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Abstract. In this paper, some structural characteristics of fuzzy measure such as null-
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1. Introduction
Fuzzy measure has been introduced by Sugeno [2] and further studied by severa authors
in different point of view [3, 4, 5, 6, 7, 10, 11].

As the fuzzy measures lose additivity, some additional conditions are required to
devel op theory of fuzzy measures. Concepts of structural characteristics of fuzzy measure
like null-additivity, autocontinuity, uniform autocontinuity, and subadditivity have been
introduced by Wang [8, 9] and there by a series of new results have been obtained in the
fuzzy measure theory.

In this paper, we define the structural characteristics such as null-additivity,
autocontinuity, uniform autocontinuity, subadditivity, and superadditivity for the fuzzy
measure defined in [1] and we give some theorems which relates the characteristics and
on finite fuzzy measure.

2. Fuzzy measure
Definition 2.1. Fuzzy measure [1]Let X be anon empty set, Q bea non empty class

of subsetsof X and (X, Q) be ameasurable space. A fuzzy relation m: Q - [0, ]
issaid to be a fuzzy measure, if the following conditions are satisfied

(i) #m(#.0)=1

(i) ForanytwosetsAandBin Q , AoB and A isanonempty set then
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sup x< sup y and Hml Al sup X ||< tm B,| sup vy
m(A)=x m(B)=y m(A)=x m(B)=y

(iii) For a sequence of non empty sets {An} 0Q, AUOAOAOALD... and

GAHDQ = Iim( sup XJ: sup Yy
n=1 N\ m(Ay)=x ©
o Do

and linmum[ﬂh.(sup xnwm LwJAn, sup Yy

m(Ay)=x n=1 o
UAy =Y
=

(iv) For asequence of non empty sets {An} O0Q, AOADADOAD...,mA)<w®

and ﬁAnDQ :>Iim(sup x): sup y

n=1 N\ m(Ay)=x

and Iinmum[m(sup XD:,Um ﬁAw sup y

m(Ay)=x

Remark: In the above definition, m is called a lower or upper semicontinuous fuzzy
measure if it satisfies the above conditions (i), (ii), and (iii) or (i), (ii), and (iv),
respectively. Both of them are simply called as semicontinuous fuzzy measure.

3. Structural characteristics of fuzzy measure
Definition 3.1. Null-additive fuzzy measure
A fuzzy measure miscalled null-additive if

sup X = sup y whenever A BOQ, [sup X j:O.

m(ADB)=x m(A)=y m(B)=x

Example 3.2. Consider the example givenin [1].
Let x ={1,2,3,..n} ,nisafinitevalue, and Q = P(X). Letthefuzzy relation
m:Q - [0,0] bedefined as

m(S) =x iff x<|s| tha is m©={x/x0 |o,|s|]}, OsOQ
and the membership function x ,, : m-[0,1] be defined as

,um(S,x)zé ,X<[S|, forSzg and u,(¢0) =1
m isafuzzy measure and also m isnull- additive.

Example 3.3.Let x ={a,b} , and Q = P(X).
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Let thefuzzy relation m:Q - [0,«] be defined as

m(s) ={1 TS=X" s0a
0 if S#X
and the membership function 4, : m-[0,1] be defined as
1 ifx=1
,um(S,x)z{o i x=0 for Sz¢ and ., (¢0)=1

m isafuzzy measure but it is not null-additive.

Theorem 3.4.If for any nonempty set ALQ, ( sup x] # 0, then misnull-additive.

m(A)=x

Proof: If there exists some set BQ, such that( sup yJ =0,then B=¢.

m(B)=y
Weget, forany AOQ, sup y = sup x.Hence misnull-additive.
m(ACB)=y m(A)=x

Theorem 3.5.If m is a null-additive fuzzy measure, and AOQ . Then, we have

Iim( sup yj= sup x, for any decreasing set sequence {B}OQ for which

N\ m(AOB,)=y m(A)=x

Iim{ sup x] =0 and there exists at least one positive integer n' such that
N\ m(B,)=x

sup y|<o as| sup X|<oo.
m(A[IBn,)zy m(A)=x

Proof: It is enough to prove thistheorem for ( sup x) <.

m(A)=x

Supposethat B=()B,,weget sup y= lim sup x|=0.
m(B)=y n | m(8,)=x

n=1
Since AOB,NAOB, lim  sup y|= sup x= sup X, by thecontinuity and
n { m(AOB,)=y m(AOB)=x  m(A)=x
the null-additivity.

