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Abstract. In this paper, we introduce the concept of clogurzy ideals in a distributive
lattice. The set of all closure fuzzy ideals oft#ite is isomorphic to the class of fuzzy
ideals of the lattice of all dominator ideals. Maver, a one to one correspondence
between the class of all prime closure fuzzy ideéls lattice and the prime fuzzy ideals
of the lattice of all dominator ideals is estabéidh
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1. Introduction

The concept of ideals of lattices developed by kash[3]. Latter, Giitzer and Schmidit
[2] studied on ideal theory of lattice. Mandelkdi, [introduced the theory of relative
annihilators and he characterized distributive idat in terms of there relative
annihilators. Rao [6], studied the concept of cteddeals in distributive lattices with the
help of annihilators.

On the other hand, many papers on fuzzy algebras baen published since
Rosenfeld [7] introduced the concept of fuzzy graup971. Many papers on fuzzy sets
appeared showing the importance of the concepitarapplications to logic, set theory,
group theory, ring theory, real analysis, topologngasure theory etc. Uncertain data in
many important applications in the areas such asanics, engineering, environment,
medical sciences and business management couldalmed by data randomness,
information incompleteness, limitations of measgrinstrument, delayed data updates
etc. Liu [5] initiated the study of fuzzy subringsd fuzzy ideals of a ring. Yuan and Wu
[9] introduced the notion of fuzzy ideals and fuzpngruences of distributive lattices.
Swamy and Raju [8] studied properties of fuzzy isi@eamd congruences of lattices.

In this paper, we introduce the concept of clofurey ideal in a distributive lattice.
It is proved that the set of closure fuzzy idealsnfs a complete distributive lattice.
Moreover, the set of all closure fuzzy ideals tdttice is isomorphic to the class of fuzzy
ideals of the lattice of all dominator ideals. Hipaa one to one correspondence between
the class of all prime closure fuzzy ideals of tida and the prime fuzzy ideals of the
lattice of all dominator ideals is established.
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Closure Fuzzy Ideals in Distributive Lattices

2. Preliminaries
Throughout this papdr stands for the distributive lattice with leastreént0 unless it is
specified. We refer to G. Birkhoff [1] for the elemtary properties of lattices.

Definition 2.1. [6] For any a € L, the dominator oft is defined as:
(@) ={x€L:(a]" € (x]'}.

The dominatofa)® of any elemend of L is an ideal of..

In [6], Rao observed the following. In a distritugtilatticel. with O the set of all
dominator ideals of the fornmia)¢ can be made into a lattiqgl®(L),n,v) called the
lattice of dominator ideals d@f with least element0)¢. For two dominatofa)® and(b)®
their supremum iMé(L) is (a)¢ vV (b)¢ = (a Vv b)¢ and also their infimum iA¢(L) is
(@) n (b)¢ = (aAb)e.

For anideal in L
a(l) ={(a)%:ael}
is an ideal iM¢(L) and the set
BU) ={a€L:(a)° €]}
is an ideal of. when/ is any ideal iM®(L). An ideall of L is called a closure ideal ideal
if Ba(l) =1.

Remember that, for any sdt a functionu: A — ([0,1],A,V) is called a fuzzy
subset of A, wher¢0,1] is a unit intervalag A § = min{a, f} anda V § = max{a, 5}
for alla, 8 € [0,1].

Definition 2.2. [7] Let 4 andé be fuzzy subsets of a detDefine the fuzzy subsets) 6
andu n 6 of A as follows: for eachx € A,
(U 6)(x) = pu(x) v O(x) and(u N ) (x) = u(x) A6 (x).

Thenpu @ and un6 are called the union and intersection of and 8,
respectively.

We define the binary operations and "a" on the set of all fuzzy subsetsioas:

(uvoe)x) =Sup{u(y) NO(z):y,z€L, yVz=x}and
wAO)(x) =Sup{u(y)NO(2):y,z€ L, yANz=x}.

If u and@ are fuzzy ideals of, thenuAfd =un O andu v 0 is a fuzzy ideal
generated by U 6.

