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Abstract. In the present paper, we introduce the notionshifitionistic fuzzyWl-ideal
and intuitionistic fuzzy lattice ideal of lattice &j¢berg algebras. We show that every
intuitionistic fuzzyWI-ideal of lattice Wajsberg algebra is an intuititid fuzzy lattice
ideal of lattice Wajsberg algebralso, we discuss its converse part. Further, weaiabt
every intuitionistic fuzzy lattice ideal is an iitfanistic fuzzy WIl-ideal in lattice
H-Wajsberg algebraMoreover, we discuss some characterizations aftiohistic fuzzy
Wi-ideal.
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1. Introduction

Non classical logic including many-valued logic &ndzy logic takes the advantage of
the classical logic to handle information with wai$ facts of uncertainty, such as
fuzziness and randomness. Therefore, nonclassigal has become a formal and useful
tool for computer science to deal with fuzzy infation and uncertain informatiothe
theory of fuzzy set was introduced by Zadeh [13]1965 has several application in many
fields. The idea of fuzzy set handles uncertaimg @agueness. In fuzzy set theory the
membership of an element to a fuzzy set is a singlee between zero and one. The
generalization of fuzzy set was proposed by Atamas, 2] as intuitionistic fuzzy set
which incorporate the non-membership degree (thatliminus sum of membership
degree), and is quite interesting and has manylagplications in many areaBuzzy
sets and intuitionistic fuzzy sets are two stramgrieworks for uncertainty handlinghe
concept of Wajsberg algebra proposed by Mordchgsgiéag [12] in 1935In [4], Chang
introduced MV-algebras a kind of algebraic courderpf the multivalued Lukasiewicz
propositional Calculi [5]. Wajsberg algebras arenrfolated in terms of the operations
"implication" and "quasi complementRose et al. [11] published the proof of Wajsberg
algebra in 1958n 1984, Font et al. [6] introduced lattice struetof Wajsberg algebra.



A. Ibrahimand C. Shajitha Begum

The authors [7] introduced the notion of Wajshenglicative ideal \VI-ideal) of lattice
Wajsberg algebra and discussed some related peseloreover, the authors [8]
introduced the notions of fuzal/l-ideal and normal fuzzWiI-ideal of lattice Wajsberg
algebras, and investigated their properties wittable illustrations.

In this paper, the concept of intuitionistic fuzzst is applied tWl-ideal, that is
we introduce the notions of intuitionistic fuzkyl-ideal and intuitionistic fuzzy lattice
ideal of lattice Wajsberg algebras. We show thargwntuitionistic fuzzywl-ideal of
lattice Wajsberg algebra is an intuitionistic fuzattice ideal of lattice Wajsberg algebra.
Also, we verify its converse part. Further, we dis the relationship between
intuitionistic fuzzy Wl-ideal and intuitionistic fuzzy lattice ideal inttime H-Wajsberg
algebra. Also, we investigate some properties tfitionistic fuzzy Wl-ideal of lattice
Wajsberg algebras. Finally, we show that collectadnwI-ideals of lattice Wajsberg
algebra is an intuitionistic fuzayI-ideal of lattice Wajsberg algebra.

2. Preliminaries
In this section, we recall some basic notions dmadr tproperties that are necessary to
develop our main results.

Definition 2.1. [6] Let (A, -, *, 1) be an algebra with quasi complement “*" and a

“ ”

binary operation ‘> " is called a Wajsberg algebra if it satisfies fbkbowing axioms for
all x, y, zOA,

0] 1-Xx=x

(i) X->¥-(y-3-(x> P=1
(iif) (X->Yy) > y=(y-> % - X

iv) (X -y)-(y- ®=1.

Proposition 2.2. [6] A Wajsberg algebra& - , *, 1) satisfies the following axioms for
all x, y, zOA,

Q) X - Xx=1

(i) If (X->Yy)=(y- x)=1thenx=y

(iii) X->1=1

(iv)  (x-(y-x)=1

(v) If (X-y)=(y->2)=1thenx - z=1
Vi) X-¥)-(z-x-(z-y)=1
(i) x-(y-2=y-(x-2

(ii) x> 0=x » 17=x"

(ix)  «H7=x
® o=y x

Definition 2.3. [6] A Wajsberg algebra is called a lattice Wajsberg algebra if it saéisfi
the following conditions for allk, y [ A,
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0] The partial ordering £” on a lattice Wajsberg algebrg such thatx < y if and
onlyif x - y=1

(i)  (xXCy)=(x-y) -y

(i) (xOy)=(x" -y - yH"

Note. From the definition 2.3 an algebra, (L, L, *, 0, 1) is a lattice Wajsberg algebra

with lower bound 0 and upper bound 1.

