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1. Introduction

The study of linear algebra has become more ana f@onous over the last decades,
besides its beauty and connection with many othes pnd applied areas. That's while
People are attracted to this subject. In the theatedevelopment of this subject and

several applications, one often needs to evalubgée Iéngth of vectors. For this
determination, A norm functions are considered graor space.

A norm be defined on a real vector space V is atfan || . || 'V - R satisfying
1. |M| >0 for any nonzeros[1V.
2. |my| =|m||\v| foranymOR andv0V.

3. ||V+V\*|S||\/||+||V\ﬂ foranyv,wiV.

The norm is to evaluate the size of the vedtavhere equation(1) gives the size to be
positive, equation (2) demands if the vector islextathen the size to be scaled, and
equation (3) is similar to the triangle inequalityd its origin in the notion of distance in

R®. The equation (2) is said to be a homogeneousitimménd ensures that the norm of
the zero vector in V is 0; this condition is ofiemolved in defining a norm.

A familiar example of norms oR" are thelp norms, whergé< p< o, and it is defined
by

n 1
|p(U)={ZIuj [P}P if 1< p<o and
=1
I, (u) =max,_;,|u; | if p=oo
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for any u = (u,,U,,....,u.)' JR". Note that if one defines ah, function on R" as

defined above witlD < p <1, then the triangle inequality is not satisfietiefiefore, it is

not a norm.

Given that a norm is defined on a real vesfmace V, one can compare the vector
norms, study the convergence of a sequence of rgediscuss limits and continuity of
transformations, and consider approximation problefinese problems arise naturally in
analysis, numerical analysis other than differéntiguations, Markov chains etc. For
example, finding the nearest element in a subsatsoibspace of V to a given vector.

The norm of a matrix is given by how large its ebsits are. It is a way of determining the
"size" of a matrix that is necessarily related éevhmany rows or columns are present in

this matrix. The norm of a square matis denoted by|P| , is a non-negative real

number. There are some different ways of definimga#rix norm, but they all discuss the
following properties:

1. ||P|| > 0 for any square matriR.

2. ||P|| =0 iff the matrix P=0.

3. [MP||=|M [|P| for any scaleMm .

4. |P+Q|<|P| +|Q]| for any square matri®, Q.
5. [PQ| < [P[IQ]-

Fuzzy matrix norm
Matrix norm and fuzzy matrix norm are almost saMerm of a fuzzy matrix is also a

function .| : M (F) - [0,1] which satisfies the following properties
1. ||P|| >0  for any fuzzy matrixP .

2. ||P|| =0  iff the fuzzy matrixP =0.
3.|MP|=IM |[P|  forany scalem O[0,1].
4. |P+Q|<|P|+|Q|  for any two fuzzy matriceB and Q.

5 |PQ[<|P||Q]  for any two fuzzy matriceB andQ.
In this project paper, we have defined differepety of norm on fuzzy matrices.

1.1. Why study different nor ms?

We know that different types of the norm on a vedpace can give rise to different
geometrical and analytical structures. In an imdindimensional vector space, the
convergence of a sequence can vary depending @hdiee of norm. This spectacle gives
many interesting questions and research in anayslfunctional analysis.

In a finite-dimensional vector space V, two nc>|h1ﬂl and||.||2 are said to be

equivalent if there exist one positive constanhsihet
all, <[, <[, foraiv e v.
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First, it may be easier to prove convergence fgivan sequence with respect to
one norm rather than another. In an applicatioi siscnumerical analysis one would like
to use a norm that can determine convergenceafifigi Therefore, this idea is good to
have knowledge of different norms.

Second, a specific norm may sometimes be needeatkdb with a particular
problem. For instance, if one travels in Manhattad wants to measure the distance from
a location marked as the orig(0,0) to a destination marke 4%, y) on the map, one

may use thd, norm of (x,y), which measures the straight line distance betvteen
points, or one may need to use th@orm of v, which measures the distance for adaki

to drive from(0,0) to (X, y) . Thel, norm is sometimes called the taxi cab norm fas thi

reason.
In approximation theory, solutions of a problem gary with different problems.

