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Abstract. In this paper, truncations of double vertex fuzzgplp of given graph is
discussed. The relation between lower (upper) atioc of double vertex fuzzy graph of
a given fuzzy graph and the double vertex fuzzylgraf the lower (upper) truncation of
the given fuzzy graph is obtained.
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1. Introduction

Fuzzy graph theory was introduced by Rosenfeld®irbIThe properties of fuzzy graphs
have been studied by Rosenfeld [9]. Later on, Blhtirya [7] gave some remarks on
fuzzy graphs, and some operations on fuzzy gramte introduced by Mordeson and
Peng [3]. The conjunction of two fuzzy graphs wafirced by Nagoor Gani and Radha
[4]. Properties of truncations on fuzzy graphs wateduced and studied by Nagoorgani
and Radha [5]. The concept of double vertex fuzaply and complete double vertex
fuzzy graph were studied by Radha and Arumugam. [kO}his paper we discussed
about some properties of truncations on doubleexettzzy graphs and complete double
vertex fuzzy graphs. Many works have been publigheHal et al. [11-16].

2. Preliminaries
In this section, let us recall some preliminaryigiébns that can be found in [1-10].

A fuzzy graph G is a pair of functiors,1) whereo is a fuzzy subset of a non
empty set V and p is a symmetric fuzzy relationcomhe underlying crisp graph of

G:(o,u) is denoted by G*:(V,E) wherecEVxV.

Let G,1) be a fuzzy graph. The underlying crisp grapks:(o,u) is denoted
by G*(V,E) where E VxV.A fuzz graph G is an effective fuzzy graph jifu,v)
=o(u)ac(v) for all u,eE and G is a complete fuzzy graph if p(u,\(@Bac(v) for all

u,veV. Therefore G is a complete fuzzy graph if andyahG is an effective fuzzy graph
and G* is complete.
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The degree of a vertex u of a fuzzy grapho(pt] with underlying crisp graph
G*:(V,E) is defined as gu) = u(uv) where the summation runs over al, the edges u

Let G:(o,i) be a fuzzy graph on G*:(V,E) with orderhThe double vertex
graph of G denoted by D(G)64, [4) is the fuzzy graph on D(G*): (v E)) where
vertex set { consists of all,C, unordered pairs of V such that two vertices {xard
{u,v} are adjacent, that is, {X,y{u,v} is an elemeof Ejf and only if [{x,y} N{u,v}| =1
and if x=u, then y and v are adjacent in G*, dedibg

oa({usu}) = o(u) & o(y) for allfu,u} in Vg

and w({u, uHu, u}) = o(u) a p{u;,y} for all{u, ui{{u, u;} in Eq.

The complete double vertex fuzzy graph of G, dethdity CD(G): ¢co ed) IS
the fuzzy graph on CD(G*): (W, E.9 where vertex set ¥ consists of..;C, unordered
pairs of V, that is, it consists of all the versoaf D(G) and all 2-element mutisets of the
form {a,a}such that two vertices {x,y} and {u,v} ar adjacent if and only if

[{x,y} N{u,v}| = 1 and if x=u, then y and v are adjacent in Ginge by

oed({Ui,u}) = o(u) a o(w)for all{ui,u} in V¢

and pa({u, uHu, u}) = o(u) A p{u;,u} for alfu, u{u, uj} in Ecq.

The lower and upper truncations®fit a level t,0<tl,are the fuzzy subsesg,
andc" defined respectively by

o(U) =o(u) if ueogy; o(u) =0 if uEog

and o =tif uec®; ¥ =o(u), if ugs®

An isomorphism between two fuzzy graphs(&1, o1,41) and G:( Vz, o2,lhp) i
a bijective map h from Mo V, such that;,(u) =o,(h(u))for all u in \,

and pu(uv) = e(h(uv)) for all u, vin .

3. Lower and upper truncations of a double vertex fuzzy graph

In the first four theorems, we obtain the relatlupsetween the lower (upper) truncation
of the double vertex fuzzy graph of a given fuzzgph G andthe double vertex fuzzy
graph of the lower (upper) truncation of G.

Theorem 3.1. The lower truncation of the double vertex fuzzypiraof a fuzzy graph
G(o,p) is the double vertex fuzzy graph of the lowemtation of G.That is,[D(G)
=D(Gy)
Proof: First we prove thaisg))=( o()d
Let {u,u} be any element in Y
Without loss of generality assume thét;)< o(u;).
Then we have the following three cases:
t <o(w)< o(y), o(u)<t <o(u) oro(u)< o(u;) <t

Case 1: t<o(u)< o(u)
Then og(u) = o(u), og( ) =o(u;)ands(u) A o(u)= o(u;) >t
o(U) A o(U)>t= oa{uiul) =t (Ge){uiu) = oufuiu)

Also (6 @)d{uiu}) = o) A o W)
= o(u) a o(w)

= od({uiu})
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~ (ea){unu}) = (o )ofuiu}

