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Abstract. This paper presents continuous review two-echeloantory systems with two
different substitutable items in stock. The dem#ordthe products follows independent

Poisson with rated, and A ,respectively for product and A and B. The operafioticy

at the lower echelon for the products afeS¥that is whenever the inventory level drops
to ‘s’ on order for Q= (S-s) items is placed, the ordered items are receift a
random time which is distributed as exponential. #8sume that the demands accruing
during the stock-out period are lost. The retaiglenishes the stock of products from
the supplier which adopts (O;Mpolicy. The joint probability disruption of theventory
levels of the products, at retailer and the proslattsupplier are obtained in the steady
state case. Various system performance measuredeareed and the long run total
expected inventory cost rate is calculated. Sevimsthnces of numerical examples,
which provide insight into the behavior of the gyst are presented.
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1. Introduction

This paper investigates the substitutable prodoegritory control systems in supply
chain. When different products are sold by a retagubstitution between these products
causes the retailers to manage their order gussititia competitive environment. In this
article, we examine the nature of continuous reviewentory control system facing
stochastic independent demand in supply chain.tButable product inventory problem
was first studied by McGillivray and Silver [1] the Economic Order Quantity (EOQ)
context. Later, Parlar and Goyal [19] and Khoujd Mehrez and Rabinowitz [18] gave
single-period formulations for an inventory systemith two substitutable products
independently of each other. In [21], Parlar pregba Markov Decision Process model
to find the optimal ordering policies for perishal@dnd substitutable products from the
point of view of one retailer. Parlar's study irb]ds a game theoretic analysis of the
inventory control under substitutable demand. Heleted the two-product single period
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problem as a two-person nonzero-sum game and shihaethere exists a unique Nash
equilibrium.

Study on multi-echelon systems are much less coedpao those on single
commodity systems. The determination of optimalqied and the problems related to a
multi-echelon systems are, to some extent, dealfdigott and Wagner [30] and Veinott
[31]. Sivazlian [28] discussed the stationary chemastics of a multi commaodity single
period inventory system. The terms multi-echelommaiiti-level production distribution
network and also synonymous with such networksglsuphain) when on items move
through more than one steps before reaching thal fiustomer. Inventory exist
throughout the supply chain in various form forigas reasons. At any manufacturing
point they may exist as raw — materials, work-iagass or finished goods.

The main objective for a multi-echelon inventoryodsl is to coordinate the
inventories at the various echelons so as to madrtiie total cost associated with the
entire multi-echelon inventory system. This is @aura objective for a fully integrated
corporation that operates the entire system. Ithinglso be a suitable objective when
certain echelons are managed by either the suppliethe retailers of the company.
Multi-echelon inventory system has been studied rbgny researchers and its
applications in supply chain management has praxggthy in recent literature.

As supply chains integrates many operators in éteark and optimize the total cost
involved without compromising as customer servifciency. The first quantitative
analysis in inventory studies Started with the wafrklarris [13]. Clark and Scarf [8] had
put forward the multi-echelon inventory first. Theyalyzed a N-echelon pipelining
system without considering a lot size. One of tliest papers in the field of continuous
review multi-echelon inventory system is written Bferbrooke in 1968. Hadley and
Whitin [12], Naddor [24] analyses various invent@ystems. HP's (Hawlett Packard)
Strategic Planning and Modeling (SPaM) group itetiethis kind of research in 1977.

Sivazlian and Stanfel [27] analyzed a two commoslitygle period inventory system.
Kalpakam and Arivarignan [15] analyzed a multi-iténventory model with renewal
demands under a joint replenishment policy. Theymed instantaneous supply of items
and obtain various operational characteristicsasa an expression for the long run total
expected cost rate. Krishnamoorthy et al., [16]\aea a two commodity continuous
review inventory system with zero lead time. A ta@mmodity problem with Markov
shift in demand for the type of commodity requiréxliconsidered by Krishnamoorthy
and Varghese [17]. They obtain a characterizatiorimiting probability distribution to
be uniform. Associated optimization problems wesewksed in all these cases. However
in all these cases zero lead time is assumed.