For an example, if W is a subspace Rt and v does not belongs t4V, then for
1< p< o there is a uniquel, UW such that

IV =u,| < |v-u for all uJW,
but the uniqueness condition may fail ff=1 or . To see a concrete example, let
v=(1,0) andW ={(0,y): yUR}.
Then for all yO[-1,1] we havel=|v-(0,y)|<|v-w| for all wWOW . For some

problems, having a unique approximation is good ftruothers, it may be better to have
many so that one of them can be chosen to satisfifi@nal conditions.

1.2. Fuzzy matrix

We know that matrices play an important role inaag areas, not only mathematics, but
also physics, statistics, engineering, social sgsrand many other subjects. Some works
on classical matrices are available in individoalrpals even in books also. But, crisp data
is not always involved, such in our real-life prednls in social science, medical science,
environment etc. Therefore, the various types afettainties present in our daily life
problems. So we cannot successfully use traditiofzasical matrices. At the moment,
probabilities, fuzzy sets, intuitionistic fuzzy sgvague sets, and rough sets are used as
mathematical tools for dealing with uncertaintiésizzy matrices derive a lot of
applications, one kind of which is as adjacencyrives of fuzzy relations and fuzzy
relational equations have all important applicagiompattern classification and in handling
fuzziness under knowledge-based systems. Firstfiiaey matrices were introduced by
Thomason [43], who studied the convergence of ppwkiuzzy matrices. Some properties
of the min-max composition of fuzzy matrices aregented by Ragab et al. [34, 35].
Hashimoto [18, 19] presented the canonical forma tfansitive fuzzy matrix. Iterates of
fuzzy circulant matrices investigated by Hemasieinal.[20]. Tan [42] considered powers
and nilpotent conditions of matrices over a distiiNe lattice. After that, Pal, Bhowmik,
Adak, Shyamal, Mondal have done a lot of work orzfy intuitionistic fuzzy, interval-
valued fuzzy matrices [1-12, 26-33,36-40]. The ealof fuzzy matrix elements lie in the
closed interval [0, 1]. We see that every fuzzyrirare matrices, but all matrix, in general,
is not a fuzzy matrix. We see that [0,1] is a furgrval, i.e. the unit interval is a subset
of reals. Since the unit interval [0, 1] is contadrin the set of reals, a matrix, in general, is
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not a fuzzy matrix. Now a big query is can we adld fuzzy matrices A and B and get the
sum of them to be a fuzzy matrix? The result inegah is not possible for the sum of two
fuzzy matrices may turn out to be a matrix whiclma a fuzzy matrix. If we added two
fuzzy matrix A and B then we get A+B whose elemengs/ not not lie in [0,1]. Hence
A+B is not a fuzzy matrix. It is only a simple matrSo only in case, we have defined the
average or min operation of fuzzy. Now add thisvafozzy matrix under the max or min
operation, and we get the resultant matrix is agaimzzy matrix. In general, to add two
fuzzy matrices, we use the max operation. We sepribduct of two fuzzy matrices under
simple matrix multiplication is not a fuzzy matriGimilarly, we need to define a
compatible operation analogous to the product af fuzzy matrices; otherwise, the
product of two fuzzy matrices is not a fuzzy matkbowever, even for this new operation,
if the product AB is to be defined, we must be mekthe order of two fuzzy matrices to
be the same, i.e., the number of columns of A imEtp the number of rows of B. We can
have the two types of operation are max-min andmma. Maity [23, 24] introduced max-
norm, square-max norm, row and column-max-average of fuzzy matrices and some
properties of these two norms. In this paper, weehdefined the column-average-max
norm with some properties.

2. Preliminaries
Definition 1. An nxn fuzzy matrix M is said to be reflexive iiff =1 for all i=1,2,...,n.

It is said to beq -reflexive iffm, = a for all i=1,2,...,n whereg J[0,1]. It is said to be
weakly reflexive iffm; = m, for all i, j=1,2,...,n. Annxn fuzzy matrix M is called

irreflexive iff m; =0 for all i=1,2,...,n.

Definition 2. An NXn fuzzy matrix S is said to be symmetrigjiff= sy, for all
k,I=1,2,...,n. Itis said to be antisymmetric 8JS < | , wherel , is unit usual matrix.