Case 2: o(u) < t<o(u)
Then G(t)(ui)z O, G(t)( Uj) = G(Uj)andG(Ui) A G(Uj) = G(Ui) <t
~og({uinu}) = o) a o(u) < t=(og)p({uiu}) =0

Also (G (t))d{ui,uj} = G(t)(ui) A G(t)( UJ)= 0a G(Uj)z 0

S (Ea{unu}) = (o @)dfui,u}

Case 3: G(Ui) < G(Uj) <t
Thencs(t)(ui)= 0, G(t)( UJ) =0 ando(u;) A G(Uj) =o(u) <t
- od{uiu}) <t (eg{ui,u}) =0
Also (6 @)d{uiu}) = o) aocp(u)=040=0
~ (ea)p(uiu) = (o pa{uiu})
Hence in all the three cases)(({u;,u}) = (o @)d{ui,u}.
This is true for all {uu}<( Vo)
2 (09)= (0 @)a
Next we prove that (@4)s= (Ko)@)
Let {u, u}{u, u;} be any element in £
Without loss of generality assume thét) < p{u;,u}.

Then we have the following three cases to consider:
t< o(U) < p{unu}, o(u) < t< p{usudor o(u) < p{uu} <t

Casel: t<o(u)<pfu,u}

Thenoy(u) =o(u), Kofui,u} = p{ui,u} ando(u) A p{ui,u} = o(u) >t
Hd{u, uHu, u) =t (Me) ({u, uXu, uih)=pa{u, utu, u})

Also (Hp)a (fu, uHu, uj}) = og(u) A Hefui,u}

=o(u) a pui, u}

= Ha({u, uHu, u})

S (M) (u, uHu, uh) = (U)a {u, uu, u})

Case 2: o(u) < t < p{u;,u}
Theno(u) < t=cp(u)=0 and wiu,u} = p{u;,u}
Now p({u, UHu, U= ou) a 1{u,u}= 0 A p{u,u}= 0
Also (Kp)a {u, UHu, u}) = og(u) A Hefu;,ul= 0 A p{u;,u}=0
Hence () ({u, uHu, u}) = (Me)a {u, uXu, u})
Case 3: o(u) < p{u,u} <t
Then o(u) <t 36(1)(U)= 0 and k{){ui,uj}zo
Now o(u) A H{u, 4} = o(U)< toHy(fu, UHU, U< t(Ha)y (U, WHu, uj}) =0

Also (Ho)a (fu, uHu, uh)= op(u) s Pe(uiu}) =04 0=0
Hence (4 ({u, uHu, u}) = (Lp)e {u, uKu, uj})
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Finally let us prove that )= (V)sand (E&)o= (Eq)a-
{ui,u}e( Vo) eou{ui,u}) >t
< o(u) A o(u) >t
< o(u) >t ando(y) >t
o ueVgpand yeVy,
o{uu} € (Vea
Therefore (M)y= (V)
{u, uHu, u} € (Edoy e Ha{u, uHu, uj}) >t
< o(u) A p{u,u} >t
< o(u)>tand p{uu} >t
o ueVy and wueEy
< {u, uHu, uj} e(Eq)d
o (B)o= (B

Hence the theorem.

Theorem 3.2. The lower truncation of the double vertex fuzzypraf a graph G{, p)
is isomorphic to the double vertex fuzzy graphhaf kower truncation of the fuzzy graph
Proof: Using the above theorem 3.1, the identity mappifigm (Vg)q to (Vy)a given

by I({ui,u})= {ui,u}, V{ui,u} in (Vg)q provides the required isomorphism.

Theorem 3.3.The upper truncations of the double vertex fuzzapgrof a fuzzy graph
G(o, W) is the double vertex fuzzy graph of the trtioceof the fuzzy graph G( p).( ie)
[D(G)]Y=D(GY).
Proof: First we prove thats{)®~ (6®)q
Let {u;,u} be any elementin Y
Without loss of generality assume tldii)< o(u;).
Then we have the following three cases to consider:
t<o(w)< o(u), o)<t <o(u) oro(w)< o(u;) <t

Casel: t<o(u)<o(w)

Thers®( u) = t,6”( u) = t ando(u) a o(u)= o(u;) >t
Thereforesy({ui,u}) >t= (6 {ui,u}) =t

Also )d({uiu}) =6 u)a s y)=tat=t
Hence (5d)(0({uiauj}) = (G(t))d({ui,uj})

Case 2: o(U)< t <o()
Sinceo(u) <t, 6" u) =o(u) and since £o(u) ,"(y) =t

Now o(U) A o(U)= o(W) < t= o4({u;,u}) <t= (Gd)(t)({ui,ui}) = od({u;,uh)= o(u)
Also(c){uiud) = o u) a s )= o(u) A t=o(u)
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Hence 60)({u,u}) = (6")u({uiu).

