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1. Introduction

The concept of fuzzy sets which formed the backbain&izzy mathematics was first
introduced by Zadah [20] in his classical papethim year of 1965. The theory of fuzzy
topological spaces was introduced and develope@hang [4] in 1968. H Since then
much attention has been imply to develop and génerahe fundamental concepts of
general topology in fuzzy setting by many authdrsus a modern theory of fuzzy
topology has been developed. In recent fuzzy tapolas been found to be very useful
in solving many industrial problems. In 2000, [9h$¢hie showed that notion of fuzzy
topology be relevant to Quatum particle physics.

The concept of fuzzy-open set was introduced by Hanfy et al. [8] in9988 a
union of notation of fuzzy semi-open sets and fyzmopen sets. Hanafy introduced the
fuzzy y-open sets which are weaker than each of thenmgUhis notation, he studied
fuzzy y-continuous mapping on fuzzy topological space2045, Thangaraj et al. [12]
discussed fuzzy hyper- connected in fuzzy topalaigipace and studied its properties.

We introduce and study the concepts of fugzyper connectedness by using
fuzzy y-connected sets in fuzzy topological space. Sewdratacterizations of fuzzy
hyper connectedness in fts in terms of fuzzyséts, fuzzy-first category sets and fuzzy
v-no where dense sets are also established indpirpAlso we discuss some theorems
and results on this spaces.

2. Preliminaries

Some basic definitions and properties which bd@ineeded are recalled in this section.
In this paper we use the notion of a fuzzy topoligthe original sense of Chang (1968).
Throughout this paper by (¥,we mean a fuzzy topological space (fts, shottly)
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For a fuzzy sek in a fts (Xz), cl, intA, intclint A will respectively stand for the
fuzzy closure, fuzzy interior and interior closuméerior of A in (X,1).

Definition 2.1. [8] A fuzzy subseh of fuzzy topological space (¥),is said to be fuzzy-
open set (res. fuzzyclosed set) if
A< clint A Ointcld (res.A >clint AAintcl 1)

Also, it may be write that the complement of fuzzgpen set is fuzzy-closed set. Any
union (resp. intersection)of Fuzzy gfopen (resp. fuzzy-closed) set is fuzzy-
open(resp. fuzzy-closed.). But intersection of two fuzzypen sets need not be fuzzy
open. The intersection of a fuzzy open set whidh isrisp subset and a fuzzppen set
is fuzzyy open. The union of fuzzy closed set which isispcsubset and fuzzyclosed
set is fuzzyy closed.

Remark 2.2. It is obvious that every fuzzy open (resp. fuziysed) set is a fuzzy
open set (resp. fuzzyclosed set).
But the converse need not be true in general.

It is also clear that a fuzzyopen set is weaker than the concepts of fuzzy semi
open or fuzzy pre open set and stronger than ctmoéfuzzy semi open set.

Proposition 2.3. [1] If u andi are two fuzzy subsets of a fts €Xthen
(i) cl plel A = cl(u) and cluacl A O cl(pAd)

(i) int w A Int A = int(wAA) and intulint A O int(uCR)

(i) 1-int A = cl(1-A)

(iv) 1-cl A = int(1-A).

Definition 2.4. ([8] They-interior andy-closure of a fuzzy set A in (X, are denoted by
v-int(A) andy-cl(A) respectively and are defined as

v- int(A) = [{B: B <A, B is fuzzyy-open set in X}

v- cl(A) = A{C: C > A, C is fuzzyy-closed set in X}.

Here, let uy(x) and ug(x) be the membership function of every x in A and B
respectively. Then a member of A is contained ineentmer of B which is denoted by<A

B iff 1 (x) < pp ().

Proposition 2.5. [8] If A is a subset of (X) andl'is its complement then
(i)y-clA'= (y_intd)'
(i) y-intAd'= (y_cl)".

Theorem 2.6. [8] i) Each fuzzy semi pre open set which iszfuzlosed is fuzzy-open.
i) Each fuzzyopen set which is fuzzy closed is fuzzy semi open.

Definition 2.7. [11] i) A fuzzy set) in a fuzzy topological space @,is called fuzzy
dense if there exists no fuzzy closed set p im)(3ych thak<u<1. That is, ck)=1.

(i) A fuzzy seth in a fts (Xz) is called fuzzy nowhere dense if there existiar-zero
fuzzy open set 1 in (%) such that u < clf), that is intcl§)=0.
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Definition 2.8. [3] A fuzzy set) in a fts (Xg) is called a fuzzy @set in (Xg) if
A=A"z1(\) where);Or for i0A.

Proposition 2.9. [1] For a family A of §,} of fuzzy sets of a fts (%), [kl(A,) <cl(C,).
In case A is finite set,cl(A,) = cl(C,).
Also [int(,) < int(Ch,) in (X,1).