Note that the conditiol 58S < |
S« <1forallk. SoifS, =1thens, =0, which the crisp case.

n?'

means thas, Os, =0 for all k#| and

Definition 3. An Nxn fuzzy matrix NN" = 0 (the zero matrix) iff the matrix is said to be
nilpotent. TNP™* #0 and NP =0; 1< p<n then N is called nilpotent of degree p. An

nxn fuzzy matrix E is said to be idempotentiff = E . It is called transitive iffE* < E
And it is said to be compact iE* > E .

Definition 4. A fuzzy matrix of ordemxn is defined asA = (g;) is called triangular

mxn ?
fuzzy matrix wher@, =(m;,a;,B3;) is theij " element ofA, m; is the mean value of
a; anda;, 3, are left and right spread dd; respectively.

This section discusses different types of matrik fuzzy matrix norms.
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2.1. Matrix norm
In this section different types of matrix norm dndzy matrix norm are discussed.

Definition 5. (the maximum absolute column sum). Simply atiessum the absolute
values of each column and then take the maximunesafA useful reminder is that "1" is
a tall, thin character and a column is a tall, thgmantity.)

|B]:=max(X_1b; D
kjsn 5

Definition 6. The infinity norm of a square matrix is the maximafrthe absolute row sum.
Simply at first,we sum the absolute values dowr eaw and then take the maximum
value. The infinity norm of a matrix B is defingd b

n
1B]..= max(Q_ by I)
I<isn =1

Definition 7. The Euclidean norm of a square matrix is the squace of the sum of the
squares of all elements. This is similar to ordindPythagorean” length, where a vector's
size is found by taking the square root of the s@i@ll the squares of the elements.The
Euclidean norm of a matrix B is defined by

Bl = 220"

Any definition you can define that satisfies theefconditions mentioned at the beginning
of this section is a definition of a norm. There arany possibilities, but the three above
are among the most commonly used.

2.2. Fuzzy matrix norm
Definition 8. Max norm (Maity [23]): Max norm of a fuzzy matribALIM  (F) is denoted

by | A, which gives the maximum element of the fuzzy matrikit is defined by
1A= D)3
Definition 9. (Maity [23]): Square-max norm of a fuzzy matrix A is dendtgdA|_,,
n
and defined byA|, =([] &;)*=(|A],, )%
=

L=

In this norm,we will first find the maximum elemehthe fuzzy matrix and then square it.

Definition 10. Row-max-average Norm (Maity [24]): Row-max-average norm of a fuzzy

and defined bﬂ/ﬁﬂ = %Zn:(lnjaﬁ)

RMA
i=1 j=1

Here, at first, we find the maximum element in eash Then we determine the average
of the maximum element.

matrix A is denoted bH/Aﬂ

RMA
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Definition 11. Column-max-average norm (Maity [24]) : The Column-max-average norm

of a fuzzy matrixA is denoted byA|_ . and defined bjA_, , = EZ(DQj ).

No=1 =
Here we find the maximum element in each columrtlzemithe average of the maximum
elements.

Definition 12. Pseudo norm on fuzzy matrix (Maity [24]): A norm of a fuzzy matrix is
called pseudo norm of a fuzzy matrix if it fulfile following conditions

1. ||A” >0 for any fuzzy matrixA.

2.if A=0 then||A4| =0.

3. |[kA|=|k||A|  for any scalek O[0,1].
4.|A+B|<|/A|+[B|  forany two fuzzy matriced andB.
5.|AB|<|A||B|  for any two fuzzy matrice8 and B.

Definition 13. Max-min Norm (Maity [24]): Max-Min norm of a fuzzy matrix A is denoted
n n
by "A”MM and defined bH/A“MM = D(Dau)
=1 j=1
Here, we find the maximum element in each row had the minimum of the maximum
elements.

2.3. Addition and multiplication of fuzzy matrices

Maity [24]defined two new types of operators of fuzzy masidenoted by the symb@
and®. The operatofbis used for addition and the opera®ris used for multiplication
of fuzzy matrices. The following way defines thése operators.

