t) =M (y,x,1);

(4) M (x,y,t) * M (y,z,5) < M (x,2,t +5);

(5) M (x,y, .):(0,00) = [0,1] is continuous.
Example2.1. Let (X, d) be a metric space. Defimer b = min(a, b), and

MO = Gy

induced by the metrid is often called the standard fuzzy metric.

Definition 2.3. A sequence{x,,} in a fuzzy metric spacgX, M ,*) is said to be a Cauchy
sequence if, for each > 0 andt > 0, there existsn, € N such that
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M (xp, xp,t) >1— eforall n,m = n,.

A sequence{x,} in a fuzzy metric spac€X, M ,*) is said to be convergent to € X if
there existsn, € N such that lim M (x,,x,t) > 1— e forallt >0&n= ny. A
n — co

fuzzy metric spac€X, M ,*) is said to be complete if every Cauchy sequenc# in
converges to a point ix.

Definition 2.4. Two self-mapping?l and B of a fuzzy metric spacgX, M',x) are said to
beweakly commuting ifM (ABz, BAz,t) = M (Az,Bz,t)forallz € X andt > 0.

Definition 2.5. A pair (4, B) of self mappings of a fuzzy metric spade M ,*) is said to
be reciprocal continuous if there exists a sequenge in X such that
lim AB x,, = Ax and lim BAx, = Bx
n — oo

n — oo

whenever lim Ax, = lim Bx, = x forsomex € X. If A and B are both continuous

n-—- oo n-— oo

then they are obviously reciprocally continuousthetconverse is not necessarily true.

Definition 2.6. Let A and B be mappings from a fuzzy metric spd&eM ,*) into itself.
Then the mappings are said to be compatible if
lim M (ABx,, BAx,,t) =1, forallt >0,

n - o

whenever{x,} is a sequence iX such that
lim Ax, = lim Bx, =x €X
n - oo n - oo

Definition 2.7. If A and B are two self mappings of a fuzzy metric sp&¢emv,*), then a
pointx € X is called the coincidence point &fand B if and only if Ax = Bx.

Definition 2.8. Two self mappinggl and B of a fuzzy metric spacg(, M',x) are said to
be weakly compatible or coincidently commutinghiey commute at their coincidence
points, i e, if ABx = BAx whenevedx = Bx for somex € X.

Remark 2.1. It can be easily verified that compatible mappiagsalso weakly compatible
but the converse is not necessarily true.

Definition 2.9. Two self mappinggl and B of a fuzzy metric spacgl, M ,*) are said to
be occasionally weakly compatible if and only iétl exists a point € X which is the
coincidence point oft and B at which4 and B commute.

Definition 2.10. A pair (4, B) of self mappings of a fuzzy metric spacg M ,*) is said
to be semi-compatible if there exists a sequengg in X such that
lim AB x,, = Bx whenever lim Ax, = lim Bx, = x for somex € X.

n - o n - o n-— o

Definition 2.11. Two self mappingd and B of a fuzzy metric spadgl, M) are said to
be sub compatible if there exists a sequefpgg in X such that
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lim Ax, = lim Bx, =x,x € X and satisfylim M (ABx,, BAx,,t) =1
n— oo n — oo n — oo

Remark 2.2. From the above definitions it is obvious that sioaally weakly compatible
mappings are sub compatible. Howewergeneralthe converse is not true.

Definition 2.12. Two self mappingd and B of a fuzzy metric spadgl, M,*) are said to

be sub sequentially continuous if and only if thexésts a sequencgr,} in X such that
lim Ax, = lim Bx, =x,x € X and satisfylim A Bx,, = At and lim BA x,, = Bt.

n-— oo n— oo n— oo n-— oo

Remark 2.3. If two self mappinggl and B are continuous or reciprocally continuous then

they are sub sequentially continuous also. Howenaenerglthe converse is not true.

Lemma 2.1. Let {x,} be a sequence in a fuzzy metric SgacaC,+). If there exists a
numbek, 0 < k < 1, such thatM (x,, x,41, kt) = M (x,_1, x,, t)for all t > 0. Then
{x,}is a Cauchy sequencein

Lemmaz22 Ifforall x,y eX,t>0and0<k <1, M (x,y,kt) = M (x,y,t), then
X =Y.

Proof: Suppose that there exists< k < 1 such thatM (x,y, kt) = M (x,y,t) for all
X,y € X andt > 0. ThenM (x,y,t) = M (x, yi) and so

M (x,y,t) = M (x, ykin) for positive integen.

Taking limit asn — oo,
M (x,y,t) = 1and hence =y.

