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Abstract. Fuzzy soft set are introduced by author Molodtselich is solve imprecise
problems in the field of engineering, social sceneconomic, medical secience and
environment. This paper addresses the study ofmtion in fuzzy soft graphs. By using
the concept of strength of a path, strength of eotetdness and strong arc, domination
set is established. The necessary and sufficientiton for the minimum domination set
of FSG is investigated. Further some propertiemmdépendent domination number of
FSG are obtained and the proposed concepts argilgabavith suitable examples.
Finally, we state and prove some results relatébdse concepts.
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1. Introduction

Fuzzy graph theory was introduced by Azriel Rosahin 1975. Though it is very young
it has been growing very fast and has humevouscapioins in varies fields. Fuzzy set
was inroduced by Zadeh [8] whose basic componerisly a membership function. The
generalization of Zadeh's fuzzy set, called fuzaft set was introduced by Molodtsov
[2]. Molodtsov [1] applied this theory to severairettion such as smoothness of
function, game theory, operation research, protbalsihd measurement were more active
doing research on soft set. A. Somasundaram asr8asundaram [9] presented more
concept of independent domination, connected ddioiman fuzzy graphs. In 2006,
Nagoorgani and Chandrasekaran [7] defirmmplement of fuzzy graph, which slightly

differs from the definition from the definition abmplement of fuzzy graph discussed by
Sunitha and Vijayakumar[6]

In 2015, Mohinta and samanta [8] introduced théons of fuzzy soft graphs,
union, intersection of two Fuzzy Soft Graphs witesv properties releated to finite
union ad intersection of fuzzy soft graphs. Akramd &lawaz [9] introduced the notions
of fuzzy soft graphs, strong fuzzy soft graphs, ptate soft graph,regular fuzzy soft
graph and investigated some properties. Akram aagas [10] developed the concepts
of soft graphs, vertex-induced soft graphs, edgexied soft graphs and describe some
operations on soft graphs. Akram and Zafar [1Iputiced the notions of soft trees, soft
bridges, soft cutnodes, and describe a various adstbf construction of soft trees. In
2016, Akram and Nawaz [12] presented concepts ofyfisoft graphs, certain types of
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irregular fuzzy soft graphs and described appliceti of fuzzy soft graphs in social
network and road network, Akram and Zafar [13]adticed notions of fuzzy soft cycles,
fuzzy soft bridge, fuzzy soft cut node, fuzzy softes, and investigate some of their
fundamental properties. They also studied somestgparcs in fuzzy soft graphs.

In this paper, we introduced dominating set, datiim number, independent
set, independent number, total dominating set atad dominating number in fuzzy soft
graph.The necessary and sufficient condition ferrttinimum domination set of FSG is
investigated. Further some properties of independemination number of FSG are
obtained and the proposed concepts are descriltkduitable examples.

2. Preliminaries
Definition 2.1. Let U be an initial universe set anff be the set of parameters. Let
P(U) denotes the power set 0f. A pair (F,E) is called a soft set ovdd where F

is a mapping given b : E - P(U).

Definition 2.2. Let U be a initial universe set anE be the set of parameters. Let
AOE. A pair (F,A) is called fuzzy soft set ovkl where F is mapping given by

F:A - 1Y wherel” denotes the collection of all fuzzy subsets of

Definition 2.3. Let V be a nonempty finite set and(X,y)<o(x)Co(y) for all

(X, ¥) OV xV . Then the pairG = (g, i) is called a fuzzy graph over the 3¢t Here
o and u are respectively called fuzzy vertex and fuzzyeedfgthe fuzzy graph

G=(o,u).

Definition 2.4. Let G = (0, i) be a fuzzy graph. The order Gf= (0, 1) is defined
as:

O(G) = a(u)

and the size 06 = (0, 1) is defined as:
S(G)= D> uu,v).
u,viv

Definition 2.5. Let G = (0, i) be a fuzzy graph. The degree of a a vertisxdefined
as:

duy= > uu,v)

VOV ,v£u

Definition 2.6. Given G = (0, 1) be a fuzzy graph. The complemen€ois defined as
G= (O',Zl) , Where,fl(x, y)=0o(xX) Oo(y) — u(x,y) forall X,ylUV.WhenG is a
fuzzy graphG = (o, Z{) is also a fuzzy graph.
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Definition 2.7. Given G= (0, ) to be a fuzzy graph. Thg -complement ofG is
defined asG* = (g, u*) , where i* (X, y) = o(X) Oa(y) — u(x, y) if p(xy)>0 and
(% y)=0if p(x,y)=0.