Definition 3.6. Subadditive fuzzy measure
A fuzzy measure mis said to be subadditive if

sup) X s(sup yJ+[sup zJ whenever A BOQ and AO BOQ.
—x v

m(ADB m(A)= m(B)=z

Definition 3.7. Superadditive fuzzy measure
A fuzzy measure mis said to be superadditive if
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sup xz(sup y)+(sup z) whenever ABOQ and AOBOQ and AnB=¢.
y "

m(AD B): X m(A): m(B)— z

Example 3.8.The fuzzy measure m in the example 3.2 is subadditive and also
superadditive.

Example 3.9.Consider the example givenin [1].

Letx ={a,b,c} ,adQ=P(X)={S.S,,5,.S,.S.5.S. S},

where
s=¢.s ={a}. s, ={b}. s, ={c} s ={ab} s ={acls ={bcl g =X
Let thefuzzy relation m:Q - [0,] be defined as

2
S
m(s):{x/Osxs[%]+0.2} , 0SOQandS#¢ and m(¢)=0

and the membership function 4, : m—[0,1] be defined as
S 2

X_ it o0sx s[UJ

B 3

3

[|S|J2 +0.2-X

? . 2 S 2

) (EJ < (U} ‘02

Un(S,X) =

0.2 3 3

for S#z¢ and y(@0) =1
The fuzzy measurem isnot subadditive but it is superadditive.

Definition 3.10. Autocontinuous fuzzy measure
A fuzzy measure mis said to be autocontinuous from above (or from below) if

Iim( sup yjz sup X [or Iim( sup yj = sup jwhenever AB,0Q ,

n \ m(AOB,)=y m(A)=x n m(A-B,)=y m(A)=x

n { m@B,)=x
autocontinuous from above and autocontinuous from below.

n=1,2, 3,....and|im[ sup x]=0. m is autocontinuous if and only if itisbaoth

Example 3.11.Consider the example givenin[1].

Let X :ial’az’as} ,and Q=P(X)={S.S,,S5.5,.5.5.S,, S}, where
S1=¢ S, ={a}, S ={ay}, S4 ={as}, S5 ={ a1 ,a,}, S ={a;, as},
S7={ay, ag}, Sg=X
Let thefuzzy relation m: Q - [0,«] be defined as
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m(S) = 1if x,OS 4 is afixed DOIN
=10 X, 0S . Os0Q and X, isafixedpointin X
and the membership function ,, : m-[0,1] be defined as
Un(S,x) =1~ H%X ,for S and . (¢0) =1

The fuzzy measure mis auto continuous.

Theorem 3.12.1f a fuzzy measure m is autocontinuous from above, or autocontinuous
from below, then it is null-additive.

Proof: Let A BOQ , and (sup x]=O.Take B, =B,n=123..

m(B)=x
Then Iim( sup x] :( sup x):O.
N\ m(B,)=x m(B)=x
Suppose that m is autocontinuous from above, we have
sup leim( sup y]: sup X .
m(AB)=x N\ m(AOB,)=y m(A)=x
Hence mis null-additive.
Suppose that m is autocontinuous from below,

sup x =lim sup Yy |= sup X.
m(ADB)=x N\ m((AOB)-B,)=y m(A)=x
Hence mis null-additive.

Theorem 3.13 A fuzzy measure m is autocontinuous if and only if

Iim( sup y) = sup X whenever ADQ,{B,}0Q, Iim( sup xj:O.
n{ m(anBy)=y m(A)=x n m(By)=x

Proof: Assume that m is autocontinuous.
Forany ADQ,{B,} 0 Q with Iim[ sup x]=0,
N\ m(By)=x
A-B, 0 AAB, 0 AOB,. By themonotonicity of m,
Sup Yy < sup Yy < Sup y.

m(A—B,., ): y m(AABn ): y m(AD B ): y

Hence, we get Iim( sup y] = sup x , by autocontinuity.

N\ m(ALB,)=y m(A)=x

Conversely, assume that, Iim( sup yj: sup X.

N\ m(AdBy)=y m(A)=x

Forany ADQ,{B,}0Q with Iim( sup xj=0,wehave

N\ m(By)=x

B,~AOQand sup y< sup y.

m(B,—-A)=y m(B, )=y
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Therefore, Iim[ sup yj:O.

n m(Bn-A)=y

3Iim[ sup yJ:Iim( sup yj:supx.

N\ m(AOB)=y N\ m(AA(B,-A)=y m(A)=x
Hence, m is autoconti nuous from above.

Also,wehave B, n AOB, and sup vy < sup y .Therefore, Iim( sup y]:O.

m(Bn n A): y m(Bn ): y n m(Bnn A)=y
=Ilim| sup y |[=Ilim sup Yy |=sup X .
N\ m(A-By)=y N\ m(AA(B,n A)=y m(A)=x

Hence m is autocontinuous from below. So, m is autocontinuous.