€11 G2 *° Cin diqy diz o dip
€21 C22 " Con d d e d
ifc=|" . .| and D=2 22 n
Cn1 Cnz " Cpp dpy dnz v dpg
|'C11+d11 Ciztdiz C1n+d1n‘|
2 2 2
Ca1tdar  Caatdaz | Cantdan
ThenC®D=| 2 2a 2|
[Cnl tdn1  Cnz2tdn Cnn+dnnJ
2 2 2

[A {C11’d11} A {C12’d12} A {Cln’dln}]
andC®D = | {cz17d21} A{ca20d20} AMeandan)

A {Cnl’dnl} A {an’dnz} A {Cnn’dnn}
In this type of multiplication, fuzzy matrices wile of same order.
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Example:
02 06 03 06 03 0.7
If C = [0.4 0.8 05| and D =102 0.1 0.3]
08 04 0.7 01 04 03
0.4 045 0. 02 03 03
ThenC® D =03 045 04 an ® D=10.2 0.1 0.3]
045 04 0.5 01 04 03

3. Column-aver age-max-norm (CAM)

Here we have defined a new type of norm calledmaohkaverage-max-norm. We have used
new type of operators of fuzzy matrices for thisntmoHere at first we determine the
average value in each column. Then we find the mami of these average values. The
column-average-max-norm of a fuzzy matiis denoted byP||-4 and defined by

n 1 n
1Pllcam = \/(;Z m,-)
j=1 i=1

Lemma 1. All the conditions of norm are satisfied b§l|cam = V=1 (% Yieq pij)
Proof:

P11 P12z " Pin i1 912 " qin
Let us considerp = P?1 pZ:Z pf” and Q = qfl q2:2 qf"
Pn1 Pn2 " DPnn Gn1 92 " Gun
1Pllcar = Vizy (G 2y i) andilQllcaw = Vi (5 201 417)
i. As allp;; = 0

So, according to the definition of column-averagexmorm obviousIy| P||cap = 0
Now, ||Pl|cam = 0
< Vi (% =1 pij) =0
=N 2?=1pij =0foralj=12,..n
©pj=p=ppy=0 foralj=1.2,..n
o pj=0foralj=12,..n
©P=0
So||Pllcay =0 iff P =0
ii. Here, we have defined a new type of scalar muttiion as follows
Bp; ={ laliflal < 1IPllcam }
1Pl camif lel > IPllcam
So if|Bl < lIPllcan then NIBPllcam = IBIIIPIlcam
andif |B| > |IPllcam then [IBPllcam = IBIIIPllcam

Therefore || fPllcam = |BIIIPllcamfor allp € [0,1]

[p11+(I11 P12+q12 p1n+q1n-|
2 2 2 I
P21+q21  P22tdez | Pantdon I
PO Q= 2 2a 2
lpnl'HInl Pn2tdnz | pnn""lnnJ
2 2 2
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I P® Qllcam = Vj=1 |2 2 2

P1j*1j P2j*dzj Pnjtnj
n

(p1]+(h])+(p2]+‘hj)+ +(pn1+fIn])
2n
< ,_1[p11+pz;+ +pn;]+V? 1[91)+q2j++n;]

Vi= =12 lpl])+vj 1(21 14ij)

2n
V?=1(z2?=wu)+V7 (52 ay)

—”P”CAMQ”Q”CAM = IPllcaw @ llQllcan
So || P® Qllcam < I1Pllcam @ 1@l cam
{P11’Q11} A {Plz"hz} A {P1n"hn}
ii. PRQ= [ {P21’Q21} A {2?22"122} A {PZr_l’QZn}l
[ {pnl’qnl} A {Pnz’an} A {pnn’qnn}J
Now A {p;;+q;;} < pi; andg;; for all isj
Z{l 1{/\ (pu’qU)} < Z? 1Pij anqu for all irj
[ iz 1{/\ (plj’qu)}] <V1 1[ Yie 1Pu] and V] 1[ o 1qu]

= ||p ® Qllcamn < IPllcamn @ IQllcamn
Hence, all the conditions of norm are satisfieddblymn-average-max norm.

