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Abstract. The aim of this paper is to introduce the conadpuzzy soft tritopological
Space, Where we define it as a space equippedhwéh fuzzy soft topologies, i.e. triple
of three fuzzy soft topologies, T, andt; on the same initial universal sé¢tand the set
of parameter&. And investigate some of its fundamental propsertislso we defined
some new kinds of fuzzy soft open sets in fuzzy &itbpological spaces, which are
called fuzzy softr;t,15-0pen set, fuzzy soft; t,t5-pre-open set, fuzzy soft t,1t5-
semi-open set, fuzzy sofft,t;-a-open set (fuzzy soft ti-open set) and fuzzy sajt-
open set. We can consider this work as an intraotuctf this concept.
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1. Introduction

In 1965, Fuzzy set was introduced by Zadeh in flhamathematical way to represent
and deal with vagueness in everyday life. At applications of fuzzy set theory can be
found in many branches of sciences (see [2, 3])

In 1999, soft set theory was initiated by Molodt$ély he defined the concept of
soft set theory as a new mathematical tool, anslepted several fundamental results and
successfully applied it to several mathematicalkedaions such as smoothness of
functions, theory of probability, Riemann-integeoetj operations research, Perron
integration, etc. A soft set is a collection of epgimate descriptions of an object. He
also showed how soft set theory is free from thampatrization inadequacy syndrome of
fuzzy set theory, rough set theory, probabilityottyeand game theory. Some important
applications of soft sets are in decision makirapfems and information systems [5][6].
In 2001, Maiji et al. [7] presented the concepthaf fuzzy soft sets by embedding the
ideas of fuzzy sets. By using this definition ofz4y soft sets many interesting
applications of soft set theory have been expabga@searchers. Roy and Maji [8] gave
some applications of fuzzy soft sets. Aktas andn@ayg[9] compared soft sets with the
related concepts of fuzzy sets and rough sets. éamd [10] defined the operations on
fuzzy soft sets which are based on three fuzzyclogerators: negation, triangular norm
and triangular conorm. Xiao et al. [11] presenthd tombination of interval-valued
fuzzy set and soft set.
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In 1963, Kelly first initiated the concept of bitnpgical spaces [12], where defined a
bitopological space to set with two topologies anifiated the systematic study of
bitopological spaces. In later, many researcherdiedi bitopological spaces (see [13,
14]) where carrying out a wide scope for the gdimtion of topological results in
bitopological environment.

In 2014, Ittanagi [15] introduced the concept dft fitopological spaces, which
is defined it over an initial universal set witlxdd set of parameters, and he introduced
some types of soft separation axioms in soft bitegioal spaces. A study of fuzzy soft
bitopological spaces is a generalization of thetf fuzzy soft topological spaces.

In 2015, Mukherjee and Park [16] were first introdd the notion of fuzzy soft
bitopological space and studied some of their bpsiperties, and to more information
(see [17,18]).

In 2000, Kovar.[19], initiated the concept of tptwogical spaces by modify-
regularity for spaces with three topologies, whaey define it as a spaces equipped with
three topologies, i.e. triple of topologies on twme set, Palaniammal [20] studied
tritopological spaces and introduced semi-openmeebpen sets in tritopological spaces
and he also introduced fuzzy tritopological space.

In 2004, Asmhan was introduced the definition5bfopen set in tritopological
spaces[21]. And in [22] she defined #econnectedness in tritopological spaces, also
Asmhan et al. [23] defined ti&-base in tritopological spaces. In [24, 25] thederecan
find a relationships among separation axioms, angladionships among some types of
continuous and open functions in topological, bilogical and tritopological spaces, and
in 2017, Asmhan introduced the new definitions olitability and separability in
tritopological spaces namedy -countability andd*-separability [26].

In 2017, Asmhan F.H. presented the concept ofdfteritopological spaces [27].