A Complete review on multi echelon inventory models provided by Beamon [6].
Axsater [5] proposed an approximate model of inegnstructure in SC. He assumed (S-
1, S) polices in the Deport-Base systems for raplaritems in the American Air Force
and could approximate the average inventory areksiat level in bases.

Anbazhagan and Arivarignan [2,3] have analyzed ¢avmmodity inventory system
under various ordering policies. Yadavalli et §82] have analyzed a model with joint
ordering policy and varying order quantities. Yaalfet al., [33] have considered a two
commodity substitutable inventory system with Paoissdemands and arbitrarily
distributed lead time.
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In a very recent paper, Anbazhagan et al. [4] idensd analysis of two commodity
inventory system with compliment for bulk demandwhich, one of the items for the
major item, with random lead time but instantane@menishment for the gift item are
considered. The lost sales for major item is afsmaed when the items are out of stock.
The above model is studied only at single locaflaswer echelon). We extend the same
in to multi-echelon structure (Supply Chain). Thestrof the paper is organized as
follows. The model formulation is described in $@tt2, along with some important
notations used in the paper. In section 3, stetatg snalysis is done: Section 4 deals
with the derivation of operating characteristicstbé system. In section 5, the cost
analysis for the operation. Section 6 provides Nurak examples and sensitivity
analysis.

2. Model

2.1. The problem description

The inventory control system considered in this grajs defined as follows. Tow
Substitutable finished products (A and B) are sigdpfrom manufacturer to supplier
which adopts (0,M) replenishment policy then thedoct is supplied to retailer who
adopts (8S) policy. The demand at retailer node follows aulejpendent Poisson
distribution with ratet, for one product A andi, for product B. When the inventory of
one of the product reaches zero the demand fgoribduct is substitutable with the other
product with probabilityp and similar argument for another product with phulity g so
that p +q =1. The demands that occur when both the productsoareof stock are
assumed to be lost. The replacement of item ingerihproduct is made from supplier to
retailer is administrated with exponential disttibn having parametet >0. The
maximum inventory level at retailer node for proddcand B areS, and the recorder
point is s and the ordering quantity is Q@F=$ items. The maximum inventory at
supplier is M(=nQ).

3. Analysis

Let 1(t) andl, () denote the on hand Inventory levels of productnd B respectively
at retailer and, (t)denote the on hand inventory level of both prodattsupplier at
time t+.

We define 1 (t) ={(1, (£).1, (£),1; (£)):t = 0 Jas Markov process with state space
E={(ijk|i=0,...§ j=0,1, 2, ..., 8§ k=Q,20Q,.....nQ }. Since E is finite and all its
states are aperiodic, recurrent, non- null and mealucible. That is all the states are
Ergodic. Hence the limiting distribution exists @adndependent of the initial state.

The infinitesimal generator matrix of this proc€ss= (a(i,j,k, :I, m, 1) ; ; k)¢ mape €N
be obtained from the following arguments.
e The arrival of a demand for product A at retaileaka a state transition in the
Markov process from (i, j, k) to (i-1, j, k ) withe intensity of transitionA, +i y ).
e The arrival of a demand for product B at retailesk a state transition in the
Markov process from (i, j, k) to (i, j-1, k) withe intensity of transitionA, +j /).
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« When the inventory level of product A is zero,rthbe the arrival of a demand for
product A at retailer make a state transition i Markov process from (i, j, k) to (
i, j-1, k) with the intensity of transitiofpA, + A, + jy).

« When the inventory level of product B is zero,riltiee the arrival of a demand for
product B at retailer make a state transition enNrarkov process from (i, j, k) to (
i, j-1, k) with the intensity of transitio(4, +i y+gA,) .

e The replacement of inventory atretailer make aestensition in the Markov
process from (i, j, k) to (i+Q, j, k-Q) or (i, R ) to (i, j+Q, k-Q ) with the
intensity of transitiony > 0.