Definition 2.8. LetV ={x, X,,...,X,} is non empty seE (Paremeters Set) anA ] E.

Also let,
(i) p: A - F(V) (Collection of all fuzzy subsets in V)

e p(e) = p.(say) and

PV - [01]

X = Po(X)

(A p): Fuzzy soft vertex.

(i) p: A= F(VxV) (Collection of all fuzzy subsets M xV )

ers> 1(e) = f,(say)
MU,V xV - [0,1]

(%) = He(X, %))

(A, 1) : Fuzzy soft edge.
Then ((Ap),(A ) is called a fuzzy soft graph if and only if
H(X, %) < po(%) Cp(x;) for all eDA and for alli, j =1,2,.., and this fuzzy soft

graphs is denoted b§,, , .

Definition 2.9. The underlying crisp graph of a fuzzy soft graph, = ((A, p), (A, 1))
is denoted byG =(p,4'), where p=x0OV:p,(x)>0 for some elE,
M= (%, %) OV XV 1 (%, %) >0 for somel E

Definition 2.10. A fuzzy soft graptG,, = ((A 0),(A u)) is called strong fuzzy soft
graph if z(x,X%;) = p.(%) L p.(%) for all (xi,xj)D/f,eDA and is complete fuzzy
soft graph if 1, (%, X;) = p.(%) T p(x) forall (x,x,)00 ,edA

Definition 2.11. Let G,, = ((A p),(A 1)) be a fuzzy soft graph Then the order of

G,y is defined as:

O(Gay) = 2 (2 Pe(x))

eJA XID\/

and the size 06, is defined as:
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O(G,y) = Z( Z He(%, %))

elA % ,XjD\/
Definition 2.12. Let G,,, = ((A p), (A, 1)) be a fuzzy soft graph. The order of a vertex
u is defined as:

d,, W)=Y ( Y #(u).

eJA VLV ,uzv

Definition 2.13. A fuzzy soft edge joining a fuzzy soft vertexsglfiis called a fuzzy soft
loop.

Definition 2.14. Let G,,,, = ((A p), (A, 1)) be a fuzzy soft graph. If for adil] A there
is more than one fuzzy soft edge joining two saftices , then the fuzzy soft graph is

called a fuzzy soft pseudo graph ad these edgesadleal fuzzy soft multiple edges.
Definition 2.15.G,, = ((A p),(A u)) is called a fuzzy soft simple graph if it has
neither fuzzy soft loops nor fuzzy soft multipigesdor alle[]A.

Definition 2.16. Let G,, = ((A, 0),(A 1)) be a fuzzy soft graph. Then tii&,, is
called isolated fuzzy soft graphf,(x;, x;) = 0 for allx, x; OV xV,elJ A

Definition 2.17. An edge in a fuzzy soft gragh,, = ((A, p),(A, 1) is said to be an
effective fuzzy soft edgefif, (X, X.) = p.(%) C p.(%) where(x,x.) OV xV,eJA.
Definition 2.18. If two fuzzy soft vertices have a fuzzy soft ediggng them. then they

are called fuzzy soft adjacent vertices. And if fuzzy soft edges are incident with a
common fuzzy soft vertex, then they are calleq &t adjacent edges.

3. Main results
Definition 3.1. The strength of connectedness between two node a fuzzy soft

graph G, is 1 (%, %;) = sud ¢ (%, %) :k=1,2,3,.} where

He (%,%,) = SUH 1 (% Xj.q) O (%, X00) O (X g0 %)}

Definition 3.2. An arc (x,X;) is said to be a strong arc or strong edge, if
He(U,V) > 12’ (%, X;) and the nodex; is said to be strong neighbour &f. If (X, X;)is

not strong arc therx; is called isolated node or isolated vertex. Inuazly soft graph,
every arc is a strong arc then the graph is caeong arc fuzzy soft graph.
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Let X be a node in fuzzy soft gragB,, then N(x) ={x :(x,X;)} is strong
arc is called neighbourhood of and N(x) = N(x)U{x} is closed neighbourhood of
X .

Definition 3.3. A vertexx;, X; U 4.,eJ A of a fuzzy soft grapks,, = ((A, 0),(A 4) is
said to be an isolated vertexf, x, 0 4, i4,(%, ;) = 0 for all X, X; # X,X,. Thatis
N(x) = @. Thus an isolated vertex does not dominated amratertex ofG, , .