3.1. Properties of column-average-max norm
Properties 1. If C andD are two fuzzy matrices théfd C @ D)  llcam < ICT lcay D

IDT||cam hold.
Proof:
€11 C12 *° Cin din dip o dip
Let us consideg = |21 €22 7 | gnqp = |91 dez o dan
Cn1 Cn2 " Cnn dpi dnz - dpn
|'C11+d11 Ci2tdiz | C1n+d1n'|
| 2 2
|C21+d21 Caatdyy Czn"'dznl
Then (C@D) = BE 2a 2 | and
{Cn1+dn1 an"'.dnz Cnn+dnnJ
2 2
(€11 +di1 €1 +dy Gt dn1
2 2 2
€12 +diz 3 +dy; G t dn2
(CHD) = 2 2 2
Cin + dln Con + dZn Cnn T+ dnn
| 2 2 2
1 cji+d
1CC® DY lcaw = Vi [z 2 (P5)] < Viy [ 20y 6| + Vi [ T i
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1 1
< V?=1[ZZ?=1 Cfi]+v?=1[ﬁz?=1dﬁ] — 1™ can 1P N came —

> 5 1€ lcam @ IDT llcam

Example 1.
05 03 04 08 03 0.2
LetC =104 06 04| andD =09 0.6 0.1

04 0.7 08 0.1 0.7 0.5
0.65 03 0.3 0.65 0.65 0.25]

(C®D)= [0.65 0.6 0.25] (COD)T = [0.3 06 0.7
0.25 0.7 0.65 0.3 0.25 0.65
Now, ||(C @ D)7 ||cay = max{0.4167,0.5,0.534} = 0.534

ICT lloan = max{0.4,0.47,0.64} = 0.64
DT |lcans = Max{0.44,0.54,0.44} = 0.54
ICT lcam @ IIDT llcans = 0.59
So,ICC® D) Nlcam<NC™ llcam @ DTl cam

Properties 2. If C andD are two fuzzy matrices afid< Dthen||Cllcam < IPlcam
Proof:

AsC <D SO¢;; < dij

= Z?:l Cij < Z?zl di]'fora”j

n n n n
1 < 1 d
VIr2e| =V [a 2%
j=1l =1 j=1l i=1
= [Cllcam < IDllcam
Example 2.

tetc= (32 07 )andn = (39 0%)

ICllcam = 0.4 and [[Dl|cam = 0.7
S0,[[Cllcam<IIDllcam

Properties 3. If C, D andE are two fuzzy matrices afd< D then||C @ E|lcay <
ID ® Ellcan  hold.

Proof:
€11 €12 Cin diy dip -+ dig
. C1 C22 =+ O d d e d
Let us considel} = | * 2 =" T 2n| and
Ch1 Cn2 " Cpp T R
€11 €12 €1n
E = €21 32:2 €2n
en1 €n2 €nn

[A {011’911} A {012’312} A {Cln’eln}]

ThenC®E = | Meavear)  Aearern}  Acanrean)

[/\ {Cnl’enl} /\{an’enz} A{Cnn’enn}J

103



Mandira Samanta and Suman Maity

[A {d11’311} A {d12’312} A {dln’eln}]
and DQE = A {d21’321} A {d22’322} A {dZn’eZn}

A {dnl»enl} A {dnzaenz} e A {dnn»enn}

IC® Ellcam = Vi [%Z?:l{/\ (Cij’eij)}] and
ID @ Ellcam = V=1 Ez?ﬂ{/\ (dij’eij)}]
Now(C <D = Cij < d” for a.”l,]
=>A (Cij’eij) <A (dl-j»ei]-) for all l,]
= Z?zl{/\ (cij,eij)} < Z?:l{/\ (di]-’eij)} for a.”]

1 1 .
= 2 Xika{A (eppe)} < S XA (dijrey)} forallj
= Vi [%2?4{/\ (Cij’eij)}] < Vo [%Z?=1{’\ (dij’eij)}]
= [|IC® Ellcam < |ID ® Ellcam

Example 3.
0.65 045 0.1 0.8 0.55 0.3
LetC = [0.25 06 0.35|,D=103 0.7 0.45] and
02 07 05 02 08 09
06 04 03
E=109 0.7 0.1]
02 05 0.8

Now,C Q E = [0.25 0.6 0.1] andD Q E = [0.25 0.6 0.35

02 05 05 02 0.7 05
IC ® Ellcamn = 0.5 and ||D @ Ellcamn = 0.54

So, [[C® Ellcamn < IID ® Ellcamn

06 04 0.1 0.65 0.45 0.1]

Properties4. If C and D are two fuzzy matrices, thii @ D|lcay = lID D Cllcam
hold.