Ali et al. [1] proved the following result a fixgzbint theorem in fuzzy metric spaces using
sub-compatibility and subsequential continuity

Theorem 2.1. Let A, B, S and T be four self maps of a fuzzy metric spacé M ,*) with
continuoug — norm defined byt «t >t forallt € [0, 1]. If the pairs(4,S) and (B, T)
are sub-compatible and sub-sequentially continaods

(1) A and S have a coincidence pojnt

(2) B and T have a coincidence pojnt

(3) M (Ax, By, kt) = M (Sx,Ty,t) * M (By,Sx,t) * M (Ax, Ty, t) *

aM (Ax,By,t) + b M (Ax,Ty,t)
M (Sx,4x,8) = aM (By,Ty,t)+ b
cM (Sx,By,t) +d M (Sx,Ty,t) eM (Ax,Ty,t) + f M (Sx,Ax,t)

’ cM (By, Ty, t)+ d ’ eM (Sx, Ty, t)+ f
forall x,y e Xandt > 0, wherek € (0,1) anda,b,c,d,e,f =0 with a&b, c &d
and e & f cannot be simultaneously. ThenA4, B, S andT have a unique common fixed
point in X.
We are now extending Ali et al. [1] work as thddualing result.
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3. Themain results

Theorem 3.1. Let P,Q,S, T, A andB be six self maps of a fuzzy metric spacg M ,*)
with continuoug — norm defined byt xt > t forallt € [0, 1]. If the pairs(P, AB) and
(Q,ST) are sub-compatible and sub-sequentially continaoils
(1) P and AB have a coincidence pojnt
(2) @ and ST have a coincidence pojnt
(3) M (Px,Qy, kt) = M(ABx,STy,t) * M (Qy,ABx,t) x M (Px,STy,t) *
M (ABx, Px,t)
aM (Px,Qy,t) + b M (Px,STy,t)
ES
aM (Qy,STy,t)+ b
¢ M (ABx,Qy,t) +d M (ABx,STy,t)
ES
cM (Qy,STy,t) + d
eM (Px,STy,t) + f M (ABx, Px,t)
ES
e M (ABx,STy,t) + f
g M (Px,Qy,t) + h M (Px,STy,t)
ES
g M(ABx,Qy,t) + h M (ABx, STy, t)
a M (Px,STy,t) + b M (Px,Qy,t) + c M(ABx, Px,t
2y, STy, &  L2EERSTY O 5 I (P, 03,0 + ¢ M )
a M (ABx,STy,t) + b M(ABx,Qy,t) + ¢
d M (Px,Qy,t) + e M(ABx,STy,t) + f M(Px,STy,t)
dM (Qy,STy,t) +e+ f

* M (Px, Qy,t)

forall x,y eX andt >0, wherek € (0,1) and a,b,c,d,e,f,g,h =0 with a &b,
c&d, e&f, g&h, a,b&c andd,e & f cannot be simultaneoudly
ThenP,Q,S,T,AandB have a unique common fixed point¥n

Proof: Since the pairgP,AB) and (Q,ST) are sub-compatible and suksequentially
continuousthere exist two sequencés, } and {y,} in X such that

lim Px, = lim ABx, = z, wherez € X and satisfy

n - oo n— oo
M (PABx,, ABPx,,t) = M (Pz,ABz,t) =1
andnliﬁmOo Qy, = nliinw STy, = z', wherez’' € X and which satisfy
M (QSTy,, STQy,, t) = M (Qz',STz',t) =1
Therefore Pz = ABz and Qz' = STz', that is z is a coincidence point oP and AB and
z' is a coincidence point of) and ST. Now, we prove that = z'. Putting x = x,, and
y =y, in inequality (3) we get
M (Pxp, Qyn, kt)
> M(ABxy, STyn, t) * M (Qyn, ABxy, t) * M (Pxy, STy, t)
* M (ABxy, Pxy, t)

aM (Pxn, Qyn, t) + b M (Pxy, STyy, t)
*

a M (QYn, STyn, t) + b
c M (ABxp, Qyn,t) + d M (ABxy, STy, t)
ES

cM (Qyy, STy, t) + d
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e M (Pxy, STy, t) + f M (ABx,, Pxy,,t)

e M (ABxy, STyn, t) + f
g M (Px,, Qy,, t) + h M (Px,, STy, t)

" g M(ABx,, Qy,, t) + h M(ABx,, STy, )
* M (QYn, STYn, t)

" a M (Pxn,STYn,t)+b M (Pxn,QYn,t)+¢c M (ABXy,PXxp,t)
a M (ABxy,STyn,t) +b M (ABxy,Qynt)+c

* M (Pxp, Qyn, )
d M (Pxy, Qyn, t) + e M(ABx,, STy, t) + f M (Pxy, STy, t)
ES
d M (QYn, STyn, t) + e+ f