Proposition 2.4. [6] A lattice Wajsberg algebraA( - , *, 1) satisfies the following
axioms for allx, y, zOA,

® If x<ythenx -z2y->zandz - x<z-Yy
(i) X<y - zifandonlyif y<x - z
(i) (xO0y)"=(x'0y)

v)  xOy”=x"0yY

v)  (xLy)-z=(x-2L(y- 2
(vi) x-(yC2=(x-y)L(x-2
(vi)  (x-y)LC(y-x=1

(vii)y X->(YC2=X->Y)LC(X-2
(ix)  (xXLy)-z=(x-2L(y- 2
(x) (XxCy)Cz=(xC2LC(yCL2

(x)  (XLy) »z=(xX-Yy) - (X~ 2).

Definition 2.5. [7] The lattice Wajsberg algeb#ais called a latticél-Wajsberg algebra
if XCyL((xCy) - zy=1forall x, y, zOA,

In a latticeH-Wajsberg algebra, the following hold

(i) X->(X->y)=(x-Y)

(ii) X=>(y-2=(x-Y) - (x-2.

Definition 2.6. [6] Let L be a lattice. An idedlof L is a nonempty subset bfis called a
lattice ideal if it satisfies the following axionfisr all x, yl1 ,

Q) xOl,yOL andy < x imply yOl
(i) X, yOl impliesxCyQdl .

Definition 2.7. [7] Let A be a lattice Wajsberg algebra. lldie a nonempty subset Af
Thenl is calledWI-idealof lattice Wajsberg algebrasatisfies for allx, y O A,

(i) oQ |
(ii) (x - y)°Olandy Ol imply xO1 .

Definition 2.8. [13] Let X be a set. A functionu: X - [0,1] is called a fuzzy subset on
X for eachx X, the value ofu(x) describes a degree of membership iof 1 .
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Definition 2.9. [13] Let u be a fuzzy subset of then the complement ¢i is denoted
by u®and defined ag/®(x) =1- u(x) for all xO X .

Definition 2.10. [8] Let A be a lattice Wajsberg algebra. A fuzzy sulgset A is called a
fuzzy Wil-ideal ofA if for anyx, yOA,

(i) H#0) = u(x)

(i) w09z minfu((x - V), uy)}-

Definition 2.11. [1] An intuitionistic fuzzy subse$ in a non-empty seX is an object
having the form S={(x, us(x), ys(X))/xO X} =(us, ys) where the functions
Us(X): X - [0,1] and ys(x): X - [0,1] denote the degree of membership and the
degree of non-membership respectively, 8rel 1/5(x) + y5(X) < Lfor anyx [ X .

3. Intuitionistic fuzzy Wajsberg implicativeideal (I ntuitionistic fuzzy WI-ideal)

In this section, we introduce the concept of amifidnistic fuzzy Wi-ideal and an

intuitionistic fuzzy lattice ideal of lattice Wajsly algebras. Also, we obtain some
properties of an intuitionistic fuzayI-ideal.

Definition 3.1. Let A be a lattice Wajsberg algebra. An intuitionisticzdy subset
S=(ug, ys) of A is called an intuitionistic fuzzyVl-ideal of A if it satisfies the
following inequalities for any, yOA,

() Hs©0) = ps(x) and ys(0) < ys(X)

(W) Hs(0) 2 min{us(x ~ Y, Hs()}

(i) ys() < maxfys((x - y)O), ys(M}

Example 3.2. Let A={0, a, b, ¢, d, r, s, t,1}be a set with Figure (1) as a partial

ordering. Define a quasi complement™ and a binary operation % ” on A as in
Table (1) and Table (2).

X | x - | 0|la|b|c|d| r| s| t1
1 0 1 0 1,211} 1) 1} 1 1 4 1
N a | t a | t{1]1]t|1]1 1]1
e« e [ |0b b [b| t|1]s|t|1]|s]|t|1
VAN AN c | r c|rfr|r|21]2]21] 1 1] 1
be )@ »s
\ N4 d d d|{d|r|rjt]j2|1]t]1]1
a® e r c rfc|d|r|s|t|1l]|s]|t]|1
\.// s | b s | bl bl bl r|r|r|{1]1]1
0 t a t |a|b| bl dl r t] 11
1 0 1 |0la|b|c| d| rf s| t|1l
Figure 1: Table 1: Table 2:

10
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Define L and L operations o\ as follows,
(XCy)=(x-1y) -y,
xOy) =((x" = y?) = yOforall x, yOA.
Then @, L, L, *, 0, 1l)is a lattice Wajsberg algebra.

