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Abstract. One of the significant aspects of fuzzy group thiée a classification of the
fuzzy subgroups of finite groups under a suitalgjeivalence relation. In this paper, we
determine the number of distinct fuzzy subgroupfinite symmetric groujss by the new
equivalence relation introduced byarfiauceanu. In this case, the corresponding
equivalence classes of fuzzy subgroups of a grouprés closely connected to the
automorphism group and the chains of subgrou@ of
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1. Introduction

Classifying the fuzzy subgroups of a finite grouas lhundergone rapid development, in
recent years. The fuzzy subgroups of a gr@upan be classified up to some natural
equivalence relations on the set consisting ofualty subsets o6. Many papers have
treated the classification of the fuzzy subgrougsplrticular cases of finite groups with
respect to suitable equivalence relation. Murali Bfakamba studied equivalence classes
of fuzzy subgroups of a given group under a sutaguivalence relation. Ogiugo and
EniOluwafe have also the number of fuzzy subgraf@ under the natural equivalence
relation. We have computed the number of fuzzy suljgs ofS by this new equivalence
relation [1]. This new equivalence relation geniees the natural equivalence relation
defined on the lattice of fuzzy subgroups. The pape present some preliminary
definitions and necessary results on fuzzy subgrcamd recall the new equivalence
relation. Other types of fuzzy algebraic structlaesavailable in [7-9].

2. Preliminaries

A fuzzy subset of a seiX is a functionu: X — [0,1]. LetG be a group with a multiplicative
binary operation and identity e, and|leiG — [0,1] be a fuzzy subset @. Thenp is said
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to be afuzzy subgroup of G if

(1) u(xy) > min{u(x),u(y)},
(2) p(xH > pu(x) for allx,ye G

The following elementary facts about fuzzy subgsofglow easily from the axioms:
u(x) = u(x ) andp(x) < p(e), for all x € G. Also, p satisfies conditions (1) and (2) of
Definition if and only if minfu(x),u(y)} < u(xy™?, for all x, ye G.

The set {i(X)|x € G} is calledtheimage of u and is denoted yy(G), For eactw € u(G),
the setu,: = {x € GJu(X) > a} is called a level subset of u .It follows thatp is a fuzzy
subgroup ofG if and only if its level subsets are subgroup&ofThese subsets are useful
in the characterization of fuzzy subgroups.( sé¢ [6

SupposeG is a finite group; then the number of subgroup&a$ finite whereas the
number of level subgroups of a fuzzy subgréugppears to be infinite. But, since every
level subgroup is indeed a subgroupzphot all these level subgroups are distinct. la th
paper, we count the classified distinct fuzzy sobgs ofSs.

Without any equivalence relation on fuzzy subgrooipgroupG, the number of fuzzy
subgroups is infinite, even for the trivial groug}{So we define an equivalence relation
on the set of all fuzzy subgroups of a given grap.say thaft is equivalent to, written
asu ~ v, if we have

ux) > uy) © v(x) > v(y), for all x,ye G
and
M(X) =0 v(X) =0 for all x e G.

Note that the conditiop(x) = 0 holds if and only if(x) = 0 simply says that the supports
of pandv are equal and two fuzzy subgroyps of G are said to be distinct jif #v.

3. Methodology
Let G be a finite group. Then it is well-defined the folling action ofAut(G) on FL(G)
p : FL(G) x Auf(G) — FL(G)
p(U, ) =pef, forall (u,f) € FL(G) x Aut(G)

Let us denote by, the equivalence relation on FL(G) inducedbpamelyu =, v if and
only if there exist$ € Aut(G) such thav = o f

In this paper, it is called a new equivalence iatgf5]. There are other different
versions of fuzzy equivalence relations in Literatu

The problem of classifying the fuzzy subgroup dfith group G by using a new
equivalence relatior: on the lattice of all fuzzy subgroups of G, itdicidon has a
consistent group theoretical foundation, by invedvthe knowledge of the automorphism
group associated 8. The approach is motivated by the realization that theoretical
study of fuzzy groups, fuzzy subgroups are dististued by their level subgroups and not
by their images in [A] . Various enumeration techniques that are usdleé counting of
distinct fuzzy subgroups of a finite group. Thesanting techniques are derived from the
interpretation of the definition of fuzzy equivatenrelations used. The equivalence classes
are called the orbits of the action, the orbit ahainC € C is {f(C) | f € Aut(G)}, while
the set of all chains ié that are fixed by an automorphism f of G is
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Fixc(f) = {C € C [f(C) =C}
Now, the number N is obtained by applying the Bigleis lemma:

1
N= | Fizg(f) |
[Aut(G)] f@%{c) C "

The Burnside’s lemma plays an important role in ¢hglicit formula to compute the
number of distinct fuzzy subgroups(N) of a finiteogp G with respect to a certain
equivalence relation on the lattice of fuzzy sulgsy induced by an action of the
automorphism grouput(G) associated t& (see[5]).

4. Main results
Let C € Fixc(f,), whereC: Hic Hzc - --c Hn= S, Thenf,(C) = C, that isf,(H;) = Hi, for
alli=1<i <m.

Then every automorphism 8fis of the formf, with ¢ € S,. In fact, forn 6= 26 the
symmetric group is complete group. It is well-knowmat S has 120 elements. The
arrangement of elements according to their cycietire reveals the conjugacy classes in
S.

Proposition 4.1. Two elements 0§, are conjugate if and only if they have the samdecyc
structure. It is well-known that cycle types det@rathe conjugacy classesSn

Proposition 4.2. Two elements o0&, are conjugate if and only if they have the
same cycle structure.

It is well-known from classical group theory, art@auaorphism of a grouf permutes
the conjugacy classes @) and the inner automorphisms preserve each canjlgass.

Theorem 4.1. [1] Let o, of S, be conjugate, then the set of the number of chafins
subgroups o&.for n = 2,6 fixed by the automorphisfris equal.

The set of chains of subgroupsSfixed by the automorphisiincan be represented by
the cycle structure d&s. The inner automorphisms &f preserve each conjugacy class in
S.

Theorem 4.2. [3] The number of chains of subgroupsSgthat ends irssis 3784.
We shall compute the number of all distinct fuzeypgroups ofS using the counting
technique (#) from the definition of the new eqlévee relation induced by the action of
automorphism groups.

f1:$5—>S, flo)=tlor
Then every automorphism &fis of the formf,with c € S

AU(S) = {f1, T, T3, 4, T5, ,Ts, T2, - - ,F1a8, Ti19, Fiog
f]_ = fez 3784
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fo=fa=f4=fs=..f11= 10 x 740 = 7400
flo=fiz=fa="f15= -+ =f26= 15 x 492 = 7380
for=fog=fog=f30=+-- =fss= 20 x 110 = 2200
fa7="fag=fa9=f50=--- =f76= 30 x 154 = 4620
fr7="frg="fr9=fgo= - -- =fos= 20 x 46 = 920
for=fog= fog= f100= - - - =f120= 24 x 24 = 576

The number of the set of all chains ktlsat are fixed by an automorphism f gfi§26880

1
M) = T 2=, )
|AUt(S5)| fEAut(Ss) :
26880
=" =924
h(Ss) = =55

Theorem 4.3. The number of all distinct fuzzy subgroups withpest to~ of the
symmetric groufssis 224

5. Conclusion

In this paper, we have determined the number aindisfuzzy subgroups for symmetric
groupSsby the new equivalence relation which generaliresiatural equivalence relation
used in [2].
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