Definition 3.4. Let G, , = (A, p), (A, 1)) be afuzzy soft graph on ,e[JA.Let
(%, %), (%, %)0p ,e0dA we say thatx,, x, dominatesx,,X inG,, if there exists a
strong edges between them.

(i) For any (x,X),(%.%)0p ,e0A if (x,x;) dominates(x,,%) then
(X, %) dominates(x,X;) and hence domination is a symmetric relationoope A

(i) For any x,x 00 ,N(x,x) is precisely the set of all vertices jo’
which dominated by, X; .

(i) I (x,x) < (x,x) for al (x,x.),(x.,%x)0p ,e0A then the
dominating set ofG,, is o .

Definition 35. Let G,, = (0", /') be a fuzzy soft graph ar{ , X;) be a node irG,,
then there exists a node, , X,) such that((x,X:), (X, X)) is a strong arc then we say
that (x, x;) dominatesx,, X, .

Definition 3.6. A subsetD osV is called a dominating set i, if for every vertex

X UV =D, there exixts a vertex,, x; JD such thatx, x; dominatesx,,x UD.

Definition 3.7. A dominating setD of G, is said to be minimal dominating set if no
noproper subset oD is a dominating set.

Definition 3.8. Minimum cardinality among all dominating set is ledl lower
domination number 06, , and is denoted by, (G,,)

dB(GA,v) = Z Z,Oe(D))

eJA DLV
Definition 3.9. Maximum cardinality among all dominating set islled upper

domination number 06, , and is denoted b, (G, )
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Definition 3.10. Consider a fuzzy soft gragB,,, whereV ={x, X,,X;,X,} and
E={e,e}, HereG,, described by table and

He (X%, %) OV XVA(%,,%,), (%, %), (X5, %,), (X, %)} and for all e E.

Table 1: Tabular representation of a fuzzy soft graph

P X, X, %, X,

e 0.5 0.7 0.8 0.1

e 0.4 0.9 0.8 0.6
H (% %) (%55 %) (Xg1 %) (X4 %) (%, %3)
HU 0.4 0.6 0.8 0.4 0.4
HU 0.2 0.5 0.6 0.2 0.2

x4(1)

x2(0.7) x2(0.9)

Corresponding to the parameter e Corresponding to the parameter e;

Figure 1. Fuzzy soft domination

Here for corresponding parametr {{ X}, { X, X}, { X, %, X}, { X, %}, { X, X,}} are
dominating set, for corresponding parameggr
{0 D30 %61 %0 %0, %5} {0, %1 {%, X,}} are dominating set.

for corresponding parametey, minimum dominating set i§x} .

for corresponding paramete; minimum dominating set {¢} .

Fuzzy soft graph minimum dominating numbedisG, , = 0.9

for corresponding parameter maximum dominating set{i,} .

for corresponding paramete; maximum dominating set{,} .

Fuzzy soft graph maximum dominating numbebigG, , =1.5

Definition 3.11. Two vertices in a fuzzy soft gragh, , = ((A, p),(A, 1) are said to be
independent if there is no strong edge between.them
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Definition 3.12. A subsetD of fuzzy soft graphG,, is said to be independent set if
Mo (%, %) < g (%, x;) forall x,x, 0 p,e0A.

Definition 3.13. An independent sdD of fuzzy soft graphG, , = ((A, p), (A, 1)) is
said to be maximal independent, if for every vestgxx, JV —D the setD n{x,, X}
is not independent for al , x; IV .

Definition 3.14. The minimum cardinaltiy among all minimum independset is called
lower independent number &, and is denoted big (G,,) = > (D)) p.(d)).

eJA DLV

Definition 3.15. The maximum cardinaltiy among all maximum indepetdet is called
upper independent number @, , and is denoted by, (G,,) = > _(3))p,(d)).

elJA DLV

Definition 3.16. Consider a fuzzy soft gragB,,, whereV ={a,b,c,d} and
E={e,e}, HereG,, described by table and
H(%, %) OV xV/{(a,b),(b,c),(c,d),(d,e),(a,e),(b,d)} and for allel] E.

