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Abstract. The purpose of this paper is to introduce and sttty compactness in
intuitionistic fuzzy topological spaces. Here wdime two new notions of intuitionistic
fuzzy compactness in intuitionistic fuzzy topolagispace and find their relation. Also
we find the relationship between intuitionistic geasl compactness and intuitionistic
fuzzy compactness. Here we see that our notionisfysdtereditary and productive
property. Finally we observe that our notions preseunder one-one, onto and
continuous mapping.
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1. Introduction

As a generalization of fuzzy sets introduced by etafl] after then the concept of
intuitionistic fuzzy set was introduced by Atanas$d] as a sense of generalized this
concept and introduced intuitionistic fuzzy setdohiitake into account both the degrees
of membership and non-membership subject to theliton that their sum does not
exceed 1. Fuzzy topology was first defined by Chéghg). Later Coker [3,4,5,6]
introduced the basic definitions and propertiesnaditionistic fuzzy topological spaces
and fuzzy compactness in intuitionistic fuzzy tamptal spaces. Islam et al. [7, 8], Lee et
al. [10, 11], Ahmed et al. [12,13,14,15,16], Mingad. [21], Talukder et al. [22] and
Tamilmani [23] subsequently initiated a study duitionistic fuzzy topological spaces
by using intuitionistic fuzzy sets. In this papee define two notions of compactness in
intuitionistic fuzzy topological spaces and soméhefir features.

2. Notationsand preliminaries

Through this pape will be a nonempty seT, is a topologyt is a fuzzy topologyT is
an intuitionistic topology and is an intuitionistic fuzzy topologyland: are fuzzy sets,
A = (uy,v,) is intuitionistic fuzzy set. Particularly0 and 1 we denote constant fuzzy
sets taking values 0 and 1 respectively.
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Definition 2.1. [17] Let X be a non empty set. A famityof fuzzy sets irX is called a
fuzzy topology orX if the following conditions hold.

(1) 0,1€t,

2 Anuetforallaucet,

(3) U 4; € t for any arbitrary family{4; € ¢, j € J}.

Definition 2.2. [3] SupposeX is a non empty set. An intuitionistic s€bn X is an object
having the formd = (X, A, A,) whereA;andd, are subsets df satisfyingd, n 4, =

¢. The setd; is called the set of member dfwvhile 4, is called the set of non-member
ofA. In this paper, we use the simpler notatios (44, A,) instead oA = (X, A, A,)for
anintuitionistic set.

Remark 2.1. Every subselof a nonempty seX may obviously be regarded as an
intuitionistic set having the form = (4, A°) wheredA® = X — A.

Definition 2.3. [3] Let the intuitionistic setsd and B inX be of the forms4 =
(Aq1,43) andB = (B4, B,) respectively. Furthermore, Ifd;,j € J} be an arbitrary family

of intuitionistic sets inX,where4; = (A](-l),Aj(-Z)). Then
(@) Ac Bifand onlyifA; € B; andA, 2 B,,
(b) A=Bifand only ifA € B andB < A,
(c) A = (4,,4,), denotes the complement of
(d) n4;=(n4Pua®),
(&) ud;=(UAMNnaA®),
M ¢. = (¢ X)and X_ = (X, ).

Definition 2.4. [5] LetX be a non empty set. A famifyy of intuitionistic sets irX is
called an intuitionistic topology aXi if the following conditions hold.

(1) ¢.  X. €T,

(2) AnBeT forallA,BET,

(3) U 4; € T for any arbitrary family{A; € T, j € J}.
The pair(X,T) is called anintuitionistic topological space (ITi§,short), members &f
are called intuitionistic open sets (I0S, in shantX and their complements are called
intuitionistic closed sets (ICS, in short)Xn

Definition 2.5. [2] Let X be a non empty set.Anintuitionistic fuzzy deflFS, in short) in
X is an object having the fora = {(x, us(x),v,(x)): x € X}, whereu, andv, are
fuzzy sets inX denote the degree of membership and the degremrefmembership
respectively subject to the conditigp(x) + v, (x) < 1.