Definition 3.14. Uniformly autocontinuous fuzzy meaure
A fuzzy measure mis said to be uniformly autocontinuous from above (or uniformly
autocontinuous from below) if for any & >0, there exists ¢ = J(¢) > 0such that

[or (sup Xj—é‘S sup y s(sup j+£J
m(A)=x m(A-B)=y m(A)=x

whenever A BOQ, and <J.

Sup -y

m(B)=y
m is uniformly autocontinuous if and only if it is both uniformly autocontinuous from
above and uniformly autocontinuous from below.

Theorem 3.15.1f misafuzzy measure, then the following statements are equivalent:
(i) mis uniformly autocontinuous

(it) mis uniformly autocontinuous from above

(i) mis uniformly autocontinuous from below

(iv) for any & >0, there exists d = 4(¢) > 0such that

( sup xj—gs sup Y s(sup xj+£
m(A)=x m(AAB)=y m(A)=x
whenever ABOQ,and sup y<d.

m(B)=y
Proof :
(i) = (ii): Clearly by definition.
(ii) = (iii): Since sup y < sup y<J,

m(AnB)=y m(B)=y

(sup Xj= Sup XS( Sup y]+£.
m(A)=x m((A-B) O (AnB))=x m(A-B)=y

(iii) = (iv): Since sup y < sup y<o,

m(AnB)=y m(B)=y

( sup sz sup yZ[ Ssup yJ—sz[sup XJ-&‘.
m(AAB)=y m((AOB)-(AnB))=y m(AOB)=y m(A)=x
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On the other hand, since

sUp y < sup ys<d, Sup x=2 sup y: sup yz( sup yj—s.
m(B-A)=y m(B)=y m(A)=x B))= m((AAB)~(B-A))=y m(AdB)=y
Therefore (sup x) -£ < sup y < ( xj
m(A):x m( )=x

(iv) = (i): Clearly by assumptl on.
4. Finite fuzzy measure

Definition 4.1. Finite fuzzy measure

A fuzzy measure missaidto befinite if (sup x]<oo for any AOQ
m(A)=x

Definition 4.2. ¢ -Finite fuzzy measure
A fuzzy measure missaidto be o - finite if

(sup x]<oo for any n=1,2,3,....and X= UA1
m(A)=x ot

Example 4.3.The fuzzy measure in the example 3.2 is finite fuzzy measure and also o -
finite fuzzy measure.

Theorem 4.4.1f mis afinite fuzzy measure, then we have

Iim( sup XJ = [SUp) X, for any sequence {A,} for which limA, exists.
" m(An)=x m{ limA, |=x "

Proof: Let {A} be asequence of setsin @ with limA, exists and
A= limA, = limsup A, =liminf A, .
Case (i): If {A,} is a monotone sequence of setsin Q with Iir[nAj exists, then we
get Iim( sup x] = (Supj X by continuity condition of fuzzy measure.
Am(ay)=x m| limA, |=x

Case (ii): If {A} is not a monotone sequence of setsin @ with limA, exists, then

we have
sup X = sup X = limsup| sup x
m(A)=x n{limsupA.,]:x n m[CJAk]:x
k=i

> Iimsup( sug) xj
n m(/-\,1 =X
> Iiminf( suP xj
n m(An)=x
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> liminf| sup X

m[liminf Ahj:x

Hence Iim( sup X]: sup X,
TAm(A)=x W{IimA‘J:x

Definition 4.5. Exhaustive fuzzy measure

A fuzzy measure mis caled exhaustive if Iim( sup x) =0 for any digoint sequence
N\ m(Ay)=x

{A}.

Example 4.6. The fuzzy measure in the example 3.2 is al so exhaustive fuzzy measure.

Theorem 4.7.1f mis afinite upper semi continuous fuzzy measure, then it is exhaustive.
Proof: Let {A,} be adigoint sequence of setsin Q

0

and B,= | JA . Then {B,} is a decreasing sequence and

k=n

IirmBn: ﬁBn :ﬁOAk =limsup A, =¢.
n=1 n=1 k=n n

By the finiteness and the continuity from above of m, we have

Iim( sup XJ: sup  x=sup x=0

N\ m(By)=x “mBn)zx m{g}=x
Since B, = [ J A,
k=n

0< sup x £ sup y:lim( sup x} slim( sup y)zO:Iim( sup XJZO.

m(A,)=x m(B,)=y n o\ m(Ay)=x N\ m(By)=y N\ m(A))=x
Hence mis exhaustive.

5.Conclusion

We have defined some structural characteristics such as null-additivity, autocontinuity
and uniform autocontinuity and some types of fuzzy measure like finite, and ¢ - Finite
fuzzy measure. We have also established the relationship between the characteristics.
Further investigations can be made to define more characteristics and to study the
relationshi ps between them.
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