The infinitesimal generatdt is given by

A B 0O ... 0 O
o A B ... 0 O
c=| : : Do :
o o O ... A B
B 0 O ... 0 A

The sub matrices A and B are g_iven by

A, n=m, m=s+1s+ 2,...... S

B, n=m-1, m=93,§- 1,....1,
[Alpen =7C1 n=m, m=g,s- 1,...1,

D, n=m, m= 0,

0 otherwise

[B]mxn:{“" m=n §§-1..1

0 otherwise

where
(A, +my) n=m-1, m=$,5 1..1
~(AL+A,+my) n=m, m=gs+1ls+ 2,..S
[Ad o =1 ~Ay A+ +my)  n=m, m=12,.s
=(PA +A, +p+my)  n=m, m= 0
0 otherwise
(A, +my) n=m m=§§S-1...
[Bloxn =4(PA +A,+my)  n=m m=0
otherwise
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(A, +my) n=m-1, m=$,$ 1..1
—(A,+A,+p+my) n=m, m=s+1s+t 2,..S
[Cluwn=9-"A;+A,+20 +my) n=m, m=12,.5s
—(PA A+ 20+ y)  n=m, m= 0
0 otherwise
(A, +my) n=m-1, m=$,5 1..1
~(A +PA, 1Y) n=m, m=s$+ 15t 2,.[
[DJ=| -\, +pA,+2u+ny ) n=m, M 1,2,
(—2n+my) n=m, m= 0
0 otherwise

['\/l]mxnz{u 9=p,  p=3,3" 1.1

0 otherwise

3.1. Steady state analysis
The structure of the infinitesimal matrix C, reve#at the state space E of the Markov
process { | (t) : & 0 } is finite and irreducible. Let the limiting @bability distribution of

the inventory level process be
k

[[=timer{t, O 010 = G100}
[ %]
where]'[:f}. ig the steady state probability that the system Istate(i, j, k).
Let]] = {n;jf,n;?j‘ﬂ@, .Hf}..}denote the steady state probability distribution.

For each (i, ] k) ,l'[zf}. can be obtained by solving the matrix equatiphC = 0.
By solving the above system of equations, togetheith normalizing

condition Z |_| Ik =1, the steady probability of all the system stat@sobtained.
(i,j K)OE '

4. Operating characteristic
In this section we derive some important systenfop@ance measures.

Average inventory level

The event, I,denote the average inventory level for productsnd B respectively at
retailer nodeand |ydenote the average inventory level at distributaten
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L=> > STl
(iii) s 5 w0
L=> > S&IT

Mean reorder rate
Let R;, R-denotethe mean reorder rate for products A and B, atleetandR,denote the
mean reorder rate for products at distributor rethpely,

nQ S

0 RS+ Y e,

k=Q j=o0

nQ S K
i) R=(L+(S+DNY D [Tion

k=Q i=o

(i)
R,=u> 3 TTZ

Shortage rate
Shortage occurs at retailer only for main produet.S be the shortage rate at retailer for
main product, then

nQ K
M) S = h+4,)) [Too
k=Q

5. Cost analysis
In this section we impose a cost structure forgt@osed model and analyze it by the
criteria of minimization of long run total expectedst per unit time. The long run
expected cost rafEC(s, S, Q )is given by

TC(s, & Q)= liHi + IoHo + [gHg + RiO1 + Ry O, + ROy + ST,
Although we have not proved analytically the contyegf the cost functiom C(s, 9, Q)
our experience with considerable number of numkeggamples indicate thdtC(s, S,
Q) for fixed ‘S and $' appears to be convexsinin some cases it turned out to be
increasing function of. For large number case GiC(s, S, Q) revealed a locally convex
structure. Hence we adopted the numerical seammbtedure to determine the optimal
value of

6. Numerical example and sensitivity analysis

6.1. Numerical example

In this section we discuss the problem of miningzihe structure. We assume ¥H; <
Hq i.e, the holding cost for product B at retailer edd less than that of product A and
the holding cost of both products is less than dfigbroducts at distributor node. Alsg O
< O, < Qq4 the ordering cost at retailer node for producsBess than that of product A.
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Also the ordering cost at the distributor is gredban that of both products at retailer
node.