Throughout this paper, we use the simpler notatlos (u,,v,) instead ofA =

{(x,,uA(x), vA(x)):x € X} for IFSs.

Definition 2.6. [2] Let X be a nonempty set and IF&B in X be given byAd = (uy,v4)
andB = (ug, vg) respectively, then
(@) AS B if uy(x) < pg(x) andvy(x) = vg(x) forallx € X,
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(b) A=Bif AS B andB c 4,
© A = (va,1a),

(ANB = (ua N g, vaUvp),
() AUB = (1a Vg, va Nvp).

Definition 2.7. [4] Let {4; = (.“Aj'VA,-) ,J € J} be an arbitrary family of IFSs iXi. Then
(@) r]Aj = (ﬂﬂAj, UVAJ.),
(b)u4d; = Haj N5 ),
€© 0.=0D,1. =1 0.

Definition 2.8. [4] An intuitionistic fuzzy topology (IFT, in shorbn a nonempty sét is
a familyt of IFSs inX satisfying the following axioms:

(1) 0.,1. e,

(2) AnB e, forall4,B € T,

(3) U 4; € 7 for any arbitrary familyf4; € 7, j € J}.
The pair(X,t) is called an intuitionistic fuzzy topological spa¢IFTS, in short),
members of are called intuitionistic fuzzy open sets (IFOB,short) inX and their
complements are called intuitionistic fuzzy closets (IFCS, in short) iA.

Definition 2.9. [2] Let X andY be two nonempty sets arfdX — Y be a function.
IfA = {(x, uy(x), v4(x)):x € X} andB = {(y, ug(y), vg(¥)):y € Y} are IFSs irX and
Y respectively, then the pre image Béinderf, denoted by ~1(B) is the IFS inX

defined by

fRB) ={(x, Fup))@), (F 1 (vp))(x)): x € X} = {(x, up (f (X)), vs(f (x))): x €
X} and the image oA underf, denoted by (4) is the IFS irY defined byf(A):{(y,

(f () @), (F(va))()): y € Y}, where for eacly € Y
F)0) = {ror Ty 1a8) 1 1200 %9
0

otherwise

FaN») = {xef Bopva@) if f7HO) # ¢
1

otherwise

Definition 2.10. [18] Let A = (x,uy,v4) and B = (y,ug,vg) be IFSs inX andY
respectively. Then the product of IF$&ndB denoted by X B is defined by

AXB = {(x,y), ta X 5, va X v5)} where(py” 15 ) (x,) = min(11 (), 15 ()

and(vA;(vB)(x, y) = max(v4(x),vg()) for all (x,y) € X x Y.
Obviously 0 < (uy X ug) + (v4 X vg) < 1. This definition can be extended to an
arbitrary family of IFSs.

Definition 2.11. [18] Let(Xj,t;),j = 1,2 be two IFTSs. The product topologyX 1,
onX; X X, is the IFT generated Hy; ' (U;):U; € 7;,j = 1,2}, wherep;: X; X X, - X;,
j = 1,2 are the projection maps and IFTX§ X X,, 1, X 7,} is called the product IFTS of
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(X, 1), j=12. In this caseS ={p;*(U;),j €J:U; €1} is a sub base arfl =
{U; x U,:Uj € 15,j = 1,2} is a base for; x 7, onX; X X,.

Definition 2.12. [4] Let (X,7) and (Y,6) be IFTSs. A functiorf:X —» Y is called
continuous iff "1(B) €  for all B € § andf is called open if (4) € & for all 4 € 7.

Definition 2.13. [9] Let A = (uy,v4) be a IFS inX andU be a non empty subset Xf
The restriction ofd to U is a IFS inU, denoted byA|U and defined by|U =
(palU,v4|U).

Definition 2.14. [7] Let (X, ) be an intuitionistic fuzzy topological space dhis a non
empty sub set o then t; = {A|U: A € 1} is an intuitionistic fuzzy topology ot and
(U, ty) is called sub space @X, 7).