ES

Taking limit n —» oo in the abovewe obtain
M (z,z' kt) = M(z,z',t) * M(z',z,t) x M(z,2z',t) * M(z,2,t)

aM (z,z',t)+ bM (z,z',t) cM(z,z,t)+dM (z,z',t)
*

aM (z',z',t)+ b * cM (z',z',t)+ d
eM (z,z,t)+ f M (z,z,t) gM(z,z,t)+ hM(z,z',t)
*

eM (z,z',t)+ f >kg]\/[(z,z’,t)+ hM(z z',t)
aM(z,z,t)+bM (z,z',t) + c M(z,2,1t)
* M (z',z',t) *

aM(z,z',t) +bM(z,z',t)+c
dM (z,z',t) +eM(z,z',t) + f M(z,2',t)

dM (z',z',t)+e+f

* M (z,2',t) =

= M (z,z',kt) = M(z,z',t)» M(z',z,t) * M(z,z',t) *1
* M (z,z',t) » M (z,z',t) x 1+ 1x 1% 1«M (z,z',t) * M (z,z',t)

= M (z,z',kt) = M (z,z',t) » M (z',z,t) * M (z,z',t)
* M (z,z',t) * M (z,z',t) * M (z,z',t) » M (z,z',t)
= M (z,z',kt) = M (z,2',t)
Thereforez = z'.
Again, we claim thaPz = z.
Putting x = z andy = y,, in inequality (3) we get
M (Pz, Qyy, kt)
> M(ABz,STyp, t) * M (Qyy, ABz,t) * M (Pz,STyy,t)
* M (ABz, Pz,t)

aM (Pz,Qyn, t) + b M (Pz,STyp, t)
*

aM (Qy,, STy, t)+ b
cM (ABz,Qyy,, t) + d M (ABz,STy,, t)
*

¢ M (QYn, STyn, ) + d
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e M (Pz,STy,,t) + f M (ABz,Pz,t)
'3

e M (ABz, STy, t) + f
gM(Pz,Qy, t) + hM(Pz, STy, t)

* g M(ABz,Qy,, t) + h M (ABz STy, )
aM(Pz, STy, t) + b M (Pz,Qyy,, t) + c M(ABz, Pz,t)

M STy, t
* M QY STYn 8) * a M (ABz, STy, t) + b M (ABz, Qyn, ) + ¢
d M (Pz,Qyy, t) + e M(ABz, STy, t) + f M(Pz,STy,,t)

dM (Qy,, STy, t) +e+f

* M (Pz,Qyn, t) *

Taking limit n — oo in the abovewe obtain
M (Pz,z' kt) = M (Pz,z',t) » M(z',Pz,t) * M(Pzz',t) « M(Pz Pz,t)

aM (Pz,z',t)+ bM (Pz,z',t) c¢M (Pz,z',t)+dM (Pz,z',t)
E3 E3

aM (z',z',t)+ b cM(z,z',t)+ d
eM (Pz,z',t) + f M (Pz,Pz,t) gM(Pzz',t)+ hM(Pz2z',t)
* *
eM (Pz,z',t)+ f gM((Pz,z',t) + hM(Pz,z2',t)

aM(Pzz',t)+ bM (Pz,z',t) + c M(Pz, Pz,t)

Mz, 2zt
*M (270 aM(Pz,z',t) + bM(Pz,z',t)+c

d M (Pz,z',t) + e M(Pz,z',t) + f M(Pz,z',t)
dM (z',z',t) +e+f

* M (Pz,z',t) *

= M (Pz,z', kt)
> M (Pz,z',t) * M (z',Pz,t) * M (Pz,z',t) * 1+« M (Pz,z',t)
* M (Pz,z',t)x 1x1x1x1%x M (Pz,z',t) * M (Pz,z',t)
= M (Pz,z',kt) = M (Pz,z',t) * M (z',Pz,t) * M (Pz,z',t) * M (Pz,z',t)
* M (Pz,z',t) * M (Pz,z',t) + M (Pz,z',t)
= M (Pz,z' kt) > M (Pz,z',t)
ThereforePz = z' = z. Next we claim thaz = z. Puttingx =z & y = zin
inequality (3) we getM (Pz,Qz,kt) = M (ABz, 5Tz, t) * M (Qz, ABz,t) *
M (Pz,STz,t) * M(ABz, Pz,t)

aM (Pz,Qz,t) + b M (Pz,5Tz,t)
*

aM (Qz,STz, t) + b
¢ M (ABz,Qz,t) + d M (ABz,STz,t)
ES

cM (Qz,8Tz,t) + d
e M (Pz,5Tz,t) + f M (ABz,Pz,t)
*

e M (ABz,STz,t) + f
gM(Pz,Qz,t) + h M(Pz,STz,t)

g M(ABz,Qz,t) + h M(ABz STz, t)
aM(Pz,STz,t) + b M (Pz,Qz,t) + c M(ABz, Pz,t)