In the present paper, concept of fuzzy soft topoklgspaces have been
generalized to initiate the study of fuzzy softadpological spaces. In addition, we
introduce and characterize a new types of fuzzy spen sets in a fuzzy soft
tritopological spaces namely fuzzy softt,3-open set, fuzzy soft; T, T;-pre-open set,
fuzzy softt; T, t3-a-open set (or fuzzy soft ti-open set), fuzzy sofi*-open set. And
investigate some basic properties.

In section 2, some preliminary concepts about fugaft topological spaces,
fuzzy soft bitopological spaces and tritopologisphces are given. The main section of
the manuscript is third which the definition of fyzsoft tritopological spaces with
examples and some theorems are given. Sectiomévizted for the definitions of some
types of fuzzy soft open sets in fuzzy soft tritgical spaces with some examples.
Finally in section 5 the conclusions and some idddsture work is suggested.

This paper is just a beginning of a new structure \&e have studied a few ideas
only, it will be necessary to carry out more théioed research to establish a general
framework for the practical application of fuzzyftsinitopological spaces.

2. Preliminaries
In this section, we present the basic definitiohsuazy soft set theory, soft set theory
and fuzzy set theory that are useful for subseaggisntissions and which will be a central
role in our work.
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Throughout this worK{/ refers to an initial universé; is a set of paramete®(U) is
the power set dtl, andA € E.

Definition 2.1. [1] Let U be a universe. A fuzzy s&toverU is a set defined by a
function py representing a mappingiy: U — [0,1] , uy is called the membership
function ofX, and the valugy(u) is called the grade of membership ofe U. The
value represents the degreaudbelonging to the fuzzy sé&t. Thus, a fuzzy set overlU
can be represented as follows: X ={ (ux(uw)/u) :u € U, ux(u) € [0,1]}

Note that the set of all the fuzzy sets dieewill be denoted by (U).

Definition 2.2. [4] A soft setF, overU is a set defined by a functidp representing a
mapping:f, : E - P(U) such that f,(x) =@ if x ¢ A. Here, f, is called
approximate function of the soft 96, and the valué, (x) is a set called-element of
the soft set for alk € E. It is worth noting that the sef§ (x) may be arbitrary, empty,
or have nonempty intersection. Thus a soft set ‘tlvean be represented by the set of
ordered pairs F;, = {(x,f4(x)) : x € E,f4(x) € P(U)} . Note that the set of all soft
sets ovefll will be denoted by (U).

Definition 2.3. [7,28] A fuzzy soft setS, over U is a set defined by a functiof,
representing a mappingé, : E — F(U) such thaté (x) =@ if x ¢ A. Here,
&, is called fuzzy approximate function of the fyuzzoft set S, and the value
&,4(x) is a set called x-element of the fuzzy soft setdll x € E. Thus, an fuzzy
soft setS, overU can be represented by the set of ordered $air= {(x, SA(x)): X €
E, é,(x) € F(’U)}. Note that the set of all fuzzy soft sets dlewill be denoted by
FS(U) orFS(U,E)

Definition 2.4. [7] Let S, € FS(U). If é4(x) = @for allx € E, then S, is called an
empty fuzzy soft set, denoted ld, or (0 ).

Definition 2.5. [7] Let S, € FS(U). If &4(x) = U forallx € A, then S, is called/ -
universal fuzzy soft set, denoted By . If A = E, then thed-universal fuzzy soft set is
called universal fuzzy soft set, denoted &y or (15 ) .

Definition 2.6. [7] Let S, , Sg € FS(U). Then S, is called a fuzzy soft subset 6% ,
denoted by §, E Sp If &4(x) € é5(x) forallx € E.

Remark 2.7.[29] $4, © Sy does not mean as in the classical subset. (ies ot imply
that every element of 4 is an element o65).