Consider an intuitionistic fuzzy subsgt= (1, ys) oOnAas,

1 if xO{0, b} forall xOA
Hs(X) = .

0.6 otherwise forall xOA

0 if xO{0, b} forall xOA
Ys(X) = )

04 otherwise for all xO A

ThenSis an intuitionistic fuzzyVI-ideal ofA.

In the same Example 3.2, let us consider an ionigtic fuzzy subseS= (us, ys) onA

1 if xOf{a, b} forall xOA
as, Hs(X) = .
032 otherwise forall xOA
0 if xOf{a, b} forall xOA
Ys(X) = .
056 otherwise for all xO A

ThenSis not an intuitionistic fuzzI-ideal of A for yg(t) < min{us((t - b)D), UsO},
and ys(t) > max{ys((t - b)), ys(B)} -

Example 3.3. Let A be a lattice Wajsberg algebra defined in examp2 Befine an
intuitionistic fuzzy subsetS = (yg, ys) of A as follows,

() Hs(0) = ys(c) =1

(ii) Us(X) =m foranyx{a, b, c, d, r, s, t,1}

(iii) ¥s(0) =ys(c) =0

(iv)  ys(x)=nforanyxfa b ¢ d r s t1.

where m,n[0,1] and m+n<1. Then S=(us, ys) IS an intuitionistic fuzzy
Wil-ideal ofA.

Example 3.4. Let A={0, a,b, p, q, ¢, d, 1} be a set with Figure (2) as a partial
ordering. Define a quasi complement™ and a binary operation % " on A as in

Table (3) and Table (4).
Define L and L operations o’ as follows,

(xXCy)=(x-y) -y,
(xOy) =((x" - yI) = yHFforall x, yOA.
Then @, L, L,*, 0, 1) is a lattice Wajsberg algebra.

11
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1 X | x - | 0]lal|lb|lp| g|lc |d 1
0 1 o211 1| 1| 1| 1| 1 1
. 0 al b a|lbll1|b|212|21 15 151
e b | a blalal1|1] 1] 1] 2] 1
i 0| 0 ploflalbla|a][ 1] 1] 1
q 0 qgq|O0Ofja|b|pl1]1|]1|1
a b c | o c|O0O|la|b|p|d 1]|d]|1
d 0 d|O|a|b|p|l c| c|l]|1
0 1] o 1] 0la|b|p|aq d 1
Figure2: Table 3: Table 4:

Consider an intuitionistic fuzzy subsst= (us, ys) oOnAas,

1 if xO{0, p} forall xOA
Us(X) = .

056 otherwise forall xOA

0 if xO{0, pp forallxOA
Ys(X) = .

038 otherwise forall xO A

ThenSis an intuitionistic fuzzyVI-ideal ofA.

In the same Example 3.4, let us consider an iotugtic fuzzy subses = (ug, ys)onA
1 if xO{0O, p,b} forall xOA
as, Us(X) = .
045 otherwise forall xOA
0 if xO{O, p,b} forall xOA
Vs(X) = .
032 otherwise forall xOA
ThenSis not an intuitionistic fuzzWI-ideal ofA for

ps(d) < min{us((d - p)"), ts(P 1}, and ys(d) > max{ys((d — p)O), ys(P} -

Proposition 3.5. Every intuitionistic fuzzyWl-ideal S= (ug, ys) of lattice Wajsberg
algebraA is an intuitionistic monotonic, that is, ¥ <y, then pg(x) = us(y) and
Ys(X) < ys(y).
Proof: Let x, yOOA, x<y. Then(x - y)D=lD=O
Hs(x) = minfus((x - y)O), ks

= min{us(0), 4s(Y)}

= Hs(Y)
Therefore ug(x) = 1s(y)

Now, ys(xX) < max{ys((x - Y)O), ys(y)}

12
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= max{ys (0), ys(y }
=ys(y)
Thereforeys(x) < ys(y) . [