M ,STz,t
* M Q2 ST2 8 * —— AR, STz.6) + b M(ABz, 02,0 + ¢
d M (Pz,Qz,t) + e M(ABz,STz,t) + f M(Pz,STz,t)

dM (Qz,STz,t) +e+ f

* M (Pz,Qz,t) *
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Taking limit n — oo in the above, we obtain
M (z,Qz,kt) = M(z,z,t) * M(Qz,z,t) * M(z,z1t) *M(z,zt)

aM (z,Qz,t) + bM (z,z,t) c¢M (z,Qz,t) +d M (z,z,1t)
*

aM (Qz,z,t)+ b - cM (Qz,z,t)+ d
eM (z,z,t) + f M (z,z,t) gM(z,Qzt)+ hM(z,z1t)
* *
eM (z,z,t)+ f gM(z,Qz,t) + hM(z,z1t)

aM(z,z,t)+bM (z,Qz,t) + c M(z,2,t)

aM(z,z,t) +bM(z,Qzt)+c
dM (z,Qz,t) + e M (z,z,t) + f M(z,2,t)

dM (Qz,z,t) +e+f

* M (Qz,z,t) *

* M (z,Qz,t) *

= M (z,Qz,kt) = 1+« M(Qz,z,t) * 1*1 *1*1x1x1

* M (Qz,z,t) * 1+« M (z,Qz,t) * 1
= M (z,Qz,kt) = M(Qz,2z,t)*M (Qz,2,t) * M (z,Qz,t)

= M (z,Qz,kt) = M(Qzzt)
Therefore z = Qz = STz. Hence we have = Pz = Qz = STz = ABz, thatis zis a
common fixed point ofP,Q,S,T ,A andB.
Uniqueness: Let w be another common fixed point & Q,S,T ,A andB. Then
Pw =Qw = ABw =STw =w

Putting x = z andy = w in inequality (3) we get

M (Pz,Qw, kt) = M (ABz,STw,t) * M (Qw,ABz,t) x M (Pz,STw,t)
* M (ABz,Pz,t)
aM (Pz,Qw,t) + b M (Pz,STw,t)
ES
aM (Qw,STw,t) + b
c M (ABz,Qw,t) + d M (ABz,STw,t)
ES
cM (Qw,STw,t) + d
eM (Pz,STw,t) + f M (ABz,Pz,t)
*
e M (ABz,STw,t) + f
gM(Pz,Qw,t) + h M (Pz,STw,t)
*
g M(ABz,Qw,t) + h M (ABz,STw,t)
aM(Pz,STw,t) + b M (Pz,Qw,t) + ¢c M (ABz, Pz,t)
a M (ABz,STw,t) + b M (ABz, Qw,t) + ¢

* M (Qw,STw, t) =

d M (Pz,Qw,t) + e M(ABz,STw,t) + f M (Pz,STw,t)

dM (Qw,STw,t) +e+f
Taking limit n — oo in the abovewe obtain

* M (Pz,Qw,t) *

M (z,w, kt) = M(z,w,t) * M(w,z,t) * M(z,w,t)* M(z,2z1t)
aM (z,w,t) + bM (z,w,t) cM (z,w,t) +d M (z,w,t)
* E3

aM (w,w,t)+ b cM (w,w,t)+ d
eM (zw,t)+ f M (z,z,t) gM(z,w,t)+ hM(z,w,t)
* *
eM (zw,t)+ f gM@z,w,t) + hM(z,w,t)
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aM(z,w,t) +bM (z,w,t) +c M(z,2zt)
aM((z,w,t) +bM(z,w,t)+c

* M (w,w,t) *

dM (z,w,t) +e M (z,w,t) + f M(z,w,t)
dM w,w,t)+e+f

* M (z,w,t) *

= M (z,w, kt)
> M(z,w,t)x M(w,z,t)* M(z,w,t) *1* M(z,w,t)
* M(z,w,t)
* 1x1*x1*x1+xM (z,w,t) * M(z,w,t)

= M (z,w,kt) = M (z,w,t) * M (w,z,t) * M (z,w,t)
x M (z,w,t) * M (z,w,t) * M (z,w,t) * M(z,w,t)

= M (z,w,kt) = M (z,w,t)
Therefore,z = w. Hencez is a unique common fixed point of, B, S andT.

4. Conclusion

In this paper, we have used the concepts of-salmpatibility and subsequential
continuity to prove a common fixed point theoremdix self-maps in a fuzzy metric space.
Our results generalizextend unify and fuzzify several existing fixed point vés in
metric space and fuzzy metric space. This cantiediuextended by increasing the number
of self-maps with a new class of inequality.
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