Proof:
Ci11 Ci2  Cip di; dyp - dip
) Cy1 Cyz =+ €3 d d o d
Letus consider ¢ =| 5" %% . | and D= |72 T2 o
Ch1 Cn2 " Cpp dp1 dnz  dpg
Ci1tdin  Ciptdiz | Cintdan
2 2 2
Ca1tday  Caatdap | Cantdon
Then (C@D)=| 2 2a 2|
lcn1+dn1 Cnz+dnz Cnn+dnnJ
2

2
Now,|| C& Dllcam = V=4 [%Z?ﬂ (M)]

2
_yn [Lyn (dijtci

— V=1 i=1( 2 )]

= || DD Cllcam

So,|| C® Dllcam = |l DD Cllcam
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Example 4.
04 03 0.1 02 04 05
C=106 05 0.2] andD = [0.7 0.5 0.1]
0.1 0.7 0.3 0.2 08 03
03 035 0.3 03 035 0.3
Now'(C@ D) =]0.65 0.5 0.15] and (D®@C)= [0.65 0.5 0.15]
0.15 0.75 0.45 0.15 0.75 045

So, || C® Dllcam = Il D @ Cllcam

Properties 5. For any two fuzzy matri€ andD(# C), CD andDC may or may not be
equal bull|C @ Dllcay = IID Q Cllcam @lways holds.

Proof:
€11 Ciz ' Cin diy diz - dig
: €21 Cap G dpi dp, - d
Let us consider ¢ =| 3" "% . .| and D =72t T2z an
Ch1 n2 " Cpp 7 I R

[A {011’d11} A {C12’d12} A {Cln’dln}]
Then C®D= A {021’d21} A {022"122} A {Czn’dzn}

ANMendm} AMenprdna} - A cnnodnn}
NOWIC @ Dllcam = Vi [+ Zia{A (o)}
= Vi [%2221{’\ (dij’c)}]

= |ID ® Cllcam
So, [[C® Dllcam = lID & Cllcam

Example 5.
0.1 04 03 03 04 0.2
Let C = [0.6 0.5 0.7] andD =|0.6 0.5 0.1]
03 0.2 0.1 08 09 03
0.1 04 0.2 0.1 04 0.2
NowC ® D = (0.6 0.5 0.1] and D®C=[O.6 0.5 0.1]
03 02 01 03 02 01

So, || C® Dllcam = Il D & Cllcam

Definition 14. Define a mapping : M,,(F) x M,,(F) - [0,1] as
d (C,D) = min{||Cllcam, lIDllcan} forall C,D in M, (F).

Proposition 1. The above mapping satisfies the following condition for &l D, E in
Mu(F). |

0] d(C,D)=0andd (C,D)=0iff C=0 orD =0o0rbothC=D=0

(ii) d'(c,D)=d'(D,C)
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Pr oof:

0} d'/(C,D) = min{||Cllcam, IDllcam} = 0 as||Cllcam = 0 and [[D|[cap = 0
Now, d (C,D) = min{||Cllcam ID|lcam} = O

= ||Cllcam = 0 or ||[Dllcam = 0 or both|[Cllcam = [IDllcam = 0

= eitherC =0 orD =0o0rbothC=D =0

i. d'(C,D) = min{l|Cllcam, IDllcap} = min{lIDllcam, ICllcam} = d’(D: 0)

Proposition 2. If C,D € M,(F) andC < D then d'(C,E) <, d'(D,E) forallE €
M, (F).

Proof: SinceC < D so||Cllcam < 1Dl cam

NOWC} (C,E) = min{|[Cllcam, IEll cana}

andd (D, E) = min{l|D|lcam, |E |l cam}

Casel:

If“C”CAM < ’”D”CAM < lEllcam thend (C,E) = |[Cllcam < IDllcamy =d (D,E) i.e
d'(C,E) <d'(D,E)

Case2:

If IENlcam < ICllcam < IDlcam thend (C,E) = ||Ellcam = d (D, E)

Cases:

If ”C,”CAM < ”E,“CAM < IDllcam thend (C,E) = ||Cllcam @andd (D, E) = ||E|lcam
Sod'(C,E) < d'(D,E)

Therefored (C,E) < d'(D,E) for allE € M,,(F)

Definition 15. For all € in M, (F)we define
Coup = {x € Mp(F): IXllcam = ICllcam}
Cing = {x € My(F): IXllcam < ICllcam}
Coqu = {x € Mp(F): IXllcam = IICllcam}