Definition 2.10. [113] A fts (Xj) is called a fuzzy Baire space if ifit(,(A;))=0, where
(M)'s are fuzzy nowhere dense sets intfX,

Definition 2.11. [13] A fuzzy set. in fts(X1) is called a fuzzy first category sethif=
[=1(\), where §,)'s are nowhere dense sets inf)XAny other fuzzy set in (%) is said
to be of fuzzy second category.

Definition 2.12. [11] A fts (X;) is called a fuzzy first category setifi-;(A)=1x, where
(M)'s are nowhere dense sets intX,
Any other fts (Xg) is said to be of fuzzy second category.

Theorem 2.13. [13] If A is a fuzzy dense set and fuzzy €&t in a fuzzy topological
space (Xg) , then 1k is a fuzzy first category set in @,

Definition 2.14. [10] A fts (X,7) is called fuzzy P-space if every non zero fuzzys€& in
(X,7) is fuzzy open in (%). That is, ifA = A"=1(A;) where);Or for iDA.

Definition 2.15. [16] A fts (X;) is called a fuzzy Volterra space if Al{-1(A) =1, where
(A)’s are fuzzy dense and fuzzy-&ets in (Xg) .

Definition 2.16. [5] A fuzzy topological space X is said to be fyzgper connected if
every non null fuzzy open subset of X is fuzzy @eirs X. That is, a fuzzy topological
space (Xg) is fuzzy hyper connected if clj=1, for all yOr.

3. Fuzzy y-hyper connected space
Definition 3.1. A fuzzy topological space X is called fuzgyzonnected if there is no
proper fuzzy set of X, which is both fuzgyopen and fuzzy-closed.

Definition 3.2. A fuzzy topological space (¥, is called fuzzyy-hyper connected if
every non null fuzzy-open subset of X is fuzzy dense set. That its &) is fuzzyy-
hyper connected if for every non null fuzzgpen subset p of X, cl(p) =1.

Proposition 3.3. A fuzzy topological space (¥, is fuzzyy-hyper connected for every
non null fuzzyy-open subseét of X, if  clintA Oclintcl A < 1.
Proof. A be a fuzzy subset of (%, For every non null fuzzy-open subseét
A <clintA Ointcl &
Sincel isy-hyper connected in (X),
O ch=1
clA <cl (clintx Ointcl 1)
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1=cl (clintA Ointcl A)
= clclintAOclintcl A= 1 [ is finite fuzzy open set, ¢I}) > [l 2]
= clint Alclintcl A < 1.

Proposition 3.4. A fts (X;1) is fuzzyy-hyper connected for non null finite fuzzyclosed
subsets. of X if clint u A clintcl p < 1.

Proof: Let p is fuzzyy-closed set.

Then by definition we haveu > clint p A intcl p

1-u < 1-clint u A intcl p]

dint(1-p) < int[1-(clint u A intcl w)]

1-clp < 1-clclint p A intel p)

sincep is hyper connected, gE1 and clf) O Acl
0 1-1<1- clclintp A clintcl p

= 0< 1-clintp A clintcl p

= clintpAclintclp<1

Theorem 3.5. Arbitrary union of fuzzyy-hyper connected subset of X is fuzghyper
connected set.
Proof: Let {A;: iOA} be collection of fuzzy-hyper connected sets of X.
Then, for eachdA, we havé\;
Ai< clint A; Ointel A
= OM< Oclint A; Ointcl &)
= (clintd ;) dintcl O2;)  [sincellcl A< cl ON anddint A< int OA]
Taking closure:
cl(Cy) <cl((clintd;) dintcl OX))
= [clclint{d A;) O(clintcl(T ;)] [inequality holds in respect of closure propgrt
= clintOx) Celintel(OA)
Oclint(CA;) Celintel(OA;) =1.
Imply that () is a fuzzyy-hyper connected in fts(X),

Example 3.6. Let py, pp, pz be fuzzy sets on X=[0,1] defined as

. . 1 _ 1
w(x)=0 |f0§x§% H2(X) =1, |fO§x§Z us(x) = 0, IfOSXSZ
1 _
=2X-1lf§SX§1 = -4x+2%§x§% :4x31 ,iSXSl
=0, %SxSl

Considert = {0,1, ug,1z, peius Jon X, In (X,1) po,us andusAp, are fuzzyy-
open sets bui,Apzis not fuzzyy-open set.
Indeed poAus ¢ clint (uaAps) Dintcl(uaAps) |,
But wiApe < clint (upApg) Ointel(uaAp). O paA pp is fuzzyy-open set
and clgAp) =0
S0, AL is not fuzzyy-hyper connected set in @,
But po,ps are fuzzyy-open set
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And also c¢li,= 1, clusz=1.
Therefore u,,uz are fuzzy-hyper connected sets.