Definition 2.15. [9] Leta,§ € (0,1) anda + § < 1. An intuitionistic fuzzy point (IFP
for short) p,, gy of X defined byp(g, gy = (x, 1y, vp), fory € X

_fa if y=x (B if y=x
“P(y)_{o if ythandvp(y)_{l if y+x

In this case, x is called the support p:@’a_ﬁ). An IFPpg‘a,ﬁ) is said to belong to an IFS
A= (x, uy,va) Of X, denoted by(g, g) € A, if & < py(x) andf = v, (x).

Proposition 2.1. [9] An IFS A in X is the union of all IFP belongirg A.

Definition 2.16. [20] A collectionBof IFS on a set X is said to be basis (or basegaifor

IFT on X, if

0] For everyp(, g, € X, there exist8 € B such thap(g, s, € B.

(i) If D{ap € BLNB; , where B;,B, € B then 3B; € B such thatp, s €
B; € B, NB,.

Definition 2.17. [4] Let (X,7) and(Y, §)be two IFTS’s and lef: X - Y be a function.
Then fis said to be fuzzy continuous iff the prage of each IFS i@ is an IFS irr.

Definition 2.18. [4] Let (X, 1) be an IFTS.

(@ If a family {(x,uq, vg):i €J} of IFOS in X satisfy the conditioru
{(x, g, ve,):i €]} = 1. then it is called a fuzzy open cover of X. A fanit
subfamily of fuzzy open cove{(x, UG, Ve, e]} of X, which is also a fuzzy
open cover of X is called a finite subcovef{ 6, u;,, ve,): i € J}.

(b) A family {(x, ug,, vi,):i € J} of IFCS's in X satisfies the finite intersection
property iff every finite subfamilf(x, ux,, vk ):i = 1,2, ...,n} of the family
satisfies the conditionjL,{(x, ux,, vk,)} # 0-.

Definition 2.19. [4] An IFTS (X, 7) is called fuzzy compact iff every fuzzy open cowér
X has a finite subcover.
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Definition 2.20. [4] (a) Let(X,7) be an IFTS and A be an IFS in X. If a family
{(x, ug,, vg,): i € J} of IFOS's in X satisfies the conditich<u {(x, ug,, vs,): i € J}, then

it is called a fuzzy open cover of A. A finite sabiily of the fuzzy open cover
{(x, ug,, vg,): i € J} of A, which is also a fuzzy open cover of A, islled a finite
subcover of(x, u¢,, vg,):i € J}.

(b) An IFSA = (x, g, vg,) in an IFTS (X, 1) is called fuzzy compact iff every fuzzy
open cover of A has a finite subcover.

Definition 2.21. [19] An IFTS (X,7) is called(a, f) -intuitionistic fuzzy compact
(resp.,(a, B)-intuitionistic fuzzy nearly compact ar{d, 8)-intuitionistic fuzzy almost
compact) if and only if for every famil§G;:i € J} in {G: G € {*,7(G) > (a, B)} such
thatU;e; G; = 1., wherea € I, € I; witha + < 1, there exists a finite subsigtof
J such thaU;e;, G; = 1. (resp.,U;g), intqp (cla,ﬁ(Gi)) = 1. and U;e), clap(G;) =
1.).

Definition 2.22. [19] Let (X,7) be an IFTS and A be an IFS in X. A is said tq(dg3)-
intuitionistic fuzzy compact if and only if everarhily {G;:i € J}in {G: G € {¥,7(G) >
(@, B)} such thath € U, G;, Wwherea € Iy, € I; witha + 8 < 1.

Definition 2.23. [19] A family {K;:i € J}in {K:K € {*,t*(K) > (a, )}, Wherea €
Iy, B € I, with a + B < 1 has the finite intersection property (FIP) if amdy if for any
finite subsef, of J,N;¢j, K; # 0.