For any collection{y;: i € I} of fuzzy subsets of, wherel is a nhonempty index
set, the least upper bouttl¢; u; and the greatest lower bounde; u; of they;’s are
given by for eaclr € X,

(Uier 1) (x) =Vier i (x) and(Nier 1) (x) =Aer pi (%),
respectively.

For eacht € [0,1] the set

e = {x € A:u(x) 2 t}
is called the level subset pfatt [10].

Definition 2.3. [8] A fuzzy subseat of a bounded latticé is said to be a fuzzy ideal bf
if for all x,y € L

1 u0)=1

2. u(x Vy) = p(x) Auly)
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3.puxAy) = px) Vv u®y)

Remark 2.4. In [8], Swamy and Raju observed that, a fuzzy dubs# a latticel is a
fuzzy ideal of. if and only if

uw(0)=1andu(xvy)=ux)Au(y) forallx,y € L.

Definition 2.5. [8] A proper fuzzy ideal of L is called prime fuzzy ideal éfif for any
two fuzzy ideal§,nof L, Nn S u=>0 Cuorn cu.

Note that a fuzzy subsgtof L is nonempty if there exisise€ L such thau(x) # 0. The
set of all fuzzy ideals df is denoted by I(L).

3. Closurefuzzy ideals
In this section, we introduce the concept of clesfuzzy ideals and obtained an
isomorphism between the lattice of closure fuzaald and fuzzy ideals of the lattice of
dominator ideals.

Now we introduce a closure operationRifL).

Definition 3.1. For any fuzzy ideat of L, define a fuzzy subsefu) of A¢(L) as:
a(@((x)°) = Sup{u(): ()° = (0)°, y € L}.

Definition 3.2. For any fuzzy idea of A¢(L), define a fuzzy subsgfd) of L as:
BO)(x) = 6((x)®).

Lemma 3.3. For any fuzzy ideat of L, a(u) is a fuzzy ideal od®(L).
Proof: Letu be a fuzzy ideal af. Clearlya (1) ((0)¢) = 1. For any(x)®, (y)¢ € A°(L),
a () (1)) A a(w) (7)) = Sup{u(a): (a)° = (x)°, a € L}
A Sup{u(b): (b)® = ()°, b € L}
= Sup{p(a) A p(b): (@) = (x)¢, (b)° = (¥)°}
< Sup{u(avb):(aVvb) =(xVy)°}
< Sup{u(c): (c)® = (x Vy)°}
= a(w) () V()
Again,
a () ((0)°) = Sup{p(@): (a)° = (x)°} < Sup{u(a A y): (@)° A ()° = (1)° A (1)}
< Supfu(e): (6)° = (x A Y)Y = a() ()¢ A ()°)
Similarly, a(p)((»)) < a(u)((x)° A ()°.
Thusa(W) ()¢ A ()8 = a(w)((x)®) vV a(w)((y)¢). Hencex(p) is a fuzzy ideal of
A¢(L).

Lemma 3.4. For any fuzzy idead of A¢(L), B(0) is a fuzzy ideal df.
Proof: Let 6 be a fuzzy ideal ofd¢(L). Since (0)¢ is the least element of¢(L),
B(6)(0) = 1. Again,
BO)xVy) =0((x)°V ()
=0((x)¢)AOB((y)¢) since 0 isafuzzyidealofA¢(L)
=BO)X)ABEO)Y)
Thus,B(0) is a fuzzy ideal of..

51



Closure Fuzzy Ideals in Distributive Lattices

Lemma 3.5. If u and@ are fuzzy ideals df, thenu € 6 impliesa(n) € a(6).
Lemma3.6. If u, 6 are fuzzy ideals of°(L), thenu < 6 impliesg(u) < B(0).