Definition 3.7. A fuzzyy-open seh in fts (X;) is called fuzzyy dense if there exists no
fuzzyy-closed set p in(X) such thak<u<1; That is ci)=1.

Definition 3.8. A fuzzy y-open sel in fts (x;) is said fuzzy nowhere-dense if there
exists no non zerp-open sety in (X) such that p< cl). That is, intclf)= 0.

Definition 3.9. A fuzzy y-open seth in fts(X) is called fuzzyy- F.set in (Xg) if
A= (M), where 1x0x for idll,

Definition 3.10. A fuzzy y-open seth in fts(X;1) is called fuzzyy- Gsset in (Xg) if
A=A"iz2(A), wherehOr for iCl.

Definition 3.11. A fts(X,7) is called a fuzzy-Baire space if inf{"-1(A))=0, where ;)’s
are fuzzy nowhere dense sets in§X,

Definition 3.12. A fuzzy y-open set: in a fts (Xg) is fuzzy first category set if
A==1(M), where L)'s are fuzzy nowherg-dense sets in (), Any other fuzzyy set in
(X,7) is said to be fuzzy second category.

Definition 3.13. A fts (X,7) is calledy-P space if countable intersection of fuzzgpen
sets in (Xg) is fuzzyy-open . That is, every non zero fuzggs-set in (Xz) is fuzzyy-
open in (Xg).

Theorem 3.14. If a fuzzyy-P space (%) is a fuzzyy-hyper connected space, thent)X,
is a fuzzyy-Baire space

Proof: Here, letA be a fuzzyy- G; space in fuzzy-P space (%).

Since, fts (Xg) is fuzzyy-hyper connected space, the fuzzgpen sef. is dense set in
(X,7)

i.e. ClQ) =1.

Also, we know, sincé is fuzzyy-P space ang-dense set,

Therefore, (1x) is first category set in (%) .

0(14) =0 e1(h), where §,)’s are fuzzy nowhere dense sets intfX,

int((Mi: () = int(1)=1-cl(A)=1-1 =0.

Since intCFizl(ki) =0. Wheré\are fuzzy nowhere dense set,

= (X,1) is fuzzyy-Baire space.

Theorem 3.15. If a fuzzyy-P-space (%) is a fuzzyy-hyper connected space, thentjX,
is a fuzzyy-second category space.

Proof: Let the fuzzyy P-space (%) be a fuzzyy-hyper connected space.By above
theorem, it may write that (X), is fuzzyy-Baire space.

O Int((0F-1(A)=0. Where X;)’s are no where dense sets intX,

We have to show that’-;(A) Z. 1. Supposéi-;(\;) =1

This imply that
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Int[ "=2(A)]= int[1]=1= 0., a contradiction.
Hence we must hav&i;(\) . 1, where X)) are fuzzyy-nowhere dense set in ¢,
Therefore (Xz) is fuzzyy-second category space.

Definition 3.16. A fuzzy topological space(®, is called a fuzzy-Volterra space if
cl(AN-1(\) = 1,where X;)'s are fuzzyy-dense and fuzzy-G; sets in (X5). Otherwise, fts
(X,7) is fuzzyy-voltera space if clinf{"=1(\) = 1, where X;)’s are fuzzy dense and; Get
in (X,1).

Theorem 3.17. If there are k fuzzy- G; sets, {i)'s (i= 1 to k) in fuzzyy- hyper
connected and fuzzy P-space (%), then (Xg) is a fuzzyy- Volterra space.

Proof: (A)'s are G- sets in a fuzzy- hyper connected and fuzzyP space(%).

Since (X7) is fuzzy P-space, thekli-;(\) =1, is also a fuzzy- open set.

Since the fuzzy space @,is a fuzzy hyper connected space, the fuzzy spénin (X,1)
is a fuzzy dense set. That is, A=d

Hencel is a fuzzy G set and a fuzzy dense set int)X,

Therefore, (1x) is ist category n ().

O(1-A)=0%1(\) , N is nowhere dense set in X.

Then int(T"=1(\))=int(1-A)=1-ch=1-1=0.

Therefore, (X) is a fuzzyy-Volterra space.

4. Conclusion
In this paper, we introduce and study a new confteglyy -hyper-connectedness in fuzzy
topological spaces. The notion of fuzzy open setsfandamental structure of fuzzy
topology. Fuzzy- open sets form a link between pre open setsemd@e-open sets.
This work may be extended to fuzzy stronglgonnectedness and totally fuzzy
disconnectedness with the concepts of fuzzy hygemnectedness spaces. The fugzy
hyper-connectedness may play an important roleompeitation of fuzzy topology and
may have applications in quantum particle physitd quantum gravity, particularly in
connection with string theory.
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