Proposition 3.6. Let an intuitionistic fuzzy subsetS = (ug, ys) be an intuitionistic
fuzzy Wi-ideal of lattice Wajsberg algebrA. For any x, y, zO A which satisfies

x <y — zthen ug(x) = min{us(y), (s(3} and ys(x) < max{ys(y), ys(2} -
Proof: Let %, y, zOA, XSyD—> z
Then, we hade= x — (yD -2
=27~ (x - )
=(X > y)D - Z [from (x) of proposition 2.2]
and sq(x - y)” - 2)") =0.
It follows from definition 3.1 that,
ps(9) = min{ s ((x ~ )°), 4s(Y'}
> min{min{us((x - )7 -~ 2)°), s} ws(V)}
= min{min{xs0), s(2}, s(Y)}
=min{ us(y), ts(2)}
Hence/s () = min{ us(y), Hs(2)}
Ys() € max{ys((x ~ V)9, ys(N}
< max{max{ys(x - V)" ~ 2", ¥s(}, ys(y)}
= max{max{ys((0), ys(3}, ys(V)}

= max{ ys(y). ¥s(2)}
Henoey(x) < max{ ys(y). vs(2)} - .
Definition 3.7. An intuitionistic fuzzy subsetS = (ug, y) of lattice A is called an
intuitionistic fuzzy lattice ideal oA if it satisfies the following for allx, yO A,
0] S = (Us, Vs) is intuitionistic monotonic
(i) us(xOy)= min{us(x), 4s(D}
(iii) Ys(xOy) < max{ys(x), ys(y) } for all x, yOA.

Remark 3.8. In the definition 3.7 (i) and (iii) can be equieatly replaced by
Hs(xDy) = min{ug(x), us(Y} and ys(xOy) = max{ys(x), ys(y) } respectively byy.

Example 3.9. Let A be a lattice Wajsberg algebra defined in the Exan®2 and
S=(us, ys) be anintuitionistic fuzzy subset Afdefined by

1 if xd{0,d} forallxOA
Hs(X) = ;
m otherwise forall xO A

13
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0 if xd{0,d} forallxOA
Ys(X) = .
n otherwise forall xO A

where m,n0[0,1] and m+n<1. Then S=(us, ys) is an intuitionistic fuzzy lattice
ideal ofA.

Proposition 3.10. Let A be a lattice Wajsberg algebra. Every intuitiogi$tizzyWI-ideal
of A'is an intuitionistic fuzzy lattice ideal &f.

Proof: Let S=(ug, ys) be an intuitionistic fuzzy lattice ideal &. Then, from the
proposition 3.5 shows that = (ug, ys) is intuitionistic monotonic.
Now((xOy) - Y =(((x = ¥) - ¥)) - Y)7=(x - y)"'s (x")”=x forany x,yOA,
it follows from definition 3.1and definition 3.7 &h
Hs(xOy) 2 minfus((xTy) ~ y)O), Us(Y}
2 min{ i5(x), Hs(Y)}
ys(¥) < maxfys((x0y) - 1)), ys(}
< max{ys(x), ys(Y}

Hence, we haves = (ug, Vs) is an intuitionistic fuzzy lattice ideal &¥. [

The following example shows that the converse oppsition 3.10 is not true.

Example 3.11. Let A be a lattice Wajsberg algebra defined in the Exan®?3 and
S=(us, ¥s) be an intuitionistic fuzzy subset Afdefined by,

1 if xd{0,b,d} forall xOA
Hs(X) = ;
0.7 otherwise forall xOA
0 if xO{0, b, d} forall xOOA
Ys(X) = .
03 otherwise forall xOA
Then, we haveS = (us, ys) is an intuitionistic fuzzy lattice ideal oA, but not an

intuitionistic fuzzyW/-ideal ofA for ug(p) < min{us((p - d)D), HUs(d) }and
ys(p) > maxfys((p - d)°), ys(d)}-

Proposition 3.12. In a latticeH-Wajsberg algebr#, every intuitionistic fuzzy lattice
ideal ofAis an intuitionistic fuzzyVI-ideal ofA.
Proof: Let S=(us, ys) be an intuitionistic fuzzy lattice ideal of. Clearly

HUs(0) = ps(x) and yg(0) < ys(x) forany xOOA. Now, x< xCvy forall x, yOA
It follows from definition 3.7 that,
Hs(X) 2 pus(x1y)

= us(yO(x" Oy
= ps(yO(x - )9
Hs(¥) 2 min{us(y), ts(x - )},

14
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and ys(X) < ys(xOy)
= ys(yO(x"0y)"5)
= ys(yO(x - y))

ys() < max{ys(y), ys(x - y))}-
Thus S=(ug, ys)is an intuitionistic fuzzyVI-ideal ofA. [