Clearly,M,(F) = Cgyp U Cing U Coqu

The set Cg,,, is called column-average-max-superiocto

Ciny is called column-average-max-inferiordo

Cequ IS called column-average-max-equiventto

3.2. Algorithm
Input: A fuzzy matrix of orden x n
Output: A real number in [0,1]
Max=0;
for j=1ton;
ans=0;
fori=1ton
ans=ans+ali][j];
end for
ans = ans/n;
if max < ans then max = ans;
end for
return max;
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4. Conclusion

In this paper, we have defined the column-average-norm and its properties. Using
these norms, we can define conditional numbershaeikc whether a linear system of
equations is ill-posed or well-posed. The normuaizly matrices can effectively contribute
to solving a fuzzy system of linear equations.Hhis paper, we define different types of
norm on simple fuzzy matrices. Similarly, we caffirtke norm on interval-valued fuzzy

matrix, Circulant triangular fuzzy matrix, Fuzzy miership matrix etc. A fuzzy

membership matrix is used in medical diagnosisdauision-making. So, if we define the
norm on the fuzzy membership matrix, it will makeaamtribution to medical science.

REFERENCES

1. A.K.Adak, M.Bhowmik and M.Pal, Application of geradized intuitionistic fuzzy
matrix in multi-criteria decision making probleh, Math. Comput. Sgil1(1) (2011)
19-31.

2. A.K.Adak, M.Pal and M.Bhowmik, Distributive latticever intuitionistic fuzzy
matricesJ. Fuzzy Mathematic1(2) (2013) 401-416.

3. A.K.Adak, M.Bhowmik and M.Pal, Intuitionistic fuzzblock matrix and its some
properties,). Annals of Pure and Applied Mathematitél) (2012) 13-31.

4. A.K.Adak, M.Bhowmik and M.Pal, Some properties ehgralized intuitionistic fuzzy
nilpotent matrices over distributive lattick,Fuzzy Inf. Engd(4)(2012) 371- 387.

5. M.Bhowmik, M.Pal and A.Pal, Circulant triangulazfty number matriced, Physical
Sciencesl?2 (2008) 141-154.

6. M.Bhowmik and M.Pal, Intuitionistic neutrosophid,sk Information and Computing
Science4(2) (2009) 142-152.

7. M.Bhowmik and M.Pal, Intuitionistic neutrosophict selations and some of its
properties,). Information and Computing Sciené£3) (2010) 183-192.

8. M.Bhowmik and M.Pal, Generalized interval-valuetliitionistic fuzzy sets). Fuzzy
Mathematics18(2) (2010) 357-371.

9. M.Bhowmik and M.Pal, Some results on generalizadriral-valued intuitionistic
fuzzy sets,). Fuzzy Systems$4 (2) (2012) 193-203.

10. M.Bhowmik and M.Pal, Generalized intuitionistic iyzmatrices,J. Mathematical
Sciences29(3) (2008) 533-554.

11. M.Bhowmik and M.Pal, Partition of generalized im&rvalued intuitionistic fuzzy
sets,J. Applied Mathematical Analysis and Applicatip#gl) (2009) 1-10.

12. M.Bhowmik and M.Pal, Some results on intuitionistizzy matrices and circulant
intuitionistic fuzzy matrices]). Mathematical Scienceg®(1-2) (2008) 81-96.

13. K.-P.Chiao, convergence and oscillation of fuzzyrinas under SUP-T Composition,
J. Mathematical Sciencé3 (1997) 17-29.

14. D.S.Dinagar and K.Latha, Some types of type-2 nigar fuzzy matrices]. Pure and
Applied Mathematigsl (2013) 21-32.

15. S.Elizabeth and L.Sujatha, Application of fuzzy niemship matrix in medical
diagonosis and decision makinyy, Applied Mathematical Sciences (2013) 6297-
6307.

16. A.N.Gani and A.R.Manikandan, Det-norm on fuzzy ntais, J. Pure and Applied
Mathematics1 (2014) 1-12.

107



17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.
30.

31.

32.

33.

34.

35.

36.
37.

38.

39.

Mandira Samanta and Suman Maity

A.N.Gani and A.R.Manikandan, On fuzzy det-norm imatr. Math. Comput. Scg(1)
(2013) 233-241.