Theorem 3.7. The setFI(A®(L)) of all fuzzy ideals ofA®(L) forms a complete
distributive lattice, where the infimum and supremaf any family{u,:y € I} of fuzzy
ideals is given byy

ANy =0 Ly andv by =(U )

Theorem 3.8. The mappingr is a homomorphism &l (L) into FI(A¢(L)).
Proof: Letu, 6 be two fuzzy ideals df. It is enough to prove that(u N 8) = a(u) N
a(@) anda(u v 08) = a(u) vV a(8). Sincea is isotone, we get(u N 0) € a(w) N a(h).
For any(x)€ € A¢(L),
a(@((x)®) A a(0)((»)°) = Sup{u(a): (1) =
()} A Sup{u(b): (b)¢ = (¥)°}
Since(a)? = (x)¢ and(b)¢ = (y)¢, we get(a A b)¢ = (x)¢. Based on this we have,
a()(()®) A a(0)((x)®) < Sup{u(aAb): (aAb)® = (x)°}
A Sup{u(a Ab): (a Ab)¢ = (x)¢}
= Sup{u(a Ab) AB(aAb):(aAb) = (x)¢}
= Sup{(un )(aAb):(anb) = (x)¢}
< Sup{(pn 0)(c): (c)® = (0}
=a(uno)((x)®)
Thusa(uw) N a(8) € a(un B). Hencea(u) N a(0) = a(u N 8). Again, clearly
a(w)Va(®d) € a(uv o). Forany(x)é € A%(L),
a(uVve)((x)°) = Sup{(p Vv 0)(@): (@) = (x)°}
= Sup{sup{u(y) A0(z):a=yVz}, (yV2)°=(x)°}
< Sup{sup{u(b,) A 0(by): (b)) = ()%, (b2)® = (2)°},
(yVv2)°=(x)°}
Sup{sup{u(b,): (b1)® = (¥)*}
A sup{0(by): (b2)¢ = (2)¢}, (¥ V2)* = (x)°}
Sup{a(W () Aa(@)(2)°: (y Vv 2)° = (x)°}
Sup{a(W)()® Aa(0)(2)%: (¥)¢ V. (2)¢ = ()¢}
= (a(@) vV a(@)((x)*)
Thusa(uv ) € a(w) vV a(f). Hencex(u v 6) = a(u) V a(8). Thereforeq is
a homomorphism.

Corallary 3.9. For any two fuzzy ideajs andé of L, we have
Ba(un6) = Ba(u) N a(o).
Proof: Foranyx € L, Ba(un 6)(x) = a(un 8)((x)?). Sincea(un 8) = a(p) N
g(i),)we haveBa(un 0)(x) = Ba(w)(x) A Ba(0)(x). Thuspa(un 6) = Ba(u) N
a(0).

The following lemma can be verified easily.

52



Closure Fuzzy Ideals in Distributive Lattices

Lemma 3.10. For any fuzzy ideak of L, the mapu — Ba(u) is a closure operator on
FI(L). That is.

1.4 S Ba(u)

2. pa(Ba(w)) = Ba(u)

3.u<S 0= palw) € pa(d)

Definition 3.11. A fuzzy ideal of L is called a closure fuzzy idealif= Sa(u).

Example 3.12. Consider the distributive lattick = {0, a, b, ¢, 1} whose Hasse diagram
is given below.

0

Define a fuzzy subset of L as follows: u(0) =1, u(a) = 0.5 and u(b) = u(c) =
u(1) = 0.4 . Then it can be easily verified thais a closure fuzzy ideal @éf

Theorem 3.13. For a nonempty fuzzy subgedfL , u is a closure fuzzy ideal if and only
if each level subset gfis a closure ideal af.
Proof: Let u be a closure fuzzy ideal @f Thenyu, = (Ba(u)),. To prove each level
subset ofu is a closure ideal of, it is enough to shovBa(u:) = (Ba(w)),. Clearly
Ba(w); € Ba(u;). Letx € Ba(u,). Then(x)® € a(u;) and there iy € u; such that
()¢ = (y)¢. Which implies Sup{u(a): (x)¢ = (y)¢} =t. This shows thatx €
(Ba(u))¢- Thusy, = Ba(u,) and hence each level subsepa$ a closure ideal of.
Conversely, assume that each level subseu a6 a closure ideal. Clearly
u S Ba(w). Lett = Ba(pw)(x) = Sup{uy): (y)¢ = (x)¢}. Then for eacls > 0, there is
a €L, (a)¢ = (x)® such thatu(a) >t —e. Which impliesa € u;_,, (a)¢ = (x)¢,
(@) = (x)¢ andBa(us—e) = Ut—g. This shows that € Neug pe—e = U ThusBa(u) S
u. Hencey is a closure fuzzy ideal aéf

Corollary 3.14. For a nonempty subséf L, I is a closure ideal if and only j; is a
closure fuzzy ideal df.