Definition 2.8. [7] Let S, Sg € FS(U). Then the two fuzzy soft set§, and S are
equal, written asS, = S If and only ifé4(x) = ég(x) forallx € E.
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Definition 2.9. [7]Let S, € FS(U). Then the complemesy of S, is a fuzzy soft set
such tha€ 4c(x) = &5(x) for allx € E, where¢§(x) is complement of the séf (x).
Clear tha(Sf) € = S, , S5 = Sy andSg = S,

Definition 2.10. [7] Let S, , Sg € FS(U). Then the union o5, and Sz, denoted by
S,LUSg, is defined by its fuzzy approximate functidyz (x) = £,4(x) U ég(x) for
allx € E.

Definition 2.11. [7] Let S,, Sg € FS(U). Then the intersection of, and Sg,
denoted byS, 1S5, is defined by its fuzzy approximate functigg(x) = &,4(x) N
ég(x) forallx € E.

Definition 2.12. [30] Let T be the collection or sub family of fuzzy softsetver U
(i.e.tE FS(U,E)). Thent is said to be a fuzzy soft topology on the uniaksetU if
satisfying the following properties:

@) Se, S ET

(i) If S,,S85€ 7,thens,MMSz € 1

(iii) If S4; € T,Vj€A,whereh is some index set, theldjcy Sy € 7.
Then the triplgU, E, T) is called a fuzzy soft topological space dier And each

member oft is called fuzzy soft opeset in(U, E, T). Also a fuzzy soft set is called
fuzzy soft closed if and only if its complemenfigzy soft open.

Definition 2.13. [30] Let(U, E, t) be a fuzzy soft topological space afigbe a fuzzy

soft set ovefll, then
i. Fuzzy soft interior ofS, is defined as the union of all fuzzy soft opers seintained
in §, and is denoted b§S — int(S,).
ii. Fuzzy soft closure 0§, overU is defined as the intersection of all fuzzy sdfsed
super sets 08, and is denoted S — cl(Sy,).

Definition 2.14. [16] Let (U, E ,7;) and(U, E ,7,) be the two fuzzy soft topological
spaces ovetl. Then(U, E , T4, T,) is called a fuzzy soft bitopological space.

Definition 2.15. [19] Let X be a nonempty set ad”, P andQ be a three topologies ¢h
The setX together with three topologies is called a tritogical space and is denoted by
X,T7,PQ9).

Definition 2.16. [21] Let (X, T, P, Q)be a tritopological space, a subsétof X is said
to bes*-open set iffA € T — int(P — cl(Q — int(4))), and the family of al6*-open
sets ove is denoted by*. O(X). The complement o6*-open set is called& -closed
set.

Definition 2.17. [27] Let (U, T,E), (U,P,E) and (U,Q,E) be the three soft
topological spaces d. Then(U,T,P,Q,E) is called a soft tritopological space. The
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three soft topological spacégl,7,E), (U,P,E) and (U,Q,E) are independently
satisfy the axioms of soft topological space.

3. Fuzzy soft tritopological spaces
In this section the definition of fuzzy soft tiitological spaces is initiated. And we have
study some its properties.

Definition 3.1. Let (U,E,7;), (U, E, 1) and (U, E,t3) be the three fuzzy soft
topological spaces dil. Then a space equipped with three fuzzy soft mpes, i.e.
triple of fuzzy soft topologies on the same setalied a fuzzy soft tritopological space
and denoted by, E,14,7,,73). Where the three fuzzy soft topological spaces are
independently satisfy the axioms of fuzzy soft fogaal space.

The members of;(j = 1,2,3) are called;(j = 1,2,3)-fuzzy soft open sets and the
complements of;(j = 1,2,3)- fuzzy soft open sets are called j = 1,2,3)-fuzzy soft
closed sets.

Definition 3.2. Let (U, E, 71, T2, T3) be a fuzzy soft tritopological space anddgtbe a
fuzzy soft set ovetl. Then:
i.  thet;(j = 1,2,3)-fuzzy soft closure ofS; denoted by;(j = 1,2,3)cl(Sg), is
the intersection of alt;(j = 1,2,3) fuzzy soft closed supersets §f.
ii.  thet;(j = 1,2,3)-fuzzy soft interior of Sy denoted by;(j = 1,2,3)int(Sg),
union of allz;(j = 1,2,3) -fuzzy soft open sets containeddp .