H.Hashimoto, Canonical form of a transitive fuzzgtnx, J. Fuzzy sets and systems
11 (1983) 157-162.

H.Hashimoto, Decomposition of fuzzy matric€&AM J. Alg. Disc. Math 6 (1985)
32-38.

R.Hemasinha, N.R.Pal and J.C.Bezek, lterates dfyfeirculant matrices). Fuzzy
Sets and Syster0 (1993) 199-206.

A.Kalaichelvi and S.Gnanamalar, Application of fuznatrices in the analysis of
problems encountered by the coffee cultivators wddd Hills, J. Mathematical
Sciences and Applicatipi(2) (2011) 651-657.

S.K.Khan and M.Pal, Interval-valued intuitionistfazzy matrices,J. Notes on
Intuitionistic Fuzzy Setd1(1) (2005) 16-27.

S.Maity, Max-norm and square-max norm of fuzzy moas,Journal of Mathematics
and Informatics 3 (2015) 25-40.

S.Maity, Row and Column-Max-Average Norm and MaxaMiNorm of Fuzzy
Matrices,Progress in Nonlinear Dynamics and Cha8§l) (2015) 25-39.
A.R.Meenakshi and P.Jenita, Generalized regulayfuzatrices,]. Fuzzy Systen2
(2011) 133-141.

S.Mondal and M.Pal, Intuitionistic fuzzy incline tria and determinant]. Annals of
Fuzzy Mathematics and Informati&1) (2014) 19-32.

S.Mondal and M.Pal, Similarity relations, inverlityy and eigen values of
intuitionistic fuzzy matrix,J. Fuzzy Inf. Eng4 (2013) 431-443.

M.Pal, S.K.Khan and A.K.Shyamal, Intuitionistic fyz matrices,J. Notes on
Intuitionistic Fuzzy Set8(2) (2002) 51-62.

M.Pal, Intuitionistic fuzzy determinar¥,.U.J. Physical Sciencgs (2001) 65-73.
R.Pradhan and M.Pal, Convergence of max generalimmh-mingeneralized mean
powers of intuitionistic fuzzy matriced, Fuzzy Mathematic22(2) (2014) 477-492.
R.Pradhan and M.Pal, Generalized inverse of blatkitionistic fuzzy matrices).
Applications of Fuzzy Sets and Artificial Intellige 3 (2013) 23-38.

R.Pradhan and M.Pal, Some results on generalizegts@ of intuitionistic fuzzy
matricesJ. Fuzzy Inf. Eng 6 (2014) 133-145.

R.Pradhan and M.Pal, The generalized inverse ohassov's intuitionistic fuzzy
matrices,J. Computational Intelligence Systemi€s) (2014) 1083-1095.

M.Z.Ragab and E.G. Emam, On the min-max composidfdnzzy matrices). Fuzzy
Sets and Systemb (1995) 83-92.

M.Z.Ragab and E.G. Emam, The determinant and adjdia square fuzzy matrix,
J.Fuzzy Sets and Systed (1994) 297-307.

A.K.Shyamal and M.Pal, Triangular fuzzy matric&$;uzzy System (2007) 75-87.
A.K.Shyamal and M.Pal, Two new operators on fuzatrioes,J. Appl. Math. and
Computingl-2 (2004) 91-107.

A.K.Shyamal and M.Pal, Distance between fuzzy roafiand its application-I,
J.Natural and Physical Scienc&9(1) (2005) 39-58.

A.K.Shyamal and M.Pal, Distance between intuitiboifuzzy sets and interval valued
intuitionistic fuzzy sets). Mathematical Science8(1) (2007) 71-84.

108



Column-Average-Max-Norm of Fuzzy Matrix

40. A.K.Shyamal and M.Pal, Interval-valued fuzzy matsg). Fuzzy Mathematic44(3)
(2006) 583-604.

41. F.I1.Sidky and E.G.Emam, Some remarks on sectioa fifzzy matrix,J.K.A.U, 4
(1992) 145-155.

42.Y.J.Tan, Eigenvalues and eigenvectors for matees distributive lattice]. Linear
Algebra Appl. 283 (1998) 257-272.

43. M.G.Thomson, convergence of powers of a fuzzy mafri Mathematical Analysis
and Application57 (1977) 476-480.

109