Proof: Take a closure ide@lof L. Thenfa(l) = {x € L: (x)® € a(I)} =1I. Letx € L. If
x €1, thenBa(y;)(x) =1 = x;(x). Let x € . Assume thafa(x;)(x) =1, there is
y €1 such that(y)¢ = (x)¢ € a(l). Sincel is a closure idealx € I. Which is
contradiction. Thusfa(x;)(x) = 0. Hencey; is a closure fuzzy ideal.
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Conversely, assume thgt is a closure fuzzy ideal @f Clearly,I € Sa(I). Let
x € Ba(l). Sincey; is a closure fuzzy ideaBa(x;)(x) =1 = y;(x). Thus,x € I and
hencel is a closure ideal df.

Theorem 3.15. Letu be a fuzzy ideal df. Thenu is a closure fuzzy ideal if and only if
for eachx,y € L, (x)¢ = (¥)® implyu(x) = u(y).
Proof: Letu be a closure fuzzy ideal 6fandx, y € L such tha{x)¢ = (y)¢. Then

u(x) = Sup{u(a): (a)° = (x)°, a € L}

= Sup{u(a): (a)® = (y)®, a € L} = u(y)

Conversely, suppose that for eacly € L, (x)¢ = (y)¢ imply u(x) = u(y). For any
x €L, Ba(uw)(x) = Sup{u(a): (a)® = (x)° a € L} = u(x). Thusu is a closure fuzzy
ideal ofL.

Lemma 3.16. For any fuzzy idead of A°(L), af(6) = 6.
Proof: Sincef is a fuzzy ideal of\°(L), (@) is a fuzzy ideal of. andaf(0) is a fuzzy
ideal ofA¢(L). Now,
aB(8)((0)°) = Sup{B(6)(a): (a)® = (x)°} = Sup{f((a)°): (1)° = (x)°} = O((x)°).
Hence the result.

Let us denote the set of all closure fuzzy ideals by Fi.(L).

Theorem 3.17. The classFI (L) of all closure fuzzy ideals df forms a complete
distributive lattice with respect to set inclusion.

Proof: Clearly (FI.(L), <) is a partially ordered set. Far8 € FI.(L), defineunf =
unéanduve =pLaluve).

Clearlyuné, uveoeFI.(L). We need to show V 8 is the least upper bound
of u andf. Sinced, u S uve cuveo, uve is an upper bound of andé. Letn be
any upper bound fos, 6 in FI.(L). Thenu v 8 < n. Which implies thapa(u Vv 0) <
Ba(m) =n. Therefore,fa(uV 0) is the supremum of both and8 in FiI.(L). Hence
(FI.(L),AV) is a lattice. We now prove the distributivity. Let6 € FI.(L). Then

pyv (@ nn)=pal(uve)nvn))

= pa(uv o) nBa(uvn)

=uvoe)nuyvn)
Thus,FI.(L) is a distributive lattice. Next we prove the coaiphess. Sincf} andL
are closure idealgo; andy, are least and greatest element§ QL) respectively. Let
{ui:i €1} € FI.(L). ThenN;g; u; is a fuzzy ideal of. andN;e; 1 S Ba(Nier Ki)-

Nier i S Wi, Vi €1 = Ba(Nier wi) S iy ViE]
= Ba(Nier i) S Nier K

ThusBa(N;e;) = N;er 4; and hencéFI.(L),AV) is a complete distributive lattice.

Theorem 3.18. The classFI (L) of all closure fuzzy ideals @f are isomorphic to the
classFI(A¢(L)) of all fuzzy ideals oA®(L).