The results we obtained in the steady state anay be illustrated through the
following numerical example,

S =16, $ =16 M = 80,/]l=3, A=2, 4 =3 H=11H,=12,H,= 1.
0=210,=22,0Q=2T=31y=3
The cost for different reorder level are given by

N 1 2 3 4 5 6 7
S 1 2 3 4 5 6 7
Q 15 14 13 12 11 10 9
TC

142.96 | 83.1493 69.0649| 74.0848| 86.7365| 97.1665
(Sl(’g)SZ’ 845 3 | 7114691 g 9 4 2

Table 1: Total expected cost rate as a functigrgsand Q

150

100
s
50 EQ
TC(s, O)

Figure 1.

For the inventory capacity; &nd S, the optimal reorder level,sand s and optimal cost
TC(s, &, Q)are indicated by the symbol *. The Convexity of twst function is given in
the graph with common reorder poitboth g, and s).

6.2. Sensitivity analysis

Below tables are represented a numerical studyhibie the sensitivity of the system on
the effect of varying different parameters.

A& p A& i H&H H &H , 080 ,,0%0
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H,=11 H,=12,H,=1.0,=210,=22,Q,= 2T, =31 y=2
Table 2: Effect on replenishment rate and demand rated,

y7a\ /]1 1 2 3 4 5
1 44 956 105.73¢ 183.07: 262.01¢ 341.24¢
2 64.19: 80.668: 132.52¢ 204.32¢ 281.38.
3 83.658: 100.86: 120.9¢ 167.60¢ 234.2¢
4 99.898!¢ 127.77" 141.66: 165.36¢ 210.30°
5 114.62- 151.97- 171.73¢ 187.08! 213.55!

Table 3: Effect on replenishment rate and demand rates,

U\, 1 3 5 7 9
1 264.412. 186.98! 225.60¢ 308.41. 388.17¢
3 261.181. 161.19: 171.8¢ 229.59¢ 285.55(
5 260.508: 155.14! 158.61. 209.95¢ 259.90°
7 260.216: 152.46: 152.62 201.0¢ 248.26t
9 260.0571 150.9¢ 149.21° 195.9¢ 241.60!

Table 4: Effect on holding costii, \H, )

H,\H, 11 2.1 3.1 4.1 51
1.1 167.728i 169.91° 171.93! 173.95! 175.97:
2.1 171.92° 173.94° 175.95! 177.98 180.00:«
3.1 175.95¢ 177.97¢ 179.99¢ 182.01¢ 184.03t
4.1 179.988! 182.00: 184.02¢ 186.04! 188.06!
5.1 184.020! 186.03¢ 188.05! 190.07 192.09°

Table 5: Effect on ordering costH, \ H,)

H,\H, 2.1 2.2 2.3 2.4 2.5
2.1 167.728i 168.299! 168.77! 169.30¢ 169.8:
2.2 168.299! 168.826! 169.35. 159.88 170.40:
2.3 168.87: 169.400: 169.92! 170.4¢ 170.97
2.4 169.446. 169.400: 170.49! 171.02: 171.55:
2.5 170.019: 170.544i 171.07. 171.59 172.12.

Table 6: Effect on penalty cost@® &O,)

0,\0, 3.1 3.2 3.2 3.4 3.E
3.1 167.728i 168.: 168.77! 169.30¢ 169.8:
3.2 168.299! 168.82° 169.35. 159.88 170.40:«
3.3 168.87: 169./ 169.92! 170.4¢ 170.97
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3.4 169.446- 169.¢ 170.49¢ 171.02 171.55:
3.5 170.019:i 170.54! 171.07: 171597 172.12:
Table 7: Effect on holding cost & ordering co$f( & O ,.)
H,\O,. 1.1 1.2 1.3 1.4 1.5
1.1 166.195! 166.62: 167.02! 167.42¢ 167.83:
1.2 166.855 167.26! 167.66: 168.06° 168.46¢
1.5 167.495 167.89¢ 168.¢ 168.70« 169.10¢
1.4 168.133. 168.53! 168.9¢ 169.34: 169.74:
1.5 168.7701 169.17: 169.57 169.97¢ 170.38:

It is observed that from the table, the total expastTC(g, S, Q)is increases with the
cost increases.

7. Conclusion

This paper deals with a two echelon Inventory systéth two substitutable products A
and B. The structure of the chain allows verticabM@ments of goods. It would be
interesting to analyze the problem with generdrithistion. The author is working in this
direction and further results will be reported soon

10.
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