Proposition 3.13. Let A be a lattice Wajsberg algebra. An intuitionistizZy subset
S=(us, Vs) is an intuitionistic fuzzyWl-ideal of A if and only if the fuzzy subsets

usand y< are fuzzyWl-ideals ofA, where y$(x) =1- y(X) for any xJ A.
Proof: Let S=(ug, ys)be an intuitionistic fuzzyVI-ideal of A. Clearly, ugis a fuzzy
Wil-ideal ofA. For anyx, y[OA, we have

ys () =1-y5(0)
21-ys(x)
Y50 =y
angs (X) =1~ yg (%)
>1- max{ys((x -~ Y)O), ys(N}
=min{L-ys((x -~ Y)9), 1-ys(N}
Y500 =min{yS((x - ), ys(N}
Hence, we havg is a fuzzywl-ideal ofA.
Conversely, assume that, and < are fuzzywi-ideals ofA. For anyx, yO A, we get
145 (0) 2 ps(x) andL- y5(0) = y5 (0) 2 y5(X)
=1-y5(X)
¥s(0) < ys(X)
Hs(X) 2 min{ug(x - V)7, ts(N},
andl- (%) = 45 (X)
2 min{ug((x - y)7), S}
= min{L- ps((x - y)"), 1= fs() }
=1- max{us((x = )7, 4s()}

ys(¥) s maxfys((x - 1)), ys(9}
Hence, we hav8 = (ug, ys) is an intuitionistic fuzzyVl-ideal ofA. [

15



A. Ibrahimand C. Shajitha Begum

Proposition 3.14. Let A be a lattice Wajsberg algebra a®F (ug, ys) is an
intuitionistic fuzzyWI-ideal of A. ThenS=(ug, ys) is an intuitionistic fuzzywil-ideal

of Aif and only if (s, S)and (<, ys) are intuitionistic fuzzywi-ideals ofA.
Proof: LetS=(ug, ys) be an intuitionistic fuzzywi-ideal of A, then ygand ygare

fuzzy Wi-ideals ofA from proposition 3.13. Hence, we hafes, £S)and (ys, ys) are
intuitionistic fuzzyWl-ideals ofA.
Conversely, if(us, u$)and (v, ys) are intuitionistic fuzzyWl-ideals ofA, then the

fuzzy subsetsusandyg are fuzzyWl-ideals ofA, henceS = (ug, ys) is an intuitionistic
fuzzy Wil-ideal ofA. [

Proposition 3.15. Let A be a lattice Wajsberg algebkaa non-empty subset of [0, 1] and
{1, /t 0OV} a collection ofWI-ideals ofA such that

(i) A= Ul
tOv
(i) r>tif and only if I, O, for any r,t OV then the intuitionistic fuzzy subset

S=(us, ¥s) of A  defined by pug=SudtdV/xOl} and
¥s = Inf{t OV /x0Ol} for any xO Ais an intuitionistic fuzzyVI-ideal ofA.
Proof: According to proposition 3.13, it is sufficient show thatugand y< are fuzzy
Wl-ideals ofA for any X L1 A.
Us(0) = Sudt OV /00 1} = SupV = ug(X)
If there existx, 0 A such thatug(x) < min{ s ((x - ¥)O), #s() } -
Then there exist, such thatug(x) <t; <min{zs((x - Y)°), ()} -

It follows thatt; <ug((x - y)D), t; < us(y),
and hence there exis§, t3 0V, to >t1, t3 >y, (X - y)F 0 Iy, andy Ol .

It follows that (x — y)"O ly,o,and YU Iy iy , hencex Uy ry

That is, yg(x) = Sugt OV /xO 1} 2t, Otz >ty
Therefore, ug(x) >t

This is a contradiction. Hence, we haug is a fuzzyWl-ideal of A. )< is a fuzzy
WiI-ideal, which can be proved by similar method. [

4. Conclusion

In this paper, we have introduced the definitiofsntuitionistic fuzzy Wi-ideal and
intuitionistic fuzzy lattice ideal of lattice Wajsly algebra. We have discussed some of
their properties with illustrations. Also, we haskown that every intuitionistic fuzzy
Wi-ideal of lattice Wajsberg algebra is an intuit&iit fuzzy lattice ideal of lattice
Wajsberg algebra. But, the converse part is trug ionthe latticeH-Wajsberg algebras.
Finally, we have shown that collection Wfl-ideals of lattice Wajsberg algebras is an

16
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intuitionistic fuzzy Wl-ideal of lattice Wajsberg algebras. We hope thaterlinks of
intuitionistic fuzzy subsets and logics emergeh®ystipulating of this work.
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