Proof: Define f:FI.(L) = FI(A¢(L)), f(u) = a(u), Yu e FI.(L). Let u,0 € FI.(L)
and f(u) = f(6). Thena(u) = a(8). This impliesBa(u) = Ba(6). This shows that
u = 6. Thereforef is one to one. Ley € FI(A%(L)). ThenB(n) is a fuzzy ideal of..
We show thatf(n) is a closure fuzzy ideal af. Let x € L. Then Ba(B(n))(x) =
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af(m)((x)°). Then we getrB(n)((x)°) = n((x)¢) = B(n)(x) by lemma(3.15). Hence
B(M) = Ba(B(Mm)). Thus for eachm € FI(A°(L)), f(B(m)) =n. Therefore,f is onto.
Now for any 1,8 € FI.(L), f(uV 6) = f(Ba(uV 0)) = a(fa(uV ) = a(uV6) =
a(va@) =fV (). Simiarly f(un8) =f(u) nf(0). Therefore, f is an
isomorphism ofI.(L) onto the lattice of fuzzy ideals df (L).

Corollary 3.19. The prime closure fuzzy ideals are in correspondenith the prime

fuzzy ideals1(L).

Proof: By the above theorem the mAps an isomorphism fromi1.(L) into FI(A°(L)).

Let 4 be a prime closure fuzzy ideal bf Thena () € FI(A°(L)). Now we provex(u)

is a prime fuzzy ideal afI(4°(L)). Letd,n € FI(A°(L)) such that An S a(u). Since

f is onto, there exist,y € FI.(L) such thatf(1) =6 andf(y) =n. Thusa(AAy) <

a(u). Sincep is isotone, we havBa(A Ay) € Ba(u). Which impliesA Ay € u. Since

u is a prime fuzzy ideal, either< u or y € u. This shows that either(1) € a(u) or

a(y) € a(w). Thusd < a(u) orn € a(u). Hencea(w) is a prime fuzzy ideal oA¢(L).
Conversely, suppose thatis a fuzzy ideal ind¢(L). Sincef is onto, there exists a

closure fuzzy ideak in FI.(L) such thab = a(u). Letn, A € FI(L) such thay A A C u.

Since a is isotone, we gett(n A1) S a(u) = 6. Which impliesa(n) A a(1) € a(w).

Sincea(u) is a prime fuzzy ideal ofi¢(L), eithera(n) € a(u) or a(1) € a(u). This

impliesn € Ba(n) € Ba(w) orA € Ba(l) € Ba(u). Sinceu is a closure fuzzy ideal, we

getn € u or A € u. This shows that is prime fuzzy ideal irFI(L). Hence the prime

closure fuzzy ideals corresponds to prime fuzzglglefA®(L).

REFERENCES

1. G.Birkhoff, Lattice Theory Amer. Math. Soc. Collog. XXV, Providence, U.S.A.,
(1967).

2. G.Gritzer and E.T.Schmidt, On ideal theory for latticksta Sci. Math. Szegetl9

(1958) 82—-92.

J.Hashimoto, Ideals theory for latticésath. Japonicae? (1952) 149-186.

M.Manderker, Relative annihilators in latticEsjke Math. J.40 (1970) 377-386.

W.J.Liu, Fuzzy invariant subgroups and fuzzy ide&lszzy Sets and Systen&s

(1982) 133-139.

6. M.S.Rao, Ideals of a distributive lattice with resp to a closure operator,
International Journal of Mathematics and Soft Cotimpy 2(2) (2012) 43-48.

7. A.Rosenfeld, Fuzzy subgroupk,Math. Anal. Appl.35 (1971) 512-517.

8. U.M.Swamy and D.V.Raju, Fuzzy ideals and congrusmddatticesFuzzy Sets and
Systems95 (1998) 249-253.

9. B.Yuan and W.Wu, Fuzzy ideals on a distributivéidat Fuzzy Sets and SysteI8s,
(1990) 231-240.

10. L.A.Zadeh, Fuzzy set#formation and Control8 (1965) 338-353.

arw

55