Example3.3. LetU = {u;,uy,usz, us}, E = {x;,x,} ,

T ={0g 15 e}, T2 ={0g 1§ 918,928 938} and 13 = {0g, 1g, hig, hog J,
where fg, 91e » 928 935, hig and h,g are fuzzy soft sets ovét. Where defined as
follows;

fg = {(x4,{0.5/u,,0.0/u,,0.7/uz,0.0/u,}), (x,,{0.0/u,,0.0/u,,0.3/uz,0.0/u,})}

91e = {(%4,{0.5/u;,0.0/u,,0.7/uz,0.0/u,}), (x5,{0.5/u;,0.0/u,,0.7/us,0.0/u,})}

92k = {(x4,{0.0/u,,0.4/u,,0.0/us,0.5/u,}), (x,,{0.0/u;,0.1/u,,0.0/u;,0.0/u})}

gze = {(#1,{0.0/u,,0.4/u,,0.3/u;z,0.5/u,}), (x,,{0.3/u;,0.1/u,,0.0/uz,0.6/u,})}

hig = {(x4,{0.3/u4,0.0/u,,0.0/uz,0.6/u,}), (x,,{0.0/u,,0.0/u,,0.0/us,0.7/u,})} and

hyg = {(%4,{0.0/u;,0.0/u,,0.0/us,0.6/u,}), (x5,{0.0/u;,0.0/u,,0.0/us,0.0/u,})}

Thenty, T, ant; are three fuzzy soft topologies o\@t, E). Therefore
(U, E, 14, 71,,73) is a fuzzy soft tritopological space.

Proposition 3.4. If 14,7, andt; are three fuzzy soft topologies ¢/, E) then
T, N 7, N 73 is a fuzzy soft topology ofil , E) butt; U T, U T3 is not necessarily a
fuzzy soft topology orfU , E).

Proof: Since 7 , T, andt; are three fuzzy soft topologies ¢ ,E), 0, 15 € 74,

O0g, 15 €1, and Og, 1 € 753 thusOg, 1z €E T, N 7, M T3.

Let fa, gp, hc € Ty M T, N T3 thenfy, gp, he € 11, fa, g, he € T2 andfy, g,
hc € T3, Sincer; , 7, and 13 are fuzzy soft topologies oflil,E) , it follows that
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fanggMhec€1y,fuMNggNh: €1, and f, N gg N h; € 73, this implies that
falggMhec €T N1, M1T3

Let f4; ETy N1, N13 ,Vj €A, wherel is some index set, and singg 7,
andr; are three fuzzy soft topologies 6 , E), then Lijea faj € 71, Ujea faj € T2
and Ujep fa; € 75 follows that ey f4; € T4 M T, N T3.
Thereforet; M 7, M 13 is a fuzzy soft topology ofi! , E).

And clearly from the example below that union of , T, andt; may not be a
fuzzy soft topology orfU , E).

Example3.5. LetU = {uy,u,, us}, E = {xq,x,, x5, x,} where
fe = {(x%1,{0.4/u,,0.1/u;,0.0/u3}), (x,,{0.6/u,,0.5/u;,0.2/us}),
(x3,{0.0/u;,0.0/u,,0.0/us}), (x4,{0.2/uy,0.6/u;,0.3/us})}
ge = {(%1,{0.0/u;,0.0/u;,,0.0/usz}), (x,,{0.7/us,0.2/u,,0.1/us}),
(x5,{0.0/u;,0.0/u,,0.0/us}), (x4,{0.5/u;,0.3/u,,0.9/us})}
hg = {(x4,{0.1/u;,0.1/u;,0.0/u3}), (x2,{0.1/u;,0.5/u,,0.1/us}),
(25,{0.0/u;,0.0/u;,0.1/u3}), (x4,{0.2/u;,0.4/u,,0.3/us})}
Consider the three fuzzy soft topologigst, andt; on (U, E) as fellows;
T ={0g1e fe}, T2 ={0g 1 g} and t3 = {Og, 1g, hg}. Thus
T U Ty U T3 = {OE' 1E’fE yIE ,hE}. Then,
fe M gg = {(x1,{0.0/uy,0.0/u;,0.0/us}), (x;,{0.6/uy,0.2/u;,0.1/us}),
(x5,{0.0/u;,0.0/u,,0.0/us}), (x4,{0.2/u;,0.3/u,,0.3/us})}
Thusfg,gg €ETy UT, U T3 but fg M gg € 71 U T, UTs. Thereforer; U 7, U 75 iS
not a fuzzy soft topology ofil , E). Howevert; M 7, M 73 = {0, 15} is a fuzzy soft
topology on(U , E).