Case3: o(u)<o(u) <t

Then 6( u) = o(u) ands®( u) = o(u)

Now o(u) A o()= o(u) < t= og({ui,u}) <t= (o)) {ui,u}) = oa{u;,u})

Also ")g({uiud) =06 u) 4 0¥ y) = o(u) A o(U)= oal{usu})

Hence 64)“({ui,u}) = (6“)a{u;,u})

Hence in all the three cases)’({u;,u}) = (c®)a{ui,u}). This is true for all {y,u}
e(Vd)(t).

“(09)" = (©“)a
Next we prove that ()= (u®)q
Let {u, uHu, uj} be any element £
Without loss of generality assume thét) < p({u;, u}).
Then we have the following three cases to consider:
t<o(u) < p{u,u} o(u) < t< pfui,utor o(u) < u{u,u} <t.

Case 1: t<o(u) < p{u,u}

Thens®(u) =tand fu;,u} =t

Now o(u) o pfu,u} = o(u) > t= pe({u, uHu, uh>t= (W) ({u, uKu, uh=t
Also (1) ({u, uHu, up)= o®u) A WWupul=tat=t

Hence (W) ({u, uKu, u}) = U4 {u, uu, u}}).

Case 2: o(u) < t < p{u;,u}
Then o®(u) =o(u) and |P{u;,u} =t

Now o(u) A pfu,u} = o(u) < t= pa({u, uHu, uj}) <t

=> (L) ({u, uHu, uh)= 1du, Uy, u}) = o(u)
Also (L) ({u, uHu, uh)= o®u) a pOfui,ul= o(u)s t=o(u)
Hence (1) ({u, uHu, u}) = ()a (U, uHu, ug})

Case 3: o(u) < pfu;,u} <t
Theno(u) =o(u) and |P{u;,u} = ufui,u}
Now o(u) A p{u;,u} = o(u) <t,
© MU, uMu, ud) <t= (M)© (qu, uMu, ud) = peu, udu, ud)
Also (%) ({u, uKu, u= o®u) 2 pOfuiu}
=o(u) A u{u;,u}
= p({u, utu, u;})
Hence (1) ({u, uXu, u}) = ()¢ {u, uHu, u}).
Finally let us prove that (Y9=(V")4 and (E)® = (EV)q
{ui,u} e( Vo) so0u{ui,u)) <te o(u) A o(u) < te o(u) <t ando(y) < te ucVand

ueV9{u,u} € (V9,4 Hence (\)“=(VY)q,
Similarly (Ej)®= (EY),.
Hence the theorem.
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Theorem 3.4. The upper truncation of the double vertex fuzzypbraf a graph G, u)

is isomorphic to the double vertex fuzzy graphhef tipper truncation of the fuzzy graph.
Proof: Using the above theorem 3.3 the identity mappinmf ( Vy)“to (V)4 provides
the required isomorphism.

In the following theorems, we obtain the relatiapsbetween the lower (upper)
truncation of the complete double vertex fuzzy grap a given fuzzy graph G and the
complete double vertex fuzzy graph of the lowepgmn truncation of G.

Theorem 3.5. The lower truncation of the Complete double verfigzzy graph of a
fuzzy graph G4,u) is the Complete double vertex fuzzy graphhef lower truncations
of G. That is, [CD(G)},= CD(Gy)

Proof: Proceeding as in theorem 3.1, it can be proveddg=( o@)ca (Hca)n=
(M) cay Vedo= (V)e@nd (Eg)= (Ep)ce- Hence the theorem.

Theorem 3.6. The lower truncation of the complete double veftezzy graph of a graph
G(o, M) is isomorphic to the complete double vertezzfugraph of the lower truncation
of the fuzzy graph.

Proof: Using the above theorem 3.5, the identity mapgiogn  ( Ved)n t0 (Vi)ea
provides the required isomorphism.

Theorem 3.7. The upper truncations of the Complete double veftezy graph of a
fuzzy graph G4, W) is the Complete double vertex fuzzy graphheftruncation of the
fuzzy graph G4, ). i.e, [CD(G)P=CD(GY)

Proof: Proceeding as in theorem 3.3, it can be provedotfafl = (6“)es, (Hed®= (UY)ca
(Vo) "=(V9) and (E))® = (E")es. Hence the theorem.

Theorem 3.8. The upper truncation of the Complete double vefteezy graph of a
graph G:6, ) is isomorphic to the Complete double vertgzzf graph of the upper
truncation of the fuzzy graph.

Proof: Using the above theorem 3.7, the identity mappiramf (Veq)y t0 (Vio)ea
provides the required isomorphism.

4. Conclusion

In this paper, we have discussed the truncatiopepties of double vertex fuzzy graphs
and complete double vertex fuzzy graphs. Also weelsudied the isomorphic property
of truncations of double vertex fuzzy graph and plate double vertex fuzzy graph.
These properties will certainly be helpful in stindyvarious properties of fuzzy graphs
in detail.
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