Definition 2.24. [19] An IFTS (X, 1) is called(a, 8)-intuitionistic fuzzy regular if and
only if for each IFS A in X such thafA) > (a, ), wherea € [, 8 € I; witha + 8 <
1, can be written a8 =U {B: B € {¥,7(B) = 1(A4),cl,3(B) S A}.

3. Compactnessin intuitionistic fuzzy topological space

In this section we define two new definitions ofuitionistic fuzzy compactness (IF-
compact) in intuitionistic fuzzy topological spa@ETS, in short) and established several
properties of such notions.

Definition 3.1. Let (X,7) be an intuitionistic fuzzy topological space. A
family {(u¢, vs,): i € J} of IFOS in X is called open cover of X ifu ug, = 1and
Nvg, = 0. If every open cover of X has a finite subcoveenhX is said to be
intuitionistic fuzzy compact ( IF-compact, in stjor

Definition 3.2. A family {(us,, v¢,): i € J} of IFOS in X is calleda, 8)-level open cover

of X'if Upg, =aandnvg, < pwith a + g < 1. If every(a, B)-level open cover of X
has a finite subcover then X is said to(bgf)-level IF-compact.
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Theorem 3.1. Let (X,T) be a topological space a@l, t) be its corresponding IFTS,
wheret = {(1A]-r 1AJC.),j EJ:Aj€ T}. Then(X,T) is compact if X, 7) is IF-compact.
Proof: Let (X,T) be compact. Conside6{ie/}be the open cover of X,

JAeG =X ()
Since X is compact thedG;,, Gy, ..., Gi, € T such that
Gil U GiZ U..uU Gin =X (ll)

Now it is clear tha(lGi_lciC) € T (by the definition).
Also we havey (1,15,°) = (U 15, N 15,°)

($u6,1n6,")

(%0 1n6,")
But we havely + 1n5,° < 1 then it must ba . “ = 0. Therefore we getj (14,14,) =
(1x,0).
Also by (i) we get(1x,0) = (1¢,,u6;,u..UGin» 0)

(-1 16,,0)

(1, 0)

Hence it is clear that the IFT&, 1) is IF-compact.

Corollary 3.1. Let(X,T) be a topological space aqk, ) be its corresponding IFTS,
wheret = {(1Aj,1Aj),j €E]: A€ T}. Then(X,T) is compact if(X, 1) is (a, B)-level
IF-compact.

Proof: Here it is clear that for any,fel witha+ 8 <1=>1>a andf = 0. So,
(X,7) is(a, B)-level IF-compact.

Theorem 3.2. Let (X,7) be an intuitionistic topological space aqQ#,t) be its

corresponding IFTS, where= {1A,- = (1A,-1' 1Aj2),j €]: Aj=(41,4;,) € T}. Then

(X,T) is intuitionistic compact ifX, 7) is IF-compact.

Proof: Let(X,7) be an intuitionistic compact space, we shall prthat (X, ) is IF-

compact. Consider ¥, } be an open cover of, i.e.U1, = (1, 0), where (1, 0) is

intuitionistic fuzzy set.

Now1,, = (1Ak1’ 1Ak2) =>Ul,, =V (1Ak1' 1Ak2)

=>U 1y, = (U Lo N 1Ak2)

:>1UAk = (1 UAgq’ 1ﬂAk2

=>1y4, =(1x, 0)

=>1ya, = (1,0)

By the given definition f;, € T}, k € A is the open cover of X, sineed,= (X, ). But

we have(X,T) is compact thed Ay, ,Ay,,, ---, Ak, € T such thaU}’zlAkij = (X,0)
4??:1(141(”1,14](”2 ) = (X. @)
=>L(;'l=1Akij1 ’ n?:lAkijz ) = (X, (Z))
=1(J;}=1Akij1’1n;}=1‘4kij2) = (1X' 1(2))
:>1(J?=1Akij1’1n}l=1‘4kij2) = (1. 0)

2’
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Hence(X, 7) is IF-compact.