Table 2: Tabular representation of a fuzzy soft graph

P a b C d €

g 0.5 0.6 0.7 0.5 0.8

e 0.5 0.7 0.8 0.5 0.€
H (a,b) (b,c) (c,d) (d,e) (a,€ (b,d)
M 0.5 0.6 0.5 0.5 0.5 0.5
M 0.5 0.7 0.5 0.5 0.5 0.t
a(0.5) 0.5 b(0.5) a(0.5) 0.5 b(0.7)
(0.5) (0.5) 5 (0.5) (0.5) 0.7)

{_0.7) P c(0.8)

£(0.8) (0.5) d(0.5) e(0.9) 0.5 d(0.5)

Independent Dominating Set
corresponding to the parameter e, corresponding to the parameter e,

Figure2:
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For corresponding parame&minimum independent dominating se{&,d} .
for corresponding paramete; minimum independent dominating se{&,d} .
Fuzzy soft graph minimum independent dominatiomber i,G,, = 2

for corresponding parameter maximum independent dominating seec} .
for corresponding paramete; maximum independent dominating sefésc} .
Fuzzy soft graph maximum independent dominatinglrer | ,.G,, = 3.2

Definition 3.17. Let G,, =((A 0),(A 1)) be a fuzzy soft graph without isolated
vertices. A set D is a total dominating set if émery vertexx, X UV, there exists a
vertex X, X; D, x,X; #X,X, such thatx,Xx; dominatesx,X, for all el]A,

Xy X av.

Definition 3.18. The minimum cardinaltiy among all minimum total dlwating set is
called lower total domination number ofG,, and is denoted by

ta(Gay) = 2 (D )pe(d)).

eJA DLV

Definition 3.19. The maximum cardinaltiy among all maximum total oh&ting set is
called wupper total domination number ofG,, and is denoted by

15(Gay) = Z(Z)pe(d))

elJA DLV

Theorem 3.20. A dominating set D of an FSGG,, = ((A, p),(A 1) is a minimal

dominating set if and only if for eadh]D one of the following conditions holds.
(i) d is not a strong neighbor of any vertexn.
(ii) There is a vertew [V —={D} such thatN(u) n D =d.

Proof: Assume thatD is a minimal dominating set 0G,,. Then for every vertex

d 0D, D-{d} is not a dominating set and hence there exist&/ — (D —{d}) which
is not dominated by any vertex @ —{d} .

If v=d, we getv is not a strong neighbor of any vertexin. If v#d,v is
not dominated byD —{V} , but is dominated byD, then the vertex is strong neighbor
onlytod in D. Thatis, N(v)n D =d.

Conversely, assume th& is a dominating set and for each ver@kl D, one
of the two conditions holds, suppoBe is not a minimal dominating set, then there exists
a vertexd 0D, D—{d} is a dominating set. Henag is a strong neighbor to atleast

one vertex inD —{d} , the condition one does not hold. F—{d} is a dominating set
then every vertex iV —D is a strong neighbor t atleast one vertexDn-{d}, the
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second condition does not hold which contradictsamsumption that atleast one of thse
conditions holds. S® is a minimal dominating set.

Theorem 3.21. Let G, , = ((A, 0),(A, 1) be an FSG without isolated vertices abdis
a minimal dominating set. Thén—D is a dominating set dB,, .
Proof: D be a minimal dominating set. Let be a any vertex oD . SinceG,, has no

isolated vrtices , there is a vertédIN(v). v must be dominated by atleast one vertex

in D -V thatisD -V is a dominating set. By above theorem, it folldinat d IV — D .
Thus every vertex irD is dominated by atleast one vertexX\n—-D, andV —D is a
dominating set.

Theorem 3.22. An independent set is a maximal independent €86, G = (V, E) if
and only if it is independent and dominating set.

Proof: Let D be a maximal independent set in an FSG, and himcevery vertex
vV —D, the setD [0V is not in dependent. For every vertgklV —D, there is a
vertex UJ D such thatu is a strong neighbor te. Thus D is a dominating set. Hence
D is both dominating and independent set.

Coversely, assumBP is both independent and dominating. Suppd&eis not
maximal independent, then there exists a vertedV—-D, the set DUV is
independent. IfD v is independent then no vertex is strong neighbor tov.
Hence D cannot be a dominating set, which is contradi¢ctidance D is a maximal
independent set.

Theorem 3.23. Every maximal independent set in an FSG=(V,E) is a minimal
dominating set.

Proof: Let S be a maximal independent set in a FSG, by previbesrem,S is a
dominating set. Suppos® is not a minimal dominating set, then there exastieast one
vertex VOIS for which S—v is a dominating set, But i5—v dominatesV —S—(Vv),

then at least one vertex i8—V must be strong neighbor . This contradicts the fact
that S is an independent st € . Therefore, must be a minimal dominating set.

4. Conclusion

In this paper, we have been investigated the ddinméan fuzzy soft graph which will
give new ideas in this field. Also regular fuzzyftsgraph have been discussed. Further
these results can be extended to the field oftiohistic fuzzy soft graph and in bipolar
soft graphs.
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