4. Some kinds of fuzzy soft open setsin fuzzy soft tritopological spaces

Definition 4.1. Let (U, E, 14, 7,,T3) be a fuzzy soft tritopological space afig is a
fuzzy soft set ifl, then:

(i) Iz is called a fuzzy soft;7,73-0pen set if[; = fp U gg U hg , wherefg € 74,
gk € T, and hg € 13. The complement of fuzzy soft,t,73-0pen set is called fuzzy
soft T, 7,75 -closed. The family of all fuzzy soft;7,7;-0open sets is denoted by
FS.717573.0(U). And the family of all fuzzy soft;t,7;-closed sets is denoted by
FS.t11573. C(W).

(i) T’y is called a fuzzy soft, T, T3-pre-open set iff

Iz C FS. 1,1, 73int(FS. 1, 1,73¢l( ). The complement of fuzzy softt,75-pre-
open set is said to be fuzzy softr, T;-pre-closed.

(iii) T is called a fuzzy soft; T, 73-semi-open set iff

Iz C FS. 1,1, 73cl(FS. 1,1, 73int( ). The complement of fuzzy saft7,75-semi-
open set is said to be fuzzy softr, T;-semi-closed.

(iv) I is called a fuzzy soft, T,75-a-open set (or fuzzy soft tr-open set) if[; E
FS. 1,1, 73int(FS. 1, T, 73l (FS. T, T, 73int( [))) . The complement of fuzzy soft
T,T,T3- & -0pen set is said to be fuzzy soft, 13- a -closed.
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(v) T is called a fuzzy sofi*-open set iff[y & FS.1,int(FS. t,cl(FS. t5int( Ty))).
The complement of fuzzy sat -open set is called a fuzzy sait-closed set.

Definition 4.2. Let (U, E, t4,7;,,73) be a fuzzy soft tritopological space, ahigis a

fuzzy soft set ifl, then:

(i) The fuzzy softr; T, T3-closure of I'; denoted byS. T, t,73cl( I) is defined by:
FS. 11 1,75¢l(Tg) = M{ gg: Ty E g, and gg is fuzzy soft t,7,75-closed}

(ii) The fuzzy softt; T, T3-interior of 'z, denoted byS. T, t,7;3int( I;) is defined by:
FS.ty1,13int(Tg) = U{hg: hy E Ty, and hg is fuzzy soft t,7,75-0pen}

Example4.3. LetU = {u;,u,}, E = {x1,X,} ,

Ty ={ Og, 1g.fig, 5.}, T2 ={0g 1, 815,828} and T3 = {Og, 1, hg },
Where fig, 55, f35, f48 , 816, 828, 83 andhg are fuzzy soft sets ovét, defined as
follows;

f1]5: = {(le {04/1,11 ’ 0.6/112}), (xZ ’ {Oz/ul ’ 05/112})}
fZE = {(le {03/11.1 ’ 04/“-2})1 (xZ ’ {Ol/ul ’ 02/“2})}
9iE = {(xll {Oz/ul ’ 04/“—2})1 (xZ ’ {Oz/ul , 05/“2})}
92e = {(21,{0.3/u;,0.4/u,}), (x,,{0.3/uy, 0.8/u,})}
and hg = {(x1,{0.3/u;,0.0/u,}), (x,,{0.0/u;,0.2/u,})
Then 14, T, and T3 are three fuzzy soft topologies o\&L, E), Therefore
(U, E, 14, 7,,T3) is a fuzzy soft tritopological space.
It is clear that the family of all fuzzy saft T,75-0pen sets are:
FS.717,75.0(W) = {0g, 1, fik, f28, 918 928 he te, DE} = T U T, U T3 U
{te, be},
where
tg = fig U g2 = {(x1,{0.4/uy,0.6/u,}), (x2,{0.3/u;,0.8/u,})} and
bg = for U g1g = {(x1,{0.3/uq,0.4/u,}), (x,,{0.2/uy,0.5/u,})}
Now, we find the fuzzy softt; 7, T5-closed sets:
FS.1,7,75.C (W) = {1, 05, f%, fo5, 956, 955 RE, tE, bE}  Where  defined as
follows;
fie = {(%1,{0.6/uy,0.4/u,}), (x2,{0.8/uy,0.5/u, 1)}
for = {(21,{0.7/u;,0.6/u,}), (x2,{0.9/uy,0.8/u,})}
9ie = {(x1,{0.8/u,,0.6/u,}), (x,,{0.8/uy,0.5/u,})}
9zr = {(x1,{0.7/uq,0.6/u,}), (x,,{0.7/uy,0.2/u,})}
hg = {(x1,{0.7/uy,1.0/u,}), (x,,{1.0/uy, 0.8/u,})
tg = {(%1,{0.6/u;,0.4/u,}), (x,,{0.7/u;,0.2/u,})} and
bg = {(%1,{0.7/uy,0.6/u,}), (x5, {0.8/u;,0.5/u,})}
If we take the fuzzy soft sdi; which defined as:
l-‘E = {(le {Ol/ul ’ 0'9/u2})1 (xZ ’ {08/“1 ’ 02/“2})
the fuzzy softr; t,73-closed sets which containkg is only 1,
and FS.t;1,75cl(Ig) = 15 . Then, the fuzzy soft, 7,75-0open sets which containing
in 1gis only15. ThusFS. t; T, 75int(FS. t; T, 75¢l(T))=s. 1y T, 73int (1) = 15
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Hence I} is a fuzzy soft; T, T5-pre-open set sincé; = 15 .

And if we take the fuzzy soft open sgtg in the fuzzy soft topologyr, above, it is clear
that :

FS.T1T2T3C1(FS.Tltzfgint(flE))zFS.T1T2T3C1(f1E) = bg' y HenceflE |S a fuZZy soft
T, T,T3-Semi-open set singgg & by . Also fig is a fuzzy softr;7,75-a-open set
sinceFS. 1, T, 75int(FS. T, T, 75 cl(FS. 1,1, 75int(fig))) = fiE

Now, the fuzzy soft sebg which is defined as:
6 = {(x1,{0.3/uy,0.1/u,}), (x,,{0.1/u,,0.2/u,}) is a fuzzy softs*-open set
sinceFS.rlint(FS.TZCI(FS.r3int(SE))) = FS.tlint(FS.‘thl((hE))) =

FS.tyint(g3g) =fik
Hencedg C fig. Therefore the fuzzy soft séf; is a fuzzy sof6*-open set.

5. Conclusion

Fuzzy soft tritopology is a new and promising damahich can lead to the development
of new mathematical models that will significanttpntribute to the applications in
natural sciences such as and decision making pnsbleiomathematics and information
systems .The concept of fuzzy soft tritopologiqadaes is initiated in this paper. Some
basic notions of classical and generalized condegpte been studied. the purpose of this
paper is just to initiate the concept, and them list of scope for the researchers to make
their investigations in this field, i.e. this i9aginning of some new generalized structure
and the concept like separation axioms and a radskof continuous functions and
another basic concepts can be studied. Also castudly the relationships among some
types of fuzzy soft open sets in fuzzy soft trilmgical spaces.
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