Theorem 3.3. Let (X,7) and(Y,6) be IFTSs andf:X - Y is bijective, open and
continuous. Thexy, §) is IF-compact> (X, 1) is IF-compact.

Proof: LetA; = (u; ,v;) € twithU 4; = (1, 0). NowA; € T =>f(4;) € & with

U f(4)=(10).

Fory €Y, f(ADY) = 0, f (1a ) ), f (va ) ),

sup
wheref (114, ) ) = | ¢ =1y y1,(X) THa, ().

Similarly we get,f(va,)(7)= v, (x).Now U f(4)= U (f (a)), f (a)= (U f(1a,), N
FUa))i-U fra)(y) = U pa,(x) = 1 andn £ (va)(y) =N g, (x) = 0, S0U f(4))= (L,
0). Since fis an open therf4;)} is an open cover of Y. Again Y is compact therrehe
exist f (A1), f(Az0), .., f(An) € § such thatUT, f(4;) = (1,0) => f(UJ_1 4) =
(1,0) =>f"'(f(UT=145) = f~ 1(1 0) =>f7*(1,0) € Uj.; 4j; (since from Chang
1 S f7H(f(W)). ThereforeU’_; A;; = (1, 0). HenceX, 7) is IF-compact.

Theorem 3.4. Let (X,7) and(Y,8) be IFTSs andf:X - Y is one-one, onto and
continuous. ThelX, 7) is IF-compace (Y,6§) is IF-compact.

Proof: Let 4A; = (u;,v;) € 6§ with UA4; = (1, 0). Sinced is a topology sw 4; € 6§
=>f"1(UA4;) € twith f~1(UA4)) = (1, 0) (as f is continuous) £ ~1(4;) = (1, 0).
But U f~1(A4;) =U £~ (ui, vi)=VU (f (), fH(v)) € T with U(F 1w, (W) =
(2, 0). Since (X,7) is IF-compact then3A;; , Az , ..., A;p €S where
OF 7 Quan), 71 (vin)) FHad, £ 71 (Vi2))s s (F 7 (im), £ (vim) € 7 such that
(F 7 i), £ vid) U (F 7 i), £ (vi)) U U (7 (i), 1 (vim)) = (1, 0)

=> Um 1(f 1(.“1]) f 1(vl])) - (l 0)

=> (U =1 f” 1(.“1]) n =1 f7 1(Vl])) =(1,0)

=>f (UL £~ (ij)s ﬂ LT (i) =£(1,0)

_>(U U~ 1(#11)) n 1 fU~ 1(Vlj)))_(1 0),

since f is one-one and onto £0L,0) = (1,0).

Therefore U] 1Hij N 1VU) (1, 0), |eU} 1, vig) = (1, 0).

Hence(Y, §) is IF- compact

Theorem 3.5. Let (X, 7)be an IFTS andV, ty,) be a subspace @k, t) with (X, 1) is IF-
compact. Letf:(X,7) = (V,7y) be continuous, open and onto, th@hty,) is IF-
compact.

Proof: Let M = {B;:ie/} be an open cover d,t,)with uB; = (1,,0). By the
definition of subspace topology, Bt = U;|V, whereU;et. Since f is continuous then
f~1(B)e T implies thatf ~1(U;|V)e .

As, (X,7) is IF-compact thenU;; f~(U;|V)(x) = (1x,0) . Thus we see that,
{f~1(U;|V):i € J} is an open cover @, ). Hence there exist

fWOalV), f T WUplV), -, f UV € (FHUIV)

such that
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Uk=1 f T UilV) = (1, 0).
PutB;, = Uy |V, then itis clear thak;;, € T, with U%_, f~1(By) = (14,0)

=>f (U f —1(Bik)> = f(1x,0)
k=1

o | [FEH B = (£, 0)

=>

=> U%_, By = (1,,0) as fis open.
Hence(V, ty) is IF-compact.

Theorem 3.6. Show that the following statements are equivalent:
(i) X is IF-compact,
(ii) For every{F;} whereF; = (vpi_upi) of closed subset of X with F; = (0,1) implies
{F;} contains finite subclag$;,, Fy, ..., Fip} With F;; N Fi, 0 ..N Fypy, = (0, 1).
Proof: (i) => (ii). Supposen F; = (0, 1) then by De Morgan’s law
(N F)° = ((0,1)°
=>UF;“=(1,0)
Cc
=>U (VFL-,/"FL-) =(1,0)
=>U (4, vr,) = (1,0)
=> (U pp,NvE,) = (1,0).
So,{F;}, (F° = (ur,vr,)) is an open cover of X. Since X is IF-compact hence
HFL'lC, Fizc, ...,FimCE{FiC} such thaFilc V) FL'ZC U ..U Fimc = (1, 0) Then
(0, 1) = (1, O)C = (Filc U Fizc Uu..uU Fimc)c
= (F19)¢ N (F9¢N ...n (Fir )€ (By De Morgan’s law)
= Fil N Fi2 Nn..N Fim!
so we have shown that (i) => (ii).
(ii)=>(i). Let {G;}be an open cover of X whe@e = (u¢,, vg,), i-€.U; G; = (1,0).
By De Morgan’s law,

(0,1) = (1,0)° = (U; G)° = N; G“.

Since each G; is open, so{G;} is a class of closed sets and by
(||) ElGilC, izc, ey GimCE {Gic} such that

GiL“N G N ..n Gy, = (0,1).
So by De Morgan'’s law
(1,0) = (0,1)° = (G, N G° N ooN Gip)E = Gj1 U G U ..U Gy,
hence X is IF-compact. So, we have shown thatX{i)=
Theorem 3.7. Let the IFTS's(X;,t;) and(X,,7,) be IF-compact. Then the product
IFT 7, X 7, onX; X X, is IF-compact.

Proof: Consider, (X;,7,) and (X;,7,) is IF-compact. LetA; = (4, V4, )€t With
U A; = (1,0) andB; = (up,vp,)er, WithU B; = (1, 0).
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Now
Ai X Bi = (HAI',VA,:) X (.uBi,vBi) = (.uAi X :uBi'vAi X vBi)
where
X .
(uAi .uBi) (x,y) = min (uAi(x).uBi(y)), wherexeX,, yeX,
=min(1,1) =1
Similarly,

(VAixVBi)(xr y) = max (VAi(x)rVBi o)
=max (0,0) =0.

S0,4; X B; = (1,0). But by the definition of product topology; X B; € T; X 15, i.e.
{A; x B;} is a family of intuitionistic fuzzy open set Xy, x X,. Choose
U (4; X B;)) = (1,0). Since(X;,7,) is IF-compact, then 4;} has finite subclasgf;;}
such thau’_; 4;; = (1,0).
Similarly, since(X;,t,) is IF- compact, then H;} has finite subclassB} such that
Uk, Bix = (1,0). Therefore

n m
UAij x U By = (1,0)
j=1 k=1
n m
== U ('uAij'VAij) X U('uBikrvBik) =(1,0)
k=1

j=1

=> (U;}=1 .uAij' n?:l vAi]‘) X (U;(n=1 :uBikl n;cn=1vBik) = (1'0)

Hence there exist four cases:

Case-l: Iij-l=1 Ha;; = 1, Ugti g, =

Case-ll: IfU]=1 ‘uAij = 1, nzl:]_ VBik =0

Case-lll: IfNF_; va;;, = 0, Ugzy pip,, = 1

Case-|V Ifn]=1 VAij = O,D;anl vBik = 0

Here from four cases, we see that the product égydlX; x X,,t; X t,) is IF-compact.

4. Conclusion

In this paper, theorems 3.1 and 3.2 show that afitlions are appropriate for
intuitionistic fuzzy compactness. Here we see thattwo notions satisfy hereditary and
productive property. Also we observe that our nigtipreserve under one-one, onto and
